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Abstract—Cloud computing enables the dynamic provisioning
of server resources. To exploit this opportunity, a policy is
needed for dynamically allocating (and deallocating) servers in
response to the current load conditions. In this paper we describe
several simple policies for dynamic server allocation and develop
analytic models for their analysis. We also design semi-Markov
decision models that enable determination of the performance
achieved with optimal policies, allowing us to quantify the
performance gap between simple, easily implemented policies,
and optimal policies. Finally, we apply our models to study
the potential performance benefits of state-dependent routing in
multi-site systems when using dynamic server allocation at each
site. Insights from our results are valuable to service providers
wanting to balance cloud service costs and delays.

Index Terms—Cloud computing, Edge cloud, Dynamic server
allocation, Performance gap, Optimal policies

I. INTRODUCTION

W ITH the advent and continued evolution of cloud com-
puting systems, dynamic allocation of servers (e.g.,

in VMs) has become common, and is becoming increasingly
lightweight.1 Dynamic server allocation is an attractive strat-
egy for efficiently balancing service performance and resource
cost when there is significant additional cost incurred by the
service provider when a server is allocated (and either actively
serving requests or idle) compared to when it is deallocated.
In such a context, an important problem is that of how to best
dynamically allocate (and deallocate) server instances based
on the current system load, cloud provider pricing, and the
desired balance between service delay and service cost.

A dynamic server allocation policy must balance several
potentially conflicting objectives, including low request re-
sponse time and low service provider’s cost. For example,
allocating more server instances may reduce request response
time, but will increase the service provider’s cost. Furthermore,
there is some overhead cost associated with launching a new
server instance. Therefore, while quick reactions to changes
in request load through allocation/deallocation actions may
achieve a better matching of server resources to load, there
will also be an increase in the overhead costs.

In this paper, we derive and quantitatively compare the
above-mentioned performance tradeoffs for both simple and
optimal dynamic server allocation policies, leading to insights
about the performance gap between simple and optimal poli-
cies. To capture the above cloud-relevant tradeoffs, typically
ignored in the queuing and performance evaluation literature,

1In this paper, “server allocation” and “deallocation” refer to acquiring
(activating) and releasing (deactivating) server instances in response to load,
as is common in cloud resource-provisioning settings. This contrasts with
usage in some scheduling contexts where “server allocation” refers instead to
assigning individual jobs to specific servers.

all policies are compared under our novel system model that
incorporates the key tradeoffs between response times (allo-
cated over all requests) and server allocation costs (Sec. III).

For our analysis, we first describe a variety of dynamic
server allocation policies and develop corresponding ana-
lytic models (Sec. IV). Our policy selection includes simple
natural-to-implement policies that use single, dual, or arbitrary
numbers of servers. We find simple response time and cost
expressions for a policy for dynamic allocation/deallocation
of a single server, and simple product forms for the state
probabilities of two dynamic allocation policies for systems
with no cap on the number of allocated server instances. More
complex solutions are obtained for analytic models of dual
server policies.

Second, we employ semi-Markov decision models (Sec. V)
to quantify the performance gaps between the simple dynamic
server allocation policies that we consider and the optimal
allocation policies (Sec. VI). We find that simple policies can
often yield close to optimal performance, even in scenarios
with potentially many servers and highly-complex optimal
policies. Performance gaps widen, however, as the cost of
server allocation increases.

Finally, we consider systems with multiple geographically
distributed server sites and populations of clients, and the
problem of routing each client service request to an appropriate
site (Sec. VII). Request routing policies broadly fall into two
classes: state-dependent routing policies, which utilize current
system state for decisions, and state-oblivious policies, relying
only on average request rates. The use of dynamic server
allocation adds a new important aspect to the performance
comparison between these policy categories. On the one hand,
one might anticipate increased benefits for state-dependent
routing due to its potential utilization of server allocation
and request queues’ state at each site. However, on the other
hand, dynamic server allocation empowers individual sites to
better handle local load fluctuations, potentially reducing the
necessity for state-dependent routing. We take a first look at
this issue by comparing the performance of optimal state-
oblivious routing of requests to that of optimal state-dependent
routing for a scenario with two server sites each using dynamic
server allocation, and find only modest performance gaps.

These results yield important practical insights for cloud
computing system design. Policies for dynamic server alloca-
tion and request routing have major performance impacts in
cloud computing systems, and have been a focus of consider-
able design effort. A challenge when designing any form of
resource management policy is knowing what potential room
for improvement there may be, beyond the performance pro-
vided by some existing simple heuristic or some simpler policy
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class, such as state-independent policies in the case of request
routing. Through comparisons between simple and optimal
dynamic server allocation policies, and between optimal state-
independent and state-dependent routing policies, we address
this challenge for these key cloud computing policies.

Outline: Related work is described in Sec. II. Sec. III
describes the type of system considered and the metrics
and objective function used for policy evaluation. Several
simple policies for dynamic server allocation are introduced in
Sec. IV, together with corresponding analytic models. Sec. V
describes semi-Markov decision models that allow determina-
tion of optimal policies and their performance. Performance
comparisons among the simple policies of Sec. IV and with
optimal policy performance are presented in Sec. VI. Sec. VII
considers the potential benefits of state-dependent routing in a
system with multiple server sites, each using dynamic server
provisioning. Finally, Sec. VIII concludes the paper.

II. RELATED WORK

A number of prior works have developed analytic models
of systems with server setup delays. An important early work
is that by Welch [1], who considered a generalization of an
M/G/1 single server system in which a customer arriving when
the server is idle has a different service time distribution. This
analysis was applied by Meisner et al., for example, in a
queueing model-based analysis of a server energy conservation
approach using rapid transitions between active and near-zero-
power idle states [2]. Later studies analyze multiple server
systems with exponentially distributed setup delays [3], [4],
[5], [6], [7]. Among these later studies, Maccio and Down [7]
show that for a broad class of optimization functions, the
optimal policy for such systems is a (in general hysteretic)
threshold policy. Williams et al. consider the perhaps more
realistic case where setup delays are deterministic rather than
exponential [8]. Other work considers single server systems
with setup delays but where, when “on”, the server is able
to instantaneously switch service rate among some finite set
of possible rates at zero cost [9], multi-server systems in
which some of the servers are “dynamic” servers able to
instantaneously switch on or off based on a threshold on
the number of queued tasks [10], and multi-server systems
in which there is a “delayed-off” delay before a server is
deallocated after becoming idle [11], [12], [5].

Our work differs in a number of respects from these prior
studies. First, our focus is the performance of simple server
allocation policies for single, dual, and unlimited server sce-
narios, the performance gap with respect to optimal policies,
and the impact of use of dynamic server allocation on the
performance comparison between state-dependent and state-
oblivious routing in a multi-site system. Second, our evaluation
captures the fundamental tradeoff between maintaining low
response times and low service provider costs, as calculated
over all requests. Here, we adopt a performance metric com-
bining response time and server cost that can be naturally
extended to systems with multiple server sites. Third, with
respect to the queuing modeling results, our work differs with
respect to the particular simple allocation policies we consider

and the analytic models we derive for them. Specifically:
(1) we find simple response time and cost expressions for
a single server policy that incorporates an Erlang distributed
“delayed-off” delay or optionally batching of requests before
server allocation is initiated, as well for the optimal single
server policy given our performance metric; (2) with respect
to dual server policies, we analyze a new model (Figure 2) in
which one of the two servers is kept allocated, and the other
server is allocated/deallocated according to upper and lower
thresholds; (3) we provide explicit closed-form expressions for
mean response time and cost for the M/M/2 with exponential
setup times model in which two server allocations can be in
progress at once, in contrast to the alternative solution method
outlined in [5] that requires a system of linear equations to be
solved; and (4) we find new, simple product form solutions
for “unlimited server” models (Figures 4 and 5) in which
there is no bound on the number of servers that can be
allocated. Unlimited server models are important as they can
yield insight into cloud computing scenarios in which the limit
on the number of allocated servers is large enough that it is
rarely if ever reached. Our new product form solutions for this
important case are particularly noteworthy, since they were
unexpected (such solutions are relatively rare), and they yield
simple expressions for the performance measures of interest.

Other prior analytic modelling work has concerned the com-
bination of load balancing with dynamic server provisioning
in a setting where each server has its own queue. For example,
Anselmi [13] develops an “Asynchronous Load Balancing and
Auto-scaling” Markovian framework incorporating “Join-the-
Idle-Queue” and “Power-of-d” load balancing, and identifies
scaling rules that yield delay and relative energy optimality
(in the context of the model). Mukherjee et al. [14] propose a
load balancing and auto-scaling scheme that is asymptotically
optimal (in the context of their model) as the total traffic vol-
ume and nominal number of servers grow large in proportion.
Eshwar et al. [15] formulates the problem of load balancing
and auto-scaling as a finite horizon weakly-coupled Markov
Decision Process and proposes an online learning algorithm
to find the optimal load balancing and auto-scaling policy.
Down [16] describes a queueing model with multiple servers
that can be switched off and on (with setup delay), each
with its own queue, and the joint problem of determining job
routing and when servers should be switched off and on. In
contrast, in our work, we assume that the servers dynamically
provisioned at a site share a common queue, so that no server
is on but idle when there is waiting work, and load balancing
is not an issue.

