Lars Lindqvist, IDA, LiTH

Model Checking for the μ-calculus

1. Motivation

2. The μ-calculus

3. Evaluation algoritms

4. μ-calculus and OBDD

5. Embedding CTL in theμ-calculus

6. Encoding simulation and bisimulation in the μ-calculus

7. Related results and open problems

8. Conclusions

Lars Lindqvist, IDA, LiTH

Motivation

What kind of computer suppor t for verification is there?

• Specialized tools, i.e . programs de veloped for fixed specification langua ges and inf erence systems.

- This is the most common solution f or modelcheckers since high perf ormance is impor tant here . E.g. Uppaal, Kronos.

- Some automatic theorem-pr overs are also of this type and f or the same reason. E.g. Gandalf .

• Generic tools, i.e . programs whic h can be adapted for different specification langua ges and inference systems.

- This is the most common solution f or proofcheckers and semi-automatic theorem pr overs, e.g. HOL, ALF, Lego, Coq.

- Some model-c heckers are based on the expressive μ-calculus. The μ-calculus can be used as a specification langua ge for other modal and temporal logics.

Lars Lindqvist, IDA, LiTH

Why is μ-calculus suitab le as the basis for a generic model c hecker ?

• Many different modal and temporal logics can be embed ded in the μ-calculus, i.e . the μcalculus can be seen as a specification langua ge for other logics.

• There are efficient model c hecking algoritms for the μ-calculus.

Other interesting pr operties of the μcalculus:

• Some pr operties which are not e xpressib le in weaker logics can be e xpressed in the μcalculus, e .g. simulation preor ders, bisimilarity etc.

Lars Lindqvist, IDA, LiTH

The μ-calculus

Syntax

Suppose

AP = {p, p_1, p_2, ...} (atomic propositions) VAR = {R, R_1, R_2, ...} (relational variables) ACT = {a, a_1, a_2, ...} (actions)

then the f ormulas are inductivel y defined as Φ = AP | VAR | ¬Φ | Φ∧Φ | Φ∨Φ | 〈ACT〉Φ | [ACT]Φ | μVAR.(Φ) | υ VAR.(Φ) where relational variables bound by the fixpoint operators must be in the scope of an even number of negations (Syntactic monotonicity).

Lars Lindqvist, IDA, LiTH

Semantics

Formulas are interpreted with respect to a transition system M = (S,T,L)where

S is a nonempty set of states T ∈ ACT→ 2^{S×S} is a mapping that takes each action to the corresponding transition relation over S L∈ AP→ 2^S is a mapping that takes each atomic proposition to the set of states in which it is true

and an en vironment e ∈ VAR→ 2^S. Each formula ϕ is interpreted as a set of states defined as follows: = = = = = =

= = =

ϕ M e

p M e L p( )

R M e e R( )

ϕ¬ M e S ϕ M e – ϕ ψ∧ M e ϕ M e ψ M e ∩ ϕ ψ∨ M e ϕ M e ψ M e ∪

a〈 〉ϕ M e s t as t→ t ϕ M e∈∧ ˙ ∃

a[ ]ϕ M e s t as t→ t ϕ M e∈→ ˙ ∀ μRϕ M e lfp λ S ϕ M e R S←[ ] ( ) νRϕ M e gfp λ S ϕ M e R S←[ ] ( )

Lars Lindqvist, IDA, LiTH

Obser vations

• By the requirement of syntactic monotonicity the operator is monotonic and thus ha ve a lfp and gfp (Knaster-Tarski) over the lattice 〈2^S,⊆,∩,∪〉. • Note! These fixpoints e xist regar dless of the cardinality of the set S.

• Since we are considering transition systems where S is finite is also ∩ - continuous and ∪ -continuous. The lfp and the gfp can thus be computed b y iteration : = = where and .

λ S ϕ M e R S←[ ]

τ λ S ϕ M e R S←[ ] =

μRϕ M e τ i ∅( ) i ω∈∪ νRϕ M e τ i S( ) i ω∈∩ τ 0 S( ) S= τ i 1+ S( ) τ τ i S( )( ) =

Lars Lindqvist, IDA, LiTH

Alternation depth

The alternation depth d(ϕ) of a formula ϕ is defined as = = = = = = = = = where and are top-levelυ− and μ-subformulas ofΦ , i.e. subformulas ofΦ not contained in any fixpoint subformula ofΦ .

Example:

d p( ) 0 d R( ) 0 d ϕ¬( ) d ϕ( ) d ϕ ψ∧( ) max d ϕ( ) d ψ( ),( ) d ϕ ψ∨( ) max d ϕ( ) d ψ( ),( ) d a〈 〉ϕ ( ) d ϕ( ) d a[ ]ϕ ( ) d ϕ( ) d μRϕ ( ) max 1 d ϕ( ) 1 d νRψ 1( ) + , , … 1 d νRψ n( ) + , , ( ) d νRϕ ( ) max 1 d ϕ( ) 1 d μRψ 1( ) + , , … 1 d μRψ n( ) + , , ( ) νRψ i μRψ i

d νY P a〈 〉 μX P a〈 〉X∧( ) h Y∨( )∨ ( ) ∧ ( ) ( ) 2=

Lars Lindqvist, IDA, LiTH

Evaluation algoritms

A naive algoritm

• The semantics of μ-calculus o ver finite transition systems sug gests a naive e valuation algoritm.

