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1. Differential Algebraic Equation System (DAE)

model simpleCircuit
Modelica.Electrical. Analog.Basic.Resistor R1
Modelica.Electrical. Analog.Basic.Resistor R2
Modelica.Electrical.Analog.Basic.Capacitor C
Modelica.Electrical.Analog.Basic.Ground G
Modelica.Electrical.Analog.Sources.SineVoltage AC
equation
connect(R1.p, R2.n)

connect(R1.p, C.p) R
connect(AC.n, R1.n)

R2
connect(AC.p, G.p) 5 ©
connect(C.n, G.p) L l

5

Tl

A
Ty

connect(R2.p, G.p)
end simpleCircuit;
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1. Differential Algebraic Equation System (DAE)

———

4.) AC.p.v=G.p.v
5) C.nwv=G.pv
6.) R2.p.v=G.p.v

AC 1.) 0=AC.p.i+AC.n.i R1 1.) 0 =R1.p.i + R1.n.i
2.) AC.v=AC.p.v-AC.n.v 2) Rlwv=R1lpv-Rlnyv
o 3.) AC.i =AC.p. of 1| 3.) RLli =R1l.p.i
(D 4.) AC.v= 4) R1l.v=R1.R*R1.i
K AC.VA*sin(2*AC.PI*AC.f*time)
& 0 PR e 0 o R S W R2 5] 0 =R2.p.i + R2.n.i
2) Cv=C.p.v-C.nv 2.) R2v=R2.pv-R2.n.v
I 3.) C.i=C.pi o= | 3.) R2i=R2.p.i
I 4.) C.i=C.C*der(C.v) 4.) R2.v=R2.R*R2.i
G G.pv=0
X
wires | 1.) R1l.p.v=R2.n.v flow 1)0=AC.n.i+R1l.n.i
2.) Rlp.v=C.p.v at 2.)0=R2.p.i + R2.n.i + C.p.i
3.) AC.n.v=R1l.nv node | 3.)0=R1l.p.i+G.p.i+C.ni+

AC.p.i
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1. Differential Algebraic Equation System (DAE)

10 equations 10 varizt():les
3% :
1) R1.v =(-RL1.R)*R1.n.i 22; c
(2) Rl.v = C.p.v-R1l.nv 3) C.n.i
(3) R2.v = (-R2.R) * R2.n.i Wy
: : = R
(4) R2.v = 'C.p.V (6) R2.N.i
(5) -C.n.i = C.C*der(C.v) g; Ei-\r’”
(6) Cv = C.pv © RLnv
(7) ACy = A*sin(2*mm*f*t+o) (10) RLv
(8) ACy = -Rl.nv
(9) 0.0 = RL.n.i + (C.n.i + G.p.i - R2.n.i) =
(10) 0.0 = R2.n.i- C.n.i- R1.n.i
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1. Differential Algebraic Equation System (DAE)

General representation of DAES
0= f(t, x(t), x(t), y(t),u(t), p)

t time
X(t) vector of differentiated state variables
X(t) vector of state variables
y(t) vector of algebraic variables
u(t) Vvector of input variables
P vector of parameters and/or constants
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1. Differential Algebraic Equation System (DAE)

General representation - Example

ke

R1.R
R2.R
CC
AC .offset
AC.startTime
AC.amplitude
AC.freqHZ
AC.phase

y(t)

R1.ni)
R1v
R1.nv
R2.n.
R2.v
C.ni
C.pv
AC.y

G.p.

x(t) = (Cv)

x(t) = (C.v)

R=1 R=1
R R2
[m]
T ? Lo
| i’
é
G
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1. Differential Algebraic Equation System (DAE)

Symbolic Transformation to State Space Form

0= 1(t, x(t), x(t), y(t),u(t), p)

!

0= f(t, 2(t).x(®).u(t), p), 2(t) = (X(t)J
- | = y(t)
2(t) - (X(t)] _ gt x(t),u(t), p)
= vl e
!

X(t) = h(t, x(t),u(t), p)
y(t) =k(t, x(t),u(t), p)
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- 1. Differential Algebraic Equation System (DAE)

State Space Form - Example x(t)=(Cv)

.
.................................

1) ACy = A*SIn(Z*Trt+o) L =
(2) Rl.nv = -ACy S
(3) G phwe=aEN

(4) R2.v = -C.p.v

(5) R2.n.i =-R2.V/IR2.R
(6) R1v = C.p.v-Rl.nv y©)=| R2v |
(7) R1.n.i =-R1.R/R1v i |
(8) G = e C.pv
(9) C.v_ -C.n.i/_C.C | | ACy |
(10) G.p.l= R2.n.1-C.n.i-R1.n.i
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2. Numerical Integration — DASSL

Solution Method — Explicit Euler (forward Euler)

X0 = FELXO) x(t) =X, - /
X(tn+1)

Numerical approximation X(t,1) - X(t.) /
for the derivative i1 - Ty

("1)x - (*)x

i) = M) Xk L e xe)y X

tn+1 % tn

n+1 n

giving an approximation
of x at time t+1

)—((tn+1) & )—((tn) 9 (tn+1 _tn) : i(tn ! )_((tn )) tn tn+1
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2. Numerical Integration — DASSL

Solution Method — Implicit Euler (backward Euler)

() = f(E,x(1)  X(t) =X, X
: : : X(tn+1) —
Numerical approximation = X
for the derivative oot (E;
x
. X(t ) —x(t X(L) o~
X(tn+1) = _( n+1) _( n) ~ i(tn+11)_((tn+1)) tn+1 5 tn veee
1:n+1 _tn 7\ I‘
Solve for Xx(t.,1)
tn tn+1