There is also considerable prior work on more complex
dynamic server provisioning policies, evaluated through simu-
lation and/or prototype implementation (e.g., [12], [17], [18],
[19]). A variety of contexts have been considered, including
physical servers and “deallocation” in the sense of moving
the server to a low power state, as well as VM scenarios of
varying agility. While we do not explicitly address practical
implementation issues in this work, we expect that the simple
policies presented here are relatively easy to implement and
that our modelling results concerning these policies and their
performance gaps versus optimal policies yield useful insight
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to their practical value.
Finally, there has been much work on low-overhead sand-

boxed execution environments, with a common objective being
to achieve the security of traditional VMs but at much lower
performance cost [20], [21], [22], [23], [24]. Lowering the
cost of server allocation can enable more aggressive server
allocation/deallocation policies, such as those considered here.

III. SYSTEM DESCRIPTION AND METRICS

We consider a system, such as in a cloud computing envi-
ronment, where server instances can be dynamically allocated
and deallocated. Initially, we assume just a single server site.
Requests for service arrive at a rate λ. The service provider
wishes to achieve a low request response time, but also a
low cost, where the cost at each point in time is assumed
proportional to the total service rate of the allocated servers.
Here the time that a server is considered to be “allocated”
includes the setup delay from when a server allocation is
initiated until the server is ready to process requests. We
assume homogeneous servers each with service rate µ (i.e.,
1/µ is the average service time of a request), and so the cost
at each point in time is proportional to µ times the number of
currently allocated servers.

There is a tradeoff between low response time and low cost,
but also with respect to the frequency of server allocations and
deallocations. A factor favoring low frequency is that during
the server setup delay cost is being incurred with no direct
benefit. However, cost is also incurred with no direct benefit
when server(s) are left allocated when there are no requests for
them to process. Of interest are server allocation/deallocation
policies that efficiently mediate these tradeoffs in a manner
that yields a desired balance between low response time and
low cost.

We adopt the following objective function that we wish to
minimize:

ω(λR) + C, (1)

where R is the average request response time, C is the cost as
measured by the average over time of the total service rate
of the allocated servers (= 1/µ times the average number
of allocated servers), and ω is a factor chosen according to
the desired balance in importance between the two objective
function terms. From Little’s Law, λR is equal to the average
number of requests in the system. It can also be thought of as
the average rate at which “request time” (i.e., request waiting
and service time) is being accumulated. We can also define
a notion of “server time”. If units are normalized so that the
service of a single request uses, on average, 1 unit of server
time, then when there is one allocated server, server time is
being accumulated at rate µ, and C gives the average rate at
which server time is being accumulated. With these definitions,
the objective function can be viewed as a weighted sum of the
rates of accumulation of “request time” and “server time”.

Note that the two objective function terms will tend to
conflict. For example, for fixed λ, increasing the service rate
µ will decrease R but typically increase C. The factor ω
reflects the desired balance between the two objective-function

terms, acting as a weighting factor that quantifies the relative
emphasis placed on cost versus delay, with larger values
corresponding to greater priority on minimizing response time.
Server allocation/deallocation policies differ not only in the
importance they attach to the two terms, but also in how
effectively the tradeoff is mediated; for example, an efficient
policy may be able to achieve a decrease in R with a lower
increase in C than can be achieved with other policies. We
seek efficient policies that yield a minimal or close to minimal
objective function value compared to that of other candidate
policies across a wide range of ω values.

The objective function (1) can also be used at each site in a
service provider system with multiple sites. Using the subscript
i to index the metrics of site i, note that the overall average
response time would be given by (

∑
i λiRi)/(

∑
j λj), and so

it would be appropriate to weight each Ri by λi in an objective
function for each site, while using a single system-wide value
of ω.

IV. POLICIES AND MODELS

We begin in Sec. IV-A with the simplest case of dynamic
allocation/deallocation of a single server. In Sec. IV-B, we con-
sider a more flexible dual-server scenario. Sec. IV-C presents
and analyses policies for systems with no cap on the number
of allocated servers.

In all cases, the models that we develop assume a Poisson
request arrival process at rate λ, exponentially distributed
request service times with mean 1/µ, and exponentially dis-
tributed server setup delays with mean ∆.

While our model assumes a centralized queue and Marko-
vian dynamics for analytic tractability, these assumptions,
common in foundational queueing analyses, are made for
analytic tractability. Our objective is not to reproduce any
specific cloud deployment in full detail, but rather to gain
insight into the performance gap between simple and optimal
dynamic allocation policies. Although real systems may ex-
hibit non-stationary demand and parameter uncertainty, fixed-
rate models provide a useful abstraction over short timescales,
and our numerical results (Sec. VI) span wide parameter
ranges to assess robustness across operating regimes.

A. Single Server

Two basic policy options are to always leave the server
allocated, or to deallocate the server when the system empties
of requests, possible after some “holding-on” / “delayed-off”
delay motivated by the chance that a new request arrives soon.

A state-transition diagram for the second policy option,
assuming an Erlang-distributed holding-on delay with shape
parameter k and rate parameter k/T (yielding a mean delay of
T ), and assuming that server allocation is triggered whenever
a request arrives to an empty system with deallocated server,
is shown in Figure 1. (We subsequently consider a variant of
this policy with request batching.) Each state is labeled by
the number of requests present at the server, followed by ”A”
(server is active processing requests), ”D” (setup delay), ”I”
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Fig. 1. State-Transition Diagram for Single Server System.

(idle, server is deallocated), or ”Hj” (1 ≤ j ≤ k, server is in
the j’th stage of the Erlang-distributed holding-on period).2

Denote the steady-state probability of state s by ps. Assum-
ing µ > λ, the server utilization is λ/µ, and we must have

∞∑
i=1

piA =
λ

µ
⇔

k∑
j=1

p0Hj + p0I +

∞∑
i=1

piD = 1− λ

µ
. (2)

We can express the p0Hj and piD in terms of p0I, allowing
the solution for p0I using Equation (61). The model in Figure 1
can then be solved by applying the respective flow balance
equations.3 Denoting by pi the probability of i client requests
at the server, i.e. the sum of piA and piD, we obtain, for i ≥ 1,

pi =

(
(
λ

µ
)i(

λT

k
+ 1)k +

i∑
l=1

(
λ

λ+ 1
∆

)l(
λ

µ
)i−l

)
1− λ/µ

(λT
k

+ 1)k + λ∆
.

(3)

The mean number of requests in the system is given by∑∞
i=1 ipi. Applying Little’s Law and simplifying yields:

R =
1/µ

1− λ/µ
+

∆(1 + λ∆)

(λTk + 1)k + λ∆
. (4)

The cost C is given by µ times the probability that the server
is active or in setup or holding-on delay, i.e., by µ(1− p0I):

C = µ− µ− λ

(λT/k + 1)k + λ∆
. (5)

Two special cases of interest are:
1) The holding-on delay T is exponentially distributed (k = 1):

R =
1/µ

1− λ/µ
+

∆(1 + λ∆)

λT + 1 + λ∆
, C = µ− µ− λ

λT + 1 + λ∆
.

(6)

2) The holding on delay T is deterministic (k → ∞):

R =
1/µ

1− λ/µ
+

∆(1 + λ∆)

eλT + λ∆
, C = µ− µ− λ

eλT + λ∆
. (7)

It is easy to see that under fixed rate Poisson (memoryless)
arrivals an optimal policy will either always leave the server
on (T → ∞), or immediately deallocate (T = 0). This
follows since as time elapses during a system idle period, the

2See Appendix B for the analysis of an extension of this model incorpo-
rating state-dependent service rates µi.

3These and other derivation details can be found in Appendix A.

distribution of time until the next arrival does not change.
Note, however, that this optimal choice depends on a priori
knowledge of the request rate, motivating the use of interme-
diate “holding-on” policies, as often employed in practice.

Consider now the case of immediate deallocation (T = 0).
We have assumed that server allocation is triggered whenever
a request arrives to an empty system with deallocated server,
but another option would be to wait for multiple arrivals.
Given Poisson arrivals, an optimal policy will trigger server
allocation after b arrivals for some integer b ≥ 1. For this
case, applying PASTA, we can write R as the sum of 1) the
mean request service time, 2) the product of the mean service
time and the mean number of requests waiting for or receiving
service, and 3) the mean time waiting for server allocation:

R =
1

µ
+

Rλ

µ
+ (1− λ

µ
)

(
(λ∆)∆+ b

(
∆+ b−1

2
1
λ

)
λ∆+ b

)
. (8)

Solving for R yields, for integer b ≥ 1,

R =
1/µ

1− λ/µ
+∆+

b(b− 1)

2λ(λ∆+ b)
. (9)

Denote the mean time that the server is allocated before
being deallocated again by A. When T = 0, A is given by
the mean time required to serve the requests that are waiting
at the time server allocation completes as well as the requests
that arrive while the server is allocated, yielding

A =
λ(A+∆) + b

µ
. (10)

Solving for A, we can obtain the cost C as

C = µ

(
∆+A

b/λ+∆+A

)
= µ− b(µ− λ)

λ∆+ b
. (11)

From Equations (6) or (7) for T → ∞, and Equations (9)
and (11), an optimal policy for a fixed request rate λ has a
value for the objective function (1) of

ω
λ/µ

1− λ/µ
+ µ+min

[
0,min

b

[
ω

(
λ∆+

b(b− 1)

2(λ∆+ b)

)
−

b(µ− λ)

λ∆+ b

]]
,

(12)

where the interior minimum is taken over integers b ≥ 1. It is
straightforward to verify that for ω ≥ (µ−λ)λ∆/(λ∆+1), the
minimum is achieved with b = 1, i.e. when server allocation
is triggered whenever a request arrives to an empty system,
but for smaller ω a larger b is optimal.