• Given a structure M=(S,T,L) and an

environment e we can find the set of states eval(Φ , e) in which Φ is true .

• IfΦ is closed then eval(Φ , e) does not depend on e.

• The following notation (and its e xtensions) will be used belo w:

where and e is given b y the conte xt.

ψ Rji^1… i^j

( ) ψ Rj( ) M e Rj Rji^1… i^j←[ ] ( ) =

Rji^1… i^j S⊆

Lars Lindqvist, IDA, LiTH

Example:

• Let . • We will calculate by succsessive appr oximations: - Start by approximating with - Calculate by succsessive approximations.

- Start approximating with , then calculate , and so on until for some finite i. Then .

- Now we can calculate our ne xt approximation to , i.e. .

- This process can be repeated until and we ha ve

Φ μR1ψ 1 R1 μR2ψ 2 R1 R2,( ) , ( ) = ϕ M

ϕ M R10 ∅=

R20ω μR2ψ 2 R10 R2,( ) =

μR2ψ 2 R10 R2,( ) R200 ∅= R201 ψ 2 R10 R200,( )

= R202 ψ 2 R10 R201,( ) = R20i ψ 2 R10 R20i,( ) = R20i R20ω =

ϕ M R1 ψ 1 R10 R20ω,( ) =

R1j ψ 1 R1j R2jω,( )

= R1j R1ω ϕ M = =

Lars Lindqvist, IDA, LiTH

Problem with the naive algoritm

• Time complexity is exponential in the length of the formula.

• Consider the loops taking care of the fix-point cases. If is evaluated in a structure with n states then will be evaluated maxim um n+1 times, max (n+1)^2 times, max (n+1)^3 times and , max (n+1)^4 times.

• Note! Each of the (n+1)^4 possib le evaluations of for example, are done with respect to different en vironments.

Φ μR1 μR2 μR3 μR4 P( ) ( ) ( ) ( ) = μR2 μR3 μR4 P( ) ( ) ( ) μR3 μR4 P( ) ( ) μR4 P( ) P

P

Lars Lindqvist, IDA, LiTH

A better algoritm (Emer son and Lei)

• Note that in the e xample abo ve for all j and this is the cause f or the bad time complexity.

• Lemma:

• Since also

due to monotonicity . • We have and . • So , i.e. we can

star t the iteration at .

• Since , ,

we know and the same ar gument can be used a gain.

• Overall we need onl y O(|S|) iterations instead of O(|S|^2), i.e. nested fix-point f ormulas of the same type can be e valuated in linear time .

• This idea leads to an algoritm that is

exponential in the alternation dept d(ϕ) of a formula ϕ.

R2i0 ∅=

If S τ i ⊥( ) i ω∈∪ ⊆ then τ i S( ) i ω∈∪ τ i ⊥( ) i ω∈∪ = R10 R1⊆ μR2ψ 2 R10 R2,( ) μR2ψ 2 R1 R2,( ) ⊆

R20ω μR2ψ 2 R10 R2,( ) = μR2ψ 2 R1 R2,( ) ψ 2 R1 ⊥,( ) i i ω∈∪ =

μR2ψ 2 R1 R2,( ) ψ 2 R1 R20ω,( ) i i ω∈∪ = R20ω

R10 R1⊆ R1 ψ 1 R10 R20ω,( )

= R20ω μR2ψ 2 R10 R2,( ) = R1 ψ 1 R10 R20ω,( ) ψ 1 R1 R21ω,( )

⊆ R12 = =

Lars Lindqvist, IDA, LiTH

μ-calculus and OBDD

Transition systems

A structure M=(S,T,L) is encoded as bef ore: • S is encoded as {0,1}^n. • T(a) is encoded as an ODDB whic h we denote ODDB_a(x_1,...,x_n,x’_1,...,x’_n). I.e. we get an ODDB for eac h action a∈ Act.

• L(p) is encoded as an ODDB whic h we denote ODDB_p(x_1,...,x_n). I.e. we get an ODDB for eac h action p∈ AP.

Environment

• An environment o ver the relational v ariables R_1,...,R_k is encoded as a function A from {R_1,...,R_k} to OBDD’s of n variables.

• Below we assume that A is defined f or the free relational variables in the treated f ormula.