)_((tn+1) = )_((tn) + (tn+1 _tn) 7 i(tn+1’ )_((tn+1))
? )
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2. Numerical Integration — DASSL

Using explixit and implicit Euler as a predictor-corrector pair

Xpred ~ X, +(tn+1_tn)' f(tn’_n)

Zh+l

X

2n+1

Here: one iteration of the corrector

\

~ X +(tn+1_t ) f(t
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2. Numerical Integration — DASSL

Solution Method — DASSL

0= 1t x(t), x(t)) X(ty) = X,

Evalute a predictor polynomial for an
Initial guess for S
n+1? Xn+1

Approximation for the derivative (corrector equation)

k 1 Jfixed
= e (0) SN L
O G i(tn+11 )_(n_|_11 Xn+1 S h > ()_(n+1 7o Xn+1)j as Z : €ading

> j-1 ]  coefficent”
n+




2. Numerical Integration — DASSL

(0) (0)
O— f( n+l! D n_|_11xn+]_ h S ()_(n+1_x +1 j CZS

n+1
Simpler Notation

O = i(tn+1’ )_(n+1’ - )_(n+1 = IB)

Al n+1

o =—

Solving the corrector equation
using a modified Newton iteration

x™D =x™ — G (t,x™, - x™ + )

kK 1 fixed

= —Z o leading

i-1 J coefficent"

Jteration matrix*

of of

G=a—+
OX OX




B

2. Numerical Integration — DASSL

Calculation of the iteration matrix

of of
_I_
OX OX

G=«
a) using finite differences

>  numerical
>  Calculation of all values in each time step

b) analytical calculation

>  Evaluation at each time step
> Information about the sparsity pattern
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3. Integration of the Jacobian Matrix

Calculation using Automatic Differentiation (AD)

Example: ly,,v,, bl =f(x,a){
b=x
y,=a * sin(b)
Yo b *Y1

}

[Y1 )y Ya ’Y1,’ Yzl’ b] & f‘AD (X’ X,’ a) {
b=x
b’ =1
y,=a * sin(b)
y,’=a* cos(b) *b’
Y.=b%y,
Y, =b yveboy
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3. Integration of the Jacobian Matrix

Modelica
Source Code

{L"‘ " Modelica model

Translator

{}*—————-— Flat Model

Analyzer

@*""‘“"‘“‘“ Sorted equations

Optimizer
@*________ Optimized sorted
equations
- «— Calculate iterati tri
Generator alCulate Iteration matrix
iLﬂ C Code
C Compiler

{}*—-—-——— Executable

Simulation < DASSL




4. Test and Results

Testmodel:

model simpleCircuit
parameter Integer n=2;
Modelica.Electrical. Analog.Basic.Resistor R[n];
Modelica.Electrical. Analog.Basic.Capacitor C[n-1];
Modelica.Electrical.Analog.Basic.Ground ground;
Modelica.Electrical. Analog.Sources.SineVoltage sineVoltage;
equation
foriin 1:n-1 loop
connect(RJi].p, R[i + 1].n);
connect(R[i].p, C[i].p);
connect(C[i].n, ground.p);
end for; &
connect(sineVoltage.n, R[1].n); b
connect(R[n].p, ground.p);
connect(sineVoltage.p, ground.p); T -
end simpleCircuit ; B

R=1 F=1 R=1
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4. Test and Results

Result plot using Finite Differences

OpenModelica simulation plot

T T T T T T tlmE -
1.0 N Cl]wy ®
der{C[1]y =
nat 4 ground.p.i ®
sineYoltage. signalSource.y
ground poy =
0.6 7 sinevoltage.v
sineoltage. ®
n4r - sinevoltage. p.r ™
sineYaoltage.p.i
| i sine¥oltage.n.y
0.2 sineYoltage.n.i ®
R[]y ®
-0.0r N RM].ny =
% R[].ni =
L i R[2].x
0.2 R[2.ni =
C)]pyw
-0ar 7 CMlni =
R[1].i =
0Bl - R[1].p.w
R[1].p.
| | R[2.i =
-0 R[Z.py ®
R[Zpi=
-1.0L A REZ].ny =
I I I 1 I I I I I I I C[ﬂl
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 Cllpi ®

C[]ny



4. Test and Results

Result plot using analytical calculation

0penModellca 5|mulat|on plot

fime ®

1.0 7 Cl]y ®
\ deriC[1]y) =
08t i ground.p.i ®
sineYoltage. signalSource.y
ground.py =
DE 7 sinevoltagey

sineYoltage.j ®

- sineYoltage.py ®

sineVoltage.p.i

g sinevoltage. nw

i sinevaoltage.n.j ®
R[]y ®

7 R[1].ny =

% R[].ni =

i R[2].v

| /X
02 R[Z.n.i ™
CHlpy
-0.4 1 T CHLn.i =
R =
06 . R[1].p
R[1].p.i
i | R[Z].i ®
-0.8 R[Z].py ®

0.4r

2]

-0.0r

R[2].p.i =
T R[2l.ny
1 1 1 1 1 1 1 1 1 1 I C['”I

0.0 0.1 0.2 0.3 0.4 0.5 06 07 0.8 04 10 Clpi =
C[1].ny

-1.0
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4. Test and Results

sec
16 -/
14 1P
o
e
Ea
8 W analytical
6 e ™ finite differences
e
s
o)




5. Outlook

Use sparsity pattern information
Handle algebraic loops

In case of external functions: Finite differences only for the
variables concerning these functions

Further advantages

sensitivity analysis

eigenvalue analysis

parameter identification
linearization of non-linear systems

selection of efficient numerical solution methods (e.g. inline-
Integration)