B. Dual Server

A policy for single server allocation/deallocation can ac-
commodate periods with no arrivals and the system would
otherwise be idle and incur cost with no benefit. Dual server
policies, as considered in this section, can also accommodate
periods with high load by allocating a second server.

The basic dual server policy options are (1) always leave
both servers allocated, (2) always leave one server allocated
and dynamically allocate/deallocate the second server, and (3)
dynamically allocate/deallocate both servers. For simplicity,
we do not consider policies with a “holding-on” delay in the
dual-server case. However, similar behavior can be achieved
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Fig. 2. State-Transition Diagram for System with Dual Servers, One Server
Always Allocated.

Fig. 3. State-Transition Diagram for System with Dual Servers, both Dynam-
ically Allocated/Deallocated.

with the second of the above policy options by setting the
deallocation threshold for the second server lower than the
allocation threshold, thereby creating an implicit hysteresis
effect. In all cases, we assume a shared request queue, and
so option (1) results in the standard M/M/2 model. Here we
develop models for policy options (2) and (3), beginning with
policy option (2).

1) Dual Servers, One Server Always Allocated: Our model
for this policy option is somewhat more general, with state-
transition diagram shown in Figure 2. In the case of a dual
server scenario with identical servers each with service rate µ,
µ2 = 2µ and l ≥ 2. Each state in Figure 2 is labeled by the
number of client requests present at the server, followed by
”B” (baseline processing resources), ”B+” (baseline processing
resources are in use and allocation of extra processing re-
sources has been initiated), or ”E” (extra processing resources
are in use). Here, h is the threshold at which allocation of
extra processing resources is initiated, and l is the threshold
below which the additional processing resources are released
(in the case of the transition from state lE to state (l−1)B) or
the allocation of extra processing resources is abandoned (in
the case of the transition from state lB+ to state (l−1)B). The
feasible states are states iB for 0 ≤ i < h, iB+ for i ≥ l, and
iE for i ≥ l, with state transition rates as shown in the figure.
In the following, we consider the case of l = h; Appendix C
treats the general case.

Our analysis proceeds by expressing all state probabilities in
terms of phB+, and then solving for phB+ using the constraint
that the state probabilities must sum to one. Note that the state

probabilities piB+ for i > l = h depend only on the portion of
the state-transition diagram consisting of these states and the
value of phB+. We seek expressions for these probabilities, in
terms of phB+, such that the flow balance equation

piB+µ1 = p(i−1)B+(λ+ µ1 + 1/∆)− p(i−2)B+λ (13)

is satisfied for all i ≥ h+ 2. The general form of solution of
this recurrence relation (e.g., [25]) is given by

p(h+k)B+ = αrk1 + βrk2 k ≥ 0, (14)

where α and β are independent of k, and r1 and r2 are the
roots of the equation

x2 −
(
λ+ µ1 + 1/∆

µ1

)
x+

λ

µ1
= 0. (15)

These roots are given by

r1 =
(λ+ µ1 + 1/∆)/µ1 −

√
((λ+ µ1 + 1/∆)/µ1)2 − 4λ/µ1

2
,

r2 =
(λ+ µ1 + 1/∆)/µ1 +

√
((λ+ µ1 + 1/∆)/µ1)2 − 4λ/µ1

2
. (16)

It is straightforward to verify that r2 > 1 and 0 < r1 <
min[λ/µ1, 1] (assuming 1/∆ > 0), and that therefore β must
be zero if valid state probabilities are to be obtained. Thus,
we get

piB+ = phB+r
i−h
1 i ≥ h. (17)

Note that
∞∑
i=h

piB+ =
phB+

1− r1
. (18)

Consider now the state probabilities piE for i ≥ l = h. The
state probability phE satisfies the flow balance equation

phEµ2 + p(h+1)B+µ1 = phB+(λ+ 1/∆) (19)

yielding

phE = phB+
(λ+ 1/∆− r1µ1)

µ2
. (20)

Each state probability piE, i > h, satisfies the flow balance
equation

piEµ2 + piB+µ1 = (p(i−1)E + p(i−1)B+)λ (21)

yielding

piE = phB+

(
(λ+ 1/∆− r1µ1)

µ2

(
λ

µ2

)i−h

+

(
λ− r1µ1

µ2

) i−h−1∑
m=0

rm1

(
λ

µ2

)i−h−1−m
)

i ≥ h. (22)

Since r1 satisfies Equation (15),

r1 = (λ+ µ1 + 1/∆)/µ1 − λ/(µ1r1). (23)

Substitution for r1 in the first term within the outer brackets
on the right-hand side of Equation (22) yields, for i ≥ h,

piE = phB+

( λ
r1

− µ1

µ2

)((
λ

µ2

)i−h

+ r1

i−h−1∑
m=0

rm1

(
λ

µ2

)i−h−1−m
)

.

(24)
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Note that

∞∑
i=h

piE =phB+

( λ
r1

− µ1

µ2 − λ
+

λ− r1µ1

µ2

∞∑
i=h

i−h−1∑
m=0

rm1

(
λ

µ2

)i−h−1−m
)

= phB+

(
λ/r1 − µ1

µ2 − λ
+

λ− r1µ1

µ2

∞∑
m=0

rm1

∞∑
i=0

(
λ

µ2

)i
)

=
phB+

µ2 − λ

(
λ/r1 − µ1 +

λ− r1µ1

1− r1

)
= phB+

(
λ/r1 − µ1

(µ2 − λ)(1− r1)

)
. (25)

Finally, consider the state probabilities piB for 0 ≤ i < h.
The state probability p(h−1)B satisfies the flow balance equa-
tion

p(h−1)Bλ = phB+µ1 + phEµ2 (26)

yielding

p(h−1)B = phB+(1 + (1/∆+ (1− r1)µ1)/λ). (27)

Applying Equation (23) and simplifying yields

p(h−1)B = phB+

(
1

r1

)
. (28)

Each state probability piB, 0 ≤ i < h − 1, satisfies the flow
balance equation

piBλ = p(i+1)Bµ1 (29)

yielding

piB = phB+

(
1

r1

)(µ1

λ

)h−1−i

0 ≤ i ≤ h− 1. (30)

Note that

h−1∑
i=0

piB = phB+

(
1

r1

)(
1− (µ1/λ)

h

1− µ1/λ

)
. (31)

(In the case of µ1 = λ, the rightmost factor in (31) is replaced
by h.)

Applying the constraint that

∞∑
i=h

piB+ +

∞∑
i=h

piE +

h−1∑
i=0

piB = 1, (32)

Equations (18), (25), and (31) yield

phB+ =
1− r1

1 + λ/r1−µ1

µ2−λ +
(

1−r1
r1

)(
1−(µ1/λ)h

1−µ1/λ

) . (33)

Consider now the mean number of requests in the system∑∞
i=1 ipi, where pi is given by Equations (17) and (24) for

i ≥ h and by Equation (30) for i < h. Note that

∞∑
i=h

ipiB+ = phB+r
−h
1

∞∑
i=h

iri1 = phB+

(
h

1− r1
+

r1
(1− r1)2

)
,

(34)

∞∑
i=h

ipiE = phB+

(
λ/r1 − µ1

µ2

)((
λ

µ2

)−h ∞∑
i=h

i

(
λ

µ2

)i

+

r1

∞∑
i=h

i

i−h−1∑
m=0

rm1

(
λ

µ2

)i−h−1−m
)

= phB+

(
λ/r1 − µ1

µ2

)(
h− (h− 1)λ/µ2

(1− λ/µ2)2
+

r1

∞∑
m=0

rm1

∞∑
i=0

(i+ h+ 1 + l)

(
λ

µ2

)i
)

= phB+

(
λ/r1 − µ1

(µ2 − λ)(1− r1)

)(
h+

r1

1− r1
+

λ/µ2

1− λ/µ2

)
,

(35)

and
h−1∑
i=0

ipiB = phB+

(
1

r1

) h−1∑
i=0

i
(µ1

λ

)h−1−i

= phB+

(
1

r1

)(
h(1− µ1/λ)− (1− (µ1/λ)

h)

(1− µ1/λ)2

)
.