Lars Lindqvist, IDA, LiTH

The sets denoted b y formulas

Given an encoded structure and an encoded environment A each formula is associated with an OBDD in the following way: = = = = = = = = = där FIX ges a v:

B p A,( ) OBDDp x( )

B R A,( ) A R( ) B ϕ A,¬( ) B ϕ A,( ) ( ) ¬ B ϕ ψ A,∧( ) B ϕ A,( ) B ψ A,( ) ∧ B ϕ ψ A,∨( ) B ϕ A,( ) B ψ A,( ) ∨ B a〈 〉ϕ A, ( ) x' ODDB x x',( )a B ϕ A,( ) x'( ) ∧ ( ) ∃ B a[ ]ϕ A, ( ) B a〈 〉¬ ϕ¬ A, ( ) B μRϕ A, ( ) FIX ϕ A FALSEBDD , , ( ) B νRϕ A, ( ) FIX ϕ A TRUEBDD , , ( )

Lars Lindqvist, IDA, LiTH

Embedding CTL in the μ-calculus

Expressiveness

Different logics can be compared b y their expressive po wer. This requires that we can compare their semantic domains in some wa y.

Example: A CTL-formula can be interpreted as true or false in a state of a Kripke structure M_a with a singleton action set Act={a}. It is thus possib le to compare CTL-formulas and μ-calculus f ormulas over suc h restricted Kripke structures.

Equivalence

A CTL-formula ϕ and a c losed μ-calculus f ormula ψ are equiv alent, denoted ϕ ≡ ψ, if the following holds:

where M_a are restricted Kripke structures (Act={a}) and is the set of states of M_a satisfying the CTL-formula ϕ.

Ma ∀ ϕ M_a ψ M_a = ( )

ϕ M_a

Lars Lindqvist, IDA, LiTH

Translation

The CTL-formulas can be translated into c losed μ-calculus f ormula in the following way: = = = = = = Theorem

For all CTL-formulas f, f≡ Tr(f)holds .

Note

This sho ws that μ-calculus is more e xpressive than CTL, in fact μ-calculus is strictl y more expressive .

Tr p( ) p Tr f¬( ) Tr f( )¬ Tr f g∧( ) Tr f( ) Tr g( )∧ Tr EXf ( ) a〈 〉Tr f( ) Tr E fUg[ ] ( ) μY Tr g( ) Tr f( ) a〈 〉Y∧( ) ∨ ( ) Tr EGf ( ) νY Tr f( ) a〈 〉Y∧ ( )

Lars Lindqvist, IDA, LiTH

Simulation and bisimulation in μ-calculus

Simulation relation

A relation is called a sim ulation relation if the following holds:

Bisimulation relation

A relation is called a bisim ulation relation if the following holds:

Simulation preor der

iff there exists a sim ulation relation E suc h that . Bisimulation equiv alence

iff there exists a bisim ulation relation E suc h that .

E S S× ⊆

s s',( ) E∈ a Act∈ q S∈ as q→ q' S∈ as' q'→ q q',( ) E∈∧ ∃ → ∀ ∀→

E S S× ⊆

s s',( ) E a Act ∈ q S∈ as q→ q' S∈ as' q'→ q q',( ) E∈ ∧ ∃ → ∀ ∀ ∧ a Act ∈ q' S∈ as q'→ q S∈ as q→ q q',( ) E∈ ∧ ∃ → ∀ ∀ → ∈

s s'≤ s s',( ) E∈

s s'∼ s s',( ) E∈

Lars Lindqvist, IDA, LiTH

Checking simulation

Given two transition systems M=(S,T,L), M’=(S,T’,L’) over Act and two states s,s’∈ S. Then it is possib le to use the μ-calculus to c heck whether s’∈ S in M’ simulates s ∈ S in M. Construct the transition system M=(S,T,L) over Actwhere = = = = may be arbitrary

Note! We assume that the idle action τ∈ Act.

Now, s’∈ S in M’ simulates s ∈ S in M iff the following formula holds in (s,s’) of M.

where .

Act Act Act×

⊆ a τ( , ) τ a( , ), a Act∈ { } S S S× T a b,( ) ( ) s s',( ) q q',( ),( ) s q,( ) T a( )∈ s' q',( ) T' b( )∈∧ ( ) { } L p( )

υX a1 τ,( ) [ ] τ a1,( ) 〈 〉X … an τ,( )[ ] τ an,( )〈 〉X ∧ ∧ [ ] a1 … an , , { } Act=

Lars Lindqvist, IDA, LiTH

Checking bisimulation

Given two transition systems M=(S,T,L), M’=(S,T’,L’) and two states s,s’∈ S. Then it is possib le to use the μ-calculus to c heck whether s’∈ S in M’ is bisimulation equiv alent to s ∈ S in M.

The state s’∈ S in M’ is bisimilar to s ∈ S in M iff the following formula holds in (s,s’) of M.

where . υX a1 τ,( ) [ ] τ a1,( ) 〈 〉X τ a1,( ) [ ] a1 τ,( ) 〈 〉X … ∧ ∧ [ ] a1 … an , , { } Act=

Lars Lindqvist, IDA, LiTH

Related results and open problems

Related results

• Satisfiability is decideab le for μ-calculus. I.e . it is possib le to automaticall y check whether a specification is consistent.

• Kozen has constructed an axiomatization (1983) for the μ-calculus whic h was pr oven complete in (1993 ?) b y Walukiewicz.

Open problems

• Even though it is possib le to exploit

monotonicity pr operties when e valuating formulas the algoritms remain e xponential in the alternation depth. Are there pol ynomial evaluation algoritms?