(36)

(In the case of µ1 = λ, the rightmost factor in (36) is replaced
by h(h− 1)/2.)

Equations (34), (35), and (36), together with equation (33),
yield, after simplification,

∞∑
i=1

ipi = h+
r1

1− r1
+

λ
λ
r1

−µ1

(µ2−λ)2 + 1−r1
r1

(
(h(1−µ1

λ )+1)(µ1/λ)
h−1

(1−µ1/λ)2

)
− 1−(µ1/λ)

h

1−µ1/λ

1 + λ/r1−µ1

µ2−λ +
(

1−r1
r1

)(
1−(µ1/λ)h

1−µ1/λ

) .

(37)

From Little’s Law, division by λ yields the mean request
response time. The cost C is given by µ1 times

∑h−1
i=0 piB

(given by Equation (31)) plus µ2 times
∑∞

i=h(piB+ + piE)
(given by Equations (18) and (25)).

2) Dual Servers, Each Server Deallocated When Idle: We
consider now a dual server system in which both servers are
dynamically allocated/deallocated. In the policy we consider,
a server is never kept allocated (or its allocation allowed to
continue) if it would be idle, and conversely, is kept allocated
(or its allocation initiated or continued), whenever it would be
busy. We model this policy using the state-transition diagram
shown in Figure 3. Each state is labeled by the number of
client requests queued or in service, followed by ”I” (idle with
no server allocation initiated), ”D” (within setup delay from
when allocation of one or both servers has been initiated until
one server allocation is complete and server is in use), ”B”
(baseline of one active server), or ”E” (extra server is also in
use). The feasible states are states 0I, iB for i ≥ 1, iD for
i ≥ 0, and iE for i ≥ 2, with state transition rates as shown
in the figure. Analysis for explicit expressions for R and C
follows along similar lines as that of the dual server, one server
always allocated policy. (See Appendix D.)

C. Unlimited Server

In this section we consider three dynamic server allocation
policies in which there is no cap on the number of servers
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that may be allocated. The analysis of such policies can yield
insight applicable to cloud computing scenarios in which the
limit on the number of allocated servers is large enough that it
is rarely if ever reached. Also, in conjunction with results for
single server and dual server policies, better, more complete
intuition can be obtained regarding simple versus optimal
server allocation policy performance than if considering just
single or dual or unlimited server cases in isolation.

1) Separate server per request: In this policy a new server
instance is allocated for each incoming request and released
when the request is completed, corresponding to a function-
as-a-service type of approach without any caching of server
instances. Here the average request response time R is simply
given by 1/µ + ∆, and the cost C by µ(λ(1/µ + ∆)) =
λ(1 + ∆µ).

2) Reactive unlimited server: Allocation of a new server
instance is initiated whenever a new request arrives, subject
to the constraint that at most s server allocations are allowed
to be in progress at once where s is a policy parameter. By
de-allocating servers and canceling in-progress allocations as
needed, the number of servers active or in the process of being
allocated is constrained to be at most equal to the number of
requests currently in the system. A state-transition diagram for
this policy is shown in Figure 4, where each state is labelled
by a pair (i, k) giving the number of waiting requests in that
state (i) and the number of requests in service (k).

The average request response time R is given by 1/µ plus
the delay until either a new server is allocated for the request,
or an existing request completes service and the new request
enters service using the now-free already allocated server.
Denote by pi,k the probability of the state with i waiting
requests and k requests in service. Perhaps surprisingly, we
find a product form for these probabilities.

Flow balance equations for this system are, for i, k > 0,
given by:

pi,0

(
λ+

min[i, s]
∆

)
= pi−1,0λ, (38)

p0,k(λ+ kµ) = p1,k−1

(
1

∆

)
+ p1,kkµ+ p0,k+1(k + 1)µ,

(39)

and

pi,k(λ+kµ+
min[i, s]

∆
) = pi+1,k−1

min[i+ 1, s]

∆
+ pi−1,kλ+ pi+1,kkµ.

(40)

It is straightforward to verify that these equations are satis-
fied by probabilities pi,k = pi,∗p∗,k where pi,∗ denotes the
marginal probability of i waiting requests and p∗,k denotes
the marginal probability of k requests in service, with pi,∗ for
i ≥ 0 given by

pi,∗ =

i∏
m=0

λ
λ+min[m,s]/∆

s−1∑
n=0

n∏
m=0

λ
λ+m/∆ +

(
s∏

m=0

λ
λ+m/∆

)(
1

1−λ/(λ+s/∆)

)
(41)

Fig. 4. State-Transition Diagram for Reactive Unlimited Server System.

and p∗,k for k ≥ 0 given by

p∗,k =

(
λ
µ

)k
e−λ/µ

k!
. (42)

From Equation (41),
∞∑
i=0

ipi,∗ =

s−1∑
i=0

i
i∏

m=0

λ
λ+m/∆

+

(
s∏

m=0

λ
λ+m/∆

)(
s

1− λ
λ+s/∆

+
λ/(λ+s/∆)(
1− λ

λ+s/∆

)2

)
s−1∑
n=0

n∏
m=0

λ
λ+m/∆

+

(
s∏

m=0

λ
λ+m/∆

)(
1

1−λ/(λ+s/∆)

) .

(43)

Applying Little’s Law, and incorporating the service time once
a request acquires a server, R is given by

R = 1/µ+

s−1∑
i=0

i
i∏

m=0

λ
λ+m/∆

+

(
s∏

m=0

λ
λ+m/∆

)(
s

1− λ
λ+s/∆

+
λ/(λ+s/∆)(
1− λ

λ+s/∆

)2

)

λ

(
s−1∑
n=0

n∏
m=0

λ
λ+m/∆

+

(
s∏

m=0

λ
λ+m/∆

)(
1

1−λ/(λ+s/∆)

)) .

(44)

The cost C is given by

C = µ

(
λ(1/µ) +

( ∞∑
i=0

min[i, s]pi,∗

))

= λ+ µ


s−1∑
i=0

i
i∏

m=0

λ
λ+m/∆

+

(
s∏

m=0

λ
λ+m/∆

)(
s

1− λ
λ+s/∆

)
s−1∑
n=0

n∏
m=0

λ
λ+m/∆

+

(
s∏

m=0

λ
λ+m/∆

)(
1

1−λ/(λ+s/∆)

)
 .

(45)

For the special case of s = 1, these expressions reduce to
a cost C of λ(1 + µ/(λ + 1/∆)) and a mean response time
R of 1

µ +∆. Note that with s = 1, this policy has the same
mean response time as with a separate server per request, but
lower cost. This can be explained by the efficiency that results
from taking a newly-free existing server for a waiting request
instead of always requiring a new server.
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Fig. 5. State-Transition Diagram for Proactive Unlimited Server System.

3) Proactive unlimited server policy: With this policy, there
is always at least one allocated server. Allocation of a new
server instance is initiated whenever all currently allocated
servers become busy serving requests. The number of servers
active or in the process of being allocated is constrained to
be at most one more than the number of requests currently
in the system. A state-transition diagram for this policy is
shown in Figure 5. For our analysis it is convenient to use
a different state labelling here than that used in Figure 4. In
Figure 5, each state is labelled by a pair (i, k) where k + 1
is the number of allocated servers, and k + i is the number
of requests currently in the system. Again, we find a product
form for the state probabilities.

Flow balance equations for this system are, for i, k > 0,
given by:

pi,0

(
λ+ µ+

1

∆

)
= pi−1,0λ+ pi+1,0µ, (46)

p0,k(λ+ kµ) = p1,k−1

(
1

∆

)
+ p1,k(k + 1)µ+ p0,k+1(k + 1)µ, (47)

and

pi,k

(
λ+ (k + 1)µ+

1

∆

)
=pi+1,k−1

(
1

∆

)
+ pi−1,kλ+ pi+1,k(k + 1)µ.

(48)

Define r as

r =
(λ+ µ+ 1/∆)/µ−

√
((λ+ µ+ 1/∆)/µ)2 − 4λ/µ

2
.

(49)

(Note the similar forms of Equations (13) and (46).) It is
straightforward to verify that the flow balance equations are
satisfied by probabilities pi,k = pi,∗p∗,k with pi,∗ given by

pi,∗ = ri(1− r) i ≥ 0 (50)

and p∗,k given by

p∗,k =

(
r

∆µ(1−r)

)k
e−

r
∆µ(1−r)

k!
k ≥ 0. (51)

Applying Little’s Law, R is given by

R =

∑∞
i=0

∑∞
k=0(k + i)pi,k
λ

=

∑∞
i=0 ipi,∗ +

∑∞
k=0 kp∗,k

λ

=
1

µ

(
µ+ 1/∆

λ

)(
r

1− r

)
. (52)

The cost C is given by

C = µ

(
1 +

∞∑
k=0

kp∗,k + (1− p0,∗)

)

= µ(1 + r) +
1

∆

(
r

1− r

)
. (53)

V. OPTIMAL POLICIES

Sec. IV has described and modeled a number of server al-
location policies. We address here the problem of determining
optimal policies. From the performance of such policies, we
can evaluate how much room for improvement there may be
through the design of dynamic server allocation policies more
sophisticated than those described in Sec. IV. Although we
were able to determine the optimal single server allocation
policy performance in Sec. IV-A analytically, a different
approach, which we develop here, is needed for systems with
multiple potential servers.

Under our assumption of Poisson arrivals and exponentially
distributed service and server allocation times, an optimal
policy will take some server allocation action only when a
new request arrives, a request completes service, or a server
allocation completes. We can describe the system operation
using a semi-Markov decision model [26]. To obtain numerical
results for an optimal server allocation policy, we truncate
the state space by removing states with negligibly small
probabilities and employ a version of the policy iteration
algorithm.4

We consider systems where homogeneous rate µ servers can
be dynamically allocated, with a shared queue so that when
there are n requests in the system and m allocated servers,
the total service rate is min[n,m]µ. Attention is restricted to
policies in which at each decision point at most one server
has its allocation initiated, is deallocated, or has its in-progress
allocation terminated. The set of system states is defined as
{(n,m, a)|n ≥ 0,m ≥ 0, a ≥ 0} where n gives the number
of requests in the system (waiting or in service), m gives the
number of allocated servers prior to any action taken at the
point of entering the state, and a gives the number of server
allocations in progress at the time the state is entered.

When applying policy iteration, we cap the maximum value
of n. We report results with a cap that is large enough to
accommodate those states with non-negligible probability and
verify that larger caps do not yield different results. The value
of m+a can be capped to the same value as used for n (since
there can be no benefit to having more servers than requests),
or to a smaller value if a scenario with only a small number of

4Although we apply policy iteration with state spaces that are sufficiently
large to obtain accurate baselines for the infinite state space models of Sec.
IV, an alternative approach would have been to apply policy iteration, and
numerically evaluate finite state space variants of the models of Sec. IV, on
the same truncated state spaces.
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potential servers is of interest. A separate cap on a (limiting
the number of server allocations that can be in progress at
once) can also be used.

Potential actions in a state (n,m, a) are (1) action IA:
initiate allocation of a server; (2) action CA: cancel an
in-progress server allocation (possible when a > 0); (3)
action D: deallocate a server (possible when m > 0 and
a = 0), and (4) action NC: make no changes to the
server allocation state. Note that an optimal policy would not
deallocate an existing server while continuing an in-progress
server allocation and therefore such an action need not be
considered.

We denote the rate of moving next to state S′ when action
A is taken at the time of entering state S by qA [S, S′]
and the associated rate at which reward is earned during
the sojourn time in state S by RA [S]. The reward rates are
defined such that the undiscounted average reward rate for a
particular policy is equal to the negative of the metric given
by Expression (1), i.e. −(ω(λR)+C). The state transition and
reward rates, when no caps are placed on the state variables,
are given as follows. For action IA:

qIA[(n,m, a), (n+ 1,m, a+ 1)] = λ,

qIA[(n,m, a), (n− 1,m, a+ 1)] = min[n,m]µ

qIA[(n,m, a), (n,m+ 1, a)] = (a+ 1)/∆,

RIA[(n,m, a)] = −(ωn+ (m+ a+ 1)µ)
(54)

For action CA (only possible when a > 0):

qCA[(n,m, a), (n+ 1,m, a− 1)] = λ,

qCA[(n,m, a), (n− 1,m, a− 1)] = min[n,m]µ,

qCA[(n,m, a), (n,m+ 1, a− 2)] = (a− 1)/∆,

RCA[(n,m, a)] = −(ωn+ (m+ a− 1)µ).
(55)

For action D (only possible when m > 0 and a = 0):

qD[(n,m, 0), (n+ 1,m− 1, 0)] = λ,

qD[(n,m, 0), (n− 1,m− 1, 0)] = min[n,m− 1]µ,

RD[(n,m, 0)] = −(ωn+ (m− 1)µ).
(56)

For action NC:

qNC [(n,m, a), (n+ 1,m, a)] = λ,

qNC [(n,m, a), (n− 1,m, a)] = min[n,m]µ,

qNC [(n,m, a), (n,m+ 1, a− 1)] = a/∆,

RNC [(n,m, a)] = −(ωn+ (m+ a)µ).
(57)

A cap on n requires zeroing the arrival rate in any state with
n at its maximum value. States in which m + a exceeds its
cap are also removed from the model, and action IA cannot
be allowed when entering a state with m+ a equal to its cap.
A separate cap on a can be implemented in a similar fashion
by removing states and restricting the use of action IA.

Action selections need also be restricted to ensure that there
is always a non-zero transition rate from a state following the

action taken upon entry. In particular, action CA cannot be
allowed when entering a state with n equal to the maximum
allowed value and with a = 1 and m = 0, action D cannot be
allowed when entering a state with n equal to the maximum
allowed value and m = 1, and action NC cannot be allowed
when entering a state with n equal to the maximum allowed
value and m = a = 0.

We carry out policy iteration by iterating the following two
steps until convergence:

Step 1: Value-Determination
For the current policy π, solve the system of linear equations

R̄π = RA π [S][S] +
∑

S′∈N(A π [S],S)

qA π [S][S, S′] (vπ[S′]− vπ[S])

∀S ∈ Z
(58)

for the average reward rate R̄π and the state relative values
vπ[S] for all states S except state (0,0,0), with vπ[(0, 0, 0)]
chosen as 0. Here, Z is the set of all states, A π[S] is the action
selected in state S under policy π, and N(A , S) denotes the
set of states to which there are non-zero transition rates when
action A is taken when entering state S.

Step 2: Policy Improvement
For each state S, find an allowed action A [S] that maxi-

mizes the following expression, choosing the action used in
policy π if it is a maximizer:

RA [S]− R̄π +
∑

S′∈N(A ,S) q
A [S, S′]vπ[S′]∑

S′∈N(A ,S) q
A [S, S′]

. (59)

Form the policy π′ that makes the action selection of A [S]
in each state S. If the new policy π′ is identical to the policy
π, stop. Otherwise, go to step 1 with π replaced by π′.

VI. PERFORMANCE COMPARISONS

A. Single Server Policies

Figure 6 shows the ratio of the performance with the
dynamic server allocation policy defined and analyzed in
Sec. IV-A, both for when there is an exponential or determinis-
tic “holding on”/“delayed-off” time and when there is no such
time, to that of an optimal single server allocation policy. Also
shown is the performance ratio for a baseline policy in which
the server is never deallocated. We measure performance,
and calculate performance ratios, using the objective function
given in expression (1), which incorporates both response time
and cost. Small values are preferred and correspond to lower
delay and/or cost.

Note that the optimal single server allocation policy is
request rate dependent. For each request rate of interest, the
performance with an optimal policy for that request rate can be
obtained using policy iteration as described in Sec. V (with
a cap of one on the number of servers), or, in this single
server context, using expression (12). Given the parameter
value choices in Figure 6, ω satisfies the condition given
after expression (12) and an optimal policy will trigger server
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Fig. 6. Performance ratio for single server allocation policies (µ = 1, ω = 1).
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Fig. 7. Performance ratio for dual server allocation policies (µ = 1, ω = 1).

allocation when the first request arrives to an empty system
(b = 1). In this case, for each value of λ the optimal policy is
either the dynamic server allocation policy of Sec. IV-A with
T = 0, or to never deallocate the server (T → ∞). At a value
of λ such that ωλ∆(1+λ∆) = µ−λ, the performance metrics
of these policies are identical, yielding the convergence points
evident in Figure 6. For smaller values of λ, it is optimal to
immediately deallocate the server whenever it becomes idle,
while for larger values of λ, it is optimal to never deallocate
the server. Finally, as λ approaches µ, the server becomes idle
increasingly rarely, and the policy differences narrow.

Without requiring knowledge of request rate, a dynamic
server allocation policy with a fixed intermediate value of
T is often able to yield performance that is not far from
optimal over a wide range of request rates. For example, as
seen in Figure 6(c) for µ = 1, ω = 1, and ∆ = 2, with
T = 4 performance is within 20% of optimal for λ ≥ 0.15.
With respect to the impact of the distribution of the holding-
on time, for values of λ smaller than the value at which
immediate deallocation yields the same performance as never
deallocating, an exponential distribution with the same mean
can yield slightly better performance than a deterministic
value. For larger values of λ, however, substantially better
performance can be achieved with a deterministic value.

B. Dual Server Policies

Figure 7 shows the performance with various simple dual
server policies. As in Figure 6, performance is measured using
expression (1) and expressed as the ratio of the performance
of the policy under consideration to the optimal performance,
in this case as obtained from using policy iteration for each
request arrival rate. Results are shown for the “Dual Servers,
One Server Always Allocated” (both with l = h = 2, and
with l = 2, h = 3) and the “Dual Servers, Each Server
Deallocated When Idle” policies from Sec. IV-B. The figure

also shows results for a policy in which both servers are
always allocated/deallocated together rather than individually
(obtained using the single server model with state-dependent
service rates analysis in Appendix B with c = 2, µ1 = µ,
µc = 2µ), and for a baseline policy in which both servers are
always kept allocated (yielding an M/M/2 model).

Similarly, as in the case of a single server, for a sufficiently
large request arrival rate, it is optimal to never deallocate the
servers, and as the request rate approaches 2µ (capacity load)
policy differences narrow. For smaller values of λ, there are
two regions, one where it is optimal to never deallocate one of
the two servers (but dynamically allocate/deallocate the other),
and one region (the smallest arrival rates) where sometimes it
is optimal to deallocate both servers.

Note that in each region of the parameter space covered
by the graphs in Figure 7, one of the simple dual server
policies yields close to optimal performance. However, dif-
ferent policies are best in different regions, and none of the
simple dual server policies yields close to optimal performance
across the entire parameter space when ∆ is large. The “Dual
Servers, Each Server Deallocated When Idle” policy is seen to
be the most robust of the policies in the sense of its maximum
performance ratio, but can be quite far from optimal over a
large range of request rates when ∆ is substantially larger than
the average request service time, as seen in Figure 7(d).

With respect to the performance comparison between “Dual
Servers, One Server Always Allocated” with l = h = 2,
and this policy with l = 2 and h = 3, note that when
∆ is large as in Figure 7(d) reducing the frequency of
initiating server allocations by using a higher queue length
threshold for allocation (h) than for deallocation (l) can yield
some (modest in this case) performance improvement. Finally,
note that allocating/deallocating both servers together rather
than individually often (but not always) yields substantially
worse performance than individually allocating/deallocating
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Fig. 8. Performance ratio for unlimited server allocation policies (µ = 1, ω = 1).

the servers.

C. Unlimited Server Policies

As the number of servers that can potentially be allocated
increases, optimal server allocation/deallocation policies can
become increasingly complex. Interestingly, however, we find
that a single simple policy, namely the “reactive unlimited
server” policy from Sec. IV-C, can yield performance close to
optimal over the full range of request rates, as long as ∆ is
not too large (e.g., ∆ ≤ 2 in the case of µ = 1, ω = 1), and
multiple server allocations can be in progress at once (the pol-
icy parameter s is greater than one). This is illustrated by the
results shown in Figures 8(a)-(c). For larger ∆ (Figure 8(d)),
the performance gap widens, as the optimal (request rate
dependent) policy will bias allocation/deallocation decisions
towards keeping some (request rate dependent) number of
servers consistently allocated, and the performance benefits
of such a bias increase with increasing ∆.

Figure 8 also shows results for a policy that allocates a new
server for each request and deallocates the server when the
request has finished service, the “proactive unlimited server”
policy of Sec. IV-C, and an optimal (request-rate dependent)
policy under the constraint that at most one server allocation
can be in progress at once (the state variable a is capped
at one). Not surprisingly, the server per request policy yields
relatively poor performance since there is no reuse of allocated
servers across multiple requests. Note that when the reactive
policy is constrained to have at most one server allocation in
progress at once (s = 1), it yields worse performance than the
proactive policy excepting in a low request rate region of size
dependent on ∆. The reactive policy’s performance improves,
however, narrowing the region where the proactive policy
yields better performance, when multiple server allocations
can be in progress at once. In this case, the reactive policy is
able to more quickly increase the number of allocated servers
when needed in reaction to increased numbers of queued
requests, and the benefits of proactivity are reduced.

Finally, note that performance with an optimal policy under
the constraint that at most one server allocation can be in
progress at once is very similar to that with an unconstrained
optimal policy. This is quite different from what is seen with
the reactive policy, and can be explained by the fact that an
optimal policy will ensure that the number of allocated servers
is never far from a target (request rate dependent) number of
servers.
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Fig. 9. Impact of ω on the performance ratio for dual server allocation policies
(µ = 1, λ = 1, ∆ = 2).

D. Single vs. Dual vs. Unlimited

Results for the single server, dual server, and unlimited
server cases are often similar with respect to the magnitudes
of the observed performance gaps. For ∆ = 1, in each of
the three cases, there is a simple policy with a performance
ratio within 1.2 across the full range of request arrival rates.
As ∆ increases, in all three cases the corresponding upper
bound on the performance ratio achievable with a fixed simple
policy, across the full range of request rates, also increases, but
remains under 2 even for the extreme case of ∆ = 4. These
similarities across diverse cases yield increased confidence
with respect to the robustness of our findings.

There are also significant insights that come from one or
two of the three cases, but not the other(s). Perhaps most
notably, the unlimited server results show the benefit that may
be achieved with a simple reactive policy, and yet not with
an optimal policy, when multiple server allocations can be in
progress at once rather than being limited to just one.

E. Impact of Weighting of Objective Function Terms

Figure 9 illustrates the impact of the weight ω that is given
to the λR term in the objective function given by Expression 1.
The same dual server policies are considered as in Figure 7,
together with a “Dual Servers, One Server Always Allocated”
policy with a higher allocation threshold (h = 6). The latter
policy is noteworthy since for the particular parameters used
in the figure, it yields close to optimal performance for small
ω. This is because it becomes optimal to essentially batch up
many requests before allocating a second server (which must
periodically be allocated, since without a second server the
single server utilization would be 100% in this scenario), so as
to reduce the frequency and therefore overhead cost of server
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allocation. At the other end of the spectrum, for large ω it
becomes optimal to simply always keep both servers allocated.

VII. BENEFITS OF STATE-DEPENDENT ROUTING IN A
DISTRIBUTED SERVICE SYSTEM

In a system with multiple geographically distributed server
sites a routing policy is needed to direct client requests to the
most appropriate site. Two broad classes of such policies are
state-oblivious policies that use only information on average
request rates, and state-dependent routing policies. For systems
using dynamic server allocation at each site, state-dependent
routing might be particularly advantageous since routing could
exploit knowledge of the current server allocation state at each
site. On the other hand, dynamic server allocation allows each
site to better manage variations in load locally, which might
reduce the benefits of state-dependent routing.

We study the potential benefits of state-dependent routing
through consideration of a system with two sites. At each site
there is a population of clients that are “local” to the site,
generating requests at some fixed rate. The request rates at the
two sites are such that it may be beneficial to route some or all
of the requests generated by the client population local to site 1
to site 2 instead. We evaluate how much performance improves
by making the decision to route remotely state-dependent,
rather than state-oblivious, when using optimal policies of
each type together with optimal server allocation/deallocation.
Comparing optimal state-dependent and state-oblivious routing
provides more fundamental insight than comparing particular
heuristic policies. However, determining such optimal policies
suffers from the well-known “curse of dimensionality”, and
therefore our analysis focuses on the two-site case.

We restrict attention to server allocation policies in which,
at each site, at most one server allocation is allowed to be in
progress at once. Servers are assumed to homogeneous with
processing rate µ. In the case of multiple servers at a site,
there is assumed to be a shared queue so that when there are
n requests at the site and m allocated servers, the total service
rate at that site is min[n,m]µ. The overhead associated with
processing a request remotely rather than locally is modelled
by including a transfer time overhead in the request response
time, with average value denoted by DR. We attribute this
overhead to the extra time required to transfer the request
response to the client, and assume that the time required to
transfer the request itself to the remote site can be neglected.
This assumption is favorable for dynamic routing, since with
no delay in transferring a request there can be no change in
the states of the sites between when a request transfer decision
is made and the request arrives at the remote site.

A. Performance with Optimal Policies

1) State-oblivious routing: To determine the performance
with optimal state-oblivious routing and optimal dynamic
server provisioning, we apply policy iteration as described in
Sec. V considering only a single site in isolation, for each
possible assigned request rate. We then find the request rate
split that yields the minimum value of a combined objective
function. This objective function includes the sum of the

values of Expression (1) for the two sites, but also needs to
incorporate a term for the transfer delay incurred by requests
processed remotely (if any). Treating this delay in the same
way as the servicing delay, this latter term is given by ω times
the rate at which requests are routed remotely times DR,
yielding a combined objective function that can be written,
using Little’s Law, as ωQ + C1 + C2, where Q denotes the
average total number of requests at one of the servers or with
a response in transit back to the local site, and C1 and C2

denote the cost (as defined in Sec. III) incurred at sites 1 and
2 respectively. In our implementation we consider all possible
request rate splits at a granularity of 0.01.

2) State-dependent routing: To determine the performance
with optimal state-dependent routing and corresponding op-
timal dynamic server provisioning, we develop another
semi-Markov decision model. The set of system states is
{(n1,m1, a1, n2,m2, a2)} such that n1, n2,m1,m2 ≥ 0 and
a1, a2 ∈ {0, 1}, where ni gives the number of requests in the
system (waiting or in service) at site i, mi gives the number
of allocated servers at site i prior to any action taken at the
point of entering the state, and ai is 0 if no server allocation
is in progress at site i at the time the state is entered and 1
otherwise. When applying policy iteration, we cap n1+n2. As
in Sec. VI, we report results with a cap that is large enough
to accommodate those states with non-negligible probability,
and verify that larger caps do not yield different results. The
values of m1 + a1 and m2 + a2 are also capped, according to
the desired number of potential servers at each site.

Each possible action in a state (n1,m1, a1, n2,m2, a2)
includes both a provisioning component and a routing com-
ponent. The provisioning action component is carried out
at the time the state is entered. We consider policies with
possible provisioning action components as follows5: (1) sub-
actions IA1, IA2, IA1/IA2: initiate allocation of a server
at site 1 (IA1, possible when a1 = 0) or site 2 (IA2,
possible when a2 = 0) or initiate allocations at both
sites (IA1/IA2, possible when a1 = a2 = 0); (2) sub-
actions CA1, CA2, CA1/CA2: cancel the in-progress server
allocation at site 1 (possible when a1 = 1) or site 2 (possible
when a2 = 1) or the in-progress server allocations at both
sites (possible when a1 = a2 = 1); (3) sub-actions D1, D2:
deallocate a server at site 1 (possible when m1 > 0 and
a1 = 0) or site 2 (possible when m2 > 0 and a2 = 0); (4)
sub-actions IA1/CA2, IA2/CA1: initiate a server allocation
at site 1 and cancel the in-progress server allocation at site
2 (possible when a1 = 0 and a2 = 1) or initiate a server
allocation at site 2 and cancel the in-progress server allocation
at site 1 (possible when a2 = 0 and a1 = 1); (5) sub-
actions IA1/D2, IA2/D1: initiate a server allocation at site
1 and deallocate a server at site 2 (possible when a1 = a2 = 0
and m2 > 0) or initiate a server allocation at site 2 and
deallocate a server at site 1 (possible when a1 = a2 = 0 and
m1 > 0); and (6) sub-action NC: no changes. The possible
routing action components for a state are (1) sub-action RL:
set the policy for request routing when in the state to local

5To reduce the action space, we do not include some provisioning action
components that would not be needed in an optimal policy, such as simulta-
neous server deallocations at both sites.
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Fig. 10. Example performance results for request routing policies (µ = 1, ω = 1, ∆ = 2).

routing; (2) sub-action R12: set the policy for request routing
when in the state to route an arrival at site 1 to site 2, and an
arrival at site 2 locally. Each provisioning action component
can be paired with each routing action component, yielding a
total of 26 potential actions.

The reward rates are defined such that the undiscounted
average reward rate for a particular policy is equal to the
negative of the same combined objective function as used
for state-oblivious routing; i.e, −(ωQ + C1 + C2), where
Q denotes the average total number of requests at one of
the servers or with a response in transit back to the local
site. The state transition and reward rates, when no caps are
placed on the values of the state variables, are given as follows
for actions IA1 + RL and IA1 + R12. Transition rates and
rewards for the other actions are straightforward to specify in
an analogous fashion. In the below, transition rates and rewards
are superscripted by an action name as given by its two sub-
action components, except in the case where a transition rate
depends only on the provisioning action component of the
action, in which case only that component is given.

For actions IA1+RL and IA1+R12 (only possible when
a1 = 0):

qIA1+RL[(n1,m1, 0, n2,m2, a2), (n1 + 1,m1, 1, n2,m2, a2)]

= qIA1+R12[(n1,m1, 0, n2,m2, a2), (n1,m1, 1, n2 + 1,m2, a2)] = λ1

qIA1 [(n1,m1, 0, n2,m2, a2), (n1,m1, 1, n2 + 1,m2, a2)] = λ2,

qIA1 [(n1,m1, 0, n2,m2, a2), (n1 − 1,m1, 1, n2,m2, a2)]

= min[n1,m1]µ,

qIA1 [(n1,m1, 0, n2,m2, a2), (n1,m1, 1, n2 − 1,m2, a2)]

= min[n2,m2]µ,

qIA1 [(n1,m1, 0, n2,m2, a2), (n1,m1 + 1, 0, n2,m2, a2)]

= qIA1 [(n1,m1, 0, n2,m2, 1), (n1,m1, 1, n2,m2 + 1, 0)] = 1/∆,

RIA1+RL[(n1,m1, 0, n2,m2, a2)]

= −(ω(n1 + n2) + (m1 +m2 + a2 + 1)µ)

RIA1+R12[(n1,m1, 0, n2,m2, a2)]

= −(ω(n1 + n2 + λ1DR) + (m1 +m2 + a2 + 1)µ)

(60)

B. Example Results

Numerical results are presented for two example scenarios.
In the first scenario, the request rates at the sites are equal and
are low relative to the potential service capacities, and thus
it may be advantageous to consolidate allocation of server
resources at a single site (i.e. site 2) only. In the second
scenario, site 1 has a high request rate and site 2 has a low

request rate, and it may be advantageous to process some of the
requests from site 1 at site 2 for the purpose of alleviating the
otherwise high load on site 1. For each scenario, we consider
both the case of a single allocatable server at each site and
the case of dual potential servers at each site.

1) Remote Routing for Server Consolidation: Figures 10(a)
(single server can be allocated at each site) and (b) (dual
servers can be allocated at each site) show results for a
scenario in which it may be advantageous to consolidate
allocation of server resources at site 2 only. The figures
show the ratio of the performance with optimal state-oblivious
routing to that with optimal state-dependent routing, in both
cases with use of optimal dynamic server provisioning, as a
function of the average transfer time DR. The figures also
show the performance ratio for the policies of routing all
requests locally, and routing all requests to site 2.

Optimal state-oblivious routing is seen to yield performance
close to that of optimal state-dependent routing over the full
range of average transfer times. Almost always, the optimal
state-oblivious routing is one of the two extremes; i.e., either
route all requests locally, or route all requests to site 2. In
the case where dual servers can be allocated at each site
(Figure 10(b)), this is also true for optimal state-dependent
routing. In the case where only a single server can be allocated
at each site, however, for low values of average transfer time
optimal state-dependent routing sends most but not all requests
to site 2. Not all requests are sent to site 2 because the
appreciable total load at site 2 results in occasional queue
buildups there, during which times it may be beneficial to
route site 1 requests locally. For lower request rates at each
site, however, such as 0.2, the results become very similar in
form to those in Figure 10(b).

2) Remote Routing to Reduce Load on Overloaded Site:
Figures 10 (c) (single server can be allocated at each site) and
(d) (dual servers can be allocated at each site) show results for
a scenario in which it may be advantageous to route some of
the site 1 requests to site 2 so as to reduce the load on site 1.
In addition to the performance ratio for optimal state-oblivious
routing, the figures show the performance ratio for the policy
of routing all requests locally, and for state-oblivious routing
in which load is perfectly balanced across the two sites.

Optimal state-oblivious routing is, again, seen to yield
performance close to that of optimal state-dependent routing
over the full range of average transfer times, although the
performance gap is larger (at most about 24%) than is seen
in Figures 10(a) and (b). Also, a performance gap is present
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over the full range covered in each figure. Similar results are
seen with other choices of imbalanced request rates. Finally,
note that in each figure there is a significant region where the
optimal state-oblivious routing policy is intermediate between
the extremes of local only routing and balanced load routing.

One might speculate a priori that there would be a larger
performance gap between optimal state-oblivious and state-
dependent routing. Note, however, that the optimal state-
dependent routing policy is typically substantially different
from a greedy routing policy, and less sensitive to current state.
For example, even if no server is currently allocated at site 2
and lower request delay could be achieved by processing a
new site 1 request locally, it can still be better to route that
request to site 2 and initiate the allocation of a server there,
owing to the improved performance this may enable for future
requests. This reduced sensitivity to current state of optimal
state-dependent routing, compared to with a greedy policy, is
a consequence of the use of dynamic server allocation, and
likely explains the relatively small gap between optimal state-
oblivious and state-dependent routing.

VIII. CONCLUSIONS

In this paper we describe policies, develop analytic models,
and present performance comparisons and insights into how a
service provide can best balance service costs and delays. First,
we describe several simple dynamic server allocation policies
and develop analytic models for their evaluation. Second,
semi-Markov decision models are developed and applied to
quantify the performance gaps between these simple policies
and (often highly-complex) optimal allocation policies.

Our results yield substantial insight into the design of dy-
namic server allocation policies, a topic of central importance
in cloud computing systems. Key design takeaways include
the following: (1) when the server setup delay is similar to or
lower than the request service time, simple server allocation
policies can yield close to optimal performance; (2) when the
server setup delay is relatively high (e.g., twice the request
service time or greater), performance gaps widen, increasing
the potential benefit of more complex policies; and (3) in
the unlimited server setting, there can be a substantial benefit
to allowing multiple server allocations to be in progress at
once when using a simple reactive policy, a capability that
may not be needed if using a more complex policy. With
respect to the design of more complex policies, if needed,
such policies require more cautious rules with respect to
initiating server allocations as well as deallocating servers,
through use of non-zero finite ”holding-on” / ”delayed-off”
times and/or significantly higher load thresholds for initiating
server allocations versus for server deallocations (e.g., h versus
l in the simple dual server model of Figure 2).

Finally, we consider systems with multiple geographically
distributed server sites. Request routing in such a context
is another central concern in cloud computing. One might
speculate that the performance benefits of state-dependent
request routing would increase when using dynamic server
allocation, since routing could exploit knowledge of the state
of server allocation (as well as of request queues) at each

site. We take a first look at this question in the context
of a simple scenario with just two sites. A semi-Markov
decision model is developed and applied for the evaluation
of optimal state-dependent routing. Comparing optimal state-
dependent and optimal state-oblivious routing, we find only
modest performance gaps.

ACKNOWLEDGEMENTS

This work was supported by the Swedish Foundation for
Strategic Research (SSF) and the Swedish Research Council
(VR).

REFERENCES

[1] P. D. Welch, “On a generalized M/G/1 queuing process in which the
first customer of each busy period receives exceptional service,” Oper.
Res., vol. 12, no. 5, pp. 736–752, 1964.

[2] D. Meisner, B. Gold, and T. Wenisch, “The PowerNap Server Archi-
tecture,” ACM Trans. Comput. Syst., vol. 29, no. 1, Article No. 3, pp.
1–24, 2011.

[3] J. R. Artalejo, A. Economou, and M. J. Lopez-Herrero, “Analysis of a
multiserver queue with setup times,” Queueing Syst., vol. 51, no. 1-2,
pp. 53–76, 2005.

[4] A. Gandhi, M. Harchol-Balter, and I. Adan, “Server farms with setup
costs,” Perf. Eval., vol. 67, no. 11, pp. 1123–1138, 2010.

[5] A. Gandhi, S. Doroudi, M. Harchol-Balter, and A. Scheller-Wolf, “Exact
analysis of the M/M/k/setup class of Markov chains via recursive
renewal reward,” Queueing Syst., vol. 77, pp. 177–209, 2014.

[6] T. Phung-Duc, “Exact solutions for M/M/c/setup queues,” Telecommun.
Syst., vol. 64, no. 2, pp. 309–324, 2017.

[7] V. J. Maccio and D. G. Down, “Structural properties and exact anal-
ysis of energy-aware multiserver queueing systems with setup times,”
Performance Evaluation, vol. 121, pp. 48–66, 2018.

[8] J. K. Williams, M. Harchol-Balter, and W. Wang, “The M/M/k with
deterministic setup times,” Proc. ACM Meas. Anal. Comput. Syst., vol. 6,
no. 3, Article No. 56, pp. 1–45, 2022.

[9] P. Badian-Pessot, M. E. Lewis, and D. G. Down, “Optimal control
policies for an M/M/1 queue with a removable server and dynamic ser-
vice rates,” Probability in the Engineering and Informational Sciences,
vol. 35, no. 2, pp. 189–209, 2021.

[10] X. Xie, Z. Jiao, Y. Zhang, Y. Guo, and H. Ye, “Integrating state-
dependent M/M/c queue analysis into optimization models for energy-
aware multi-server data centers,” in International Conference on Data-
driven Optimization of Complex Systems (DOCS). IEEE, 2024, pp.
773–780.

[11] A. Gandhi, V. Gupta, M. Harchol-Balter, and M. Kozuch, “Optimality
analysis of energy-performance trade-off for server farm management,”
Perf. Eval., vol. 67, no. 11, pp. 1155–1171, 2010.

[12] A. Gandhi, M. Harchol-Balter, R. Raghunathan, and M. Kozuch, “Au-
toScale: Dynamic, Robust Capacity Management for Multi-Tier Data
Centers,” ACM Trans. Comput. Sys., vol. 30, no. 4, pp. 1–26, 2012.

[13] J. Anselmi, “Asynchronous load balancing and auto-scaling: Mean-
field limit and optimal design,” IEEE/ACM Transactions on Networking,
vol. 32, no. 4, pp. 2960–2971, 2024.

[14] D. Mukherjee, S. Dhara, S. C. Borst, and J. S. van Leeuwaarden,
“Optimal service elasticity in large-scale distributed systems,” Proc.
ACM Meas. Anal. Comput. Syst., vol. 1, no. 1, pp. 1–28, 2017.

[15] S. Eshwar, L. L. Felipe, A. Reiffers-Masson, D. S. Menasche, and
G. Thoppe, “Online learning of weakly coupled MDP policies for load
balancing and auto scaling,” in IFIP Networking Conference, 2024, pp.
496–501.

[16] D. G. Down, “Optimal control of energy-aware queueing systems,”
Queueing Systems, vol. 100, no. 3, pp. 417–419, 2022.

[17] B. Urgaonkar, P. Shenoy, A. Chandra, P. Goyal, and T. Wood, “Agile
dynamic provisioning of multi-tier Internet applications,” ACM Trans.
Auton. Adapt. Syst., vol. 3, no. 1, Article No. 1, pp. 1–39, 2008.

[18] C. Qu, R. Calheiros, and R. Buyya, “Auto-Scaling Web Applications in
Clouds: A Taxonomy and Survey,” ACM Comput. Surv., vol. 51, no. 4,
Article No. 73, pp. 1–33, 2018.

[19] M. Straesser, J. Grohmann, J. von Kistowski, S. Eismann, A. Bauer, and
S. Kounev, “Why is it not solved yet?: Challenges for production-ready
autoscaling,” in Proc. 13th ACM/SPEC Int’l. Conf. on Perf. Engineering,
2022, pp. 105–115.



15

[20] A. Agache, M. Brooker, A. Florescu, A. Lordache, A. Liguori, R. Neuge-
bauer, P. Piwonka, and D.-M. Popa, “Firecracker: Lightweight virtu-
alization for serverless computing,” in Proc. 17’th USENIX Symp. on
Networked Systems Design and Implementation, 2020, pp. 419–434.

[21] N. Lacasse. (2018) Open-sourcing gVisor, a sandboxed container
runtime. [Online]. Available: https://cloud.google.com/blog/products/
gcp/open-sourcing-gvisor-a-sandboxed-container-runtime

[22] F. Manco, C. Lupu, F. Schmidt, J. Mendes, S. Kuenzer, S. Sati,
K. Yasukata, C. Raiciu, and F. Huici, “My VM is lighter (and safer) than
your container,” in Proc. 26th Symp. on Operating Systems Principles,
2017, pp. 218–233.

[23] The Open Infrastructure Foundation. Kata containers - the speed
of containers, the security of VMs. [Online]. Available: https:
//katacontainers.io/

[24] M. Brooker, M. Danilov, C. Greenwood, and P. Piwonka, “On-demand
container loading in AWS Lambda,” in Proc. 2023 USENIX Annual
Tech. Conf., 2023, pp. 315–328.

[25] K. Rosen, Discrete Mathematics and Its Applications 7th edition.
McGraw-Hill Science, 2011.

[26] H. C. Tijms, Stochastic Modelling and Analysis: A Computational
Approach. New York, NY: Wiley, 1986.

Niklas Carlsson is an Senior Associate Profes-
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APPENDIX

A. Extended Single Server Derivation

Denote the steady-state probability of the state with label s
by ps. Assuming µ > λ, we must have

∞∑
i=1

piA =
λ

µ
⇔

k∑
j=1

p0Hj + p0I +

∞∑
i=1

piD = 1− λ

µ
. (61)

The leftmost equality in Equation (61) follows from the fact
that the sum of the probabilities of the “A” states gives the
fraction of time the server is actively processing requests. This
is the server utilization, which is equal to λ/µ.

We can express the p0Hj and piD probabilities in terms of
p0I, allowing the solution for p0I using Equation (61). From
flow balance, we have

p0Hk

(
k

T

)
= p0Iλ (62)

and

p0Hj

(
k

T

)
= p0H(j+1)(λ+ k/T ) 1 ≤ j < k, (63)

yielding

p0Hj = p0I

(
λT

k

)(
λ+ k/T

k/T

)k−j

1 ≤ j ≤ k. (64)

From Equation (64) we get:
k∑

j=1

p0Hj = p0I
(
(λT/k + 1)k − 1

)
. (65)

Note that adding p0I to both sides of this equation and then
dividing both sides by p0I yields the expected result that the
ratio of the probability of being in a state with zero requests to
the probability of being in state 0I , is equal to the probability
that no arrival occurs during a holding-on period. We also
have, from flow balance,

p1D(λ+ 1/∆) = p0Iλ (66)

and

p(i+1)D(λ+ 1/∆) = piDλ i ≥ 1, (67)

yielding

piD = p0I

(
λ

λ+ 1/∆

)i

i ≥ 1. (68)

From Equation (68) we get:
∞∑
i=1

piD = p0I
λ/(λ+ 1/∆)

1− λ/(λ+ 1/∆)
= p0Iλ∆. (69)

Note that this equation yields the expected result that the ratio
of the probability of being in a state in which the server
is in setup delay to the probability of being in state 0I , is
equal to the ratio of the mean setup delay (∆) to the mean
interarrival time (1/λ). Using Equations (65) and (69) to
substitute into (61) gives:

p0I =
1− λ/µ

(λT/k + 1)k + λ∆
. (70)

Denote by pn (n ≥ 1) the steady-state probability of n client
requests being present at the server, i.e. the sum of pnA and
pnD. From flow balance,

µ(p1 − p1D) = λ

 k∑
j=1

p0Hj + p0I

 . (71)

Substitution from (65), (68), and (70) gives

p1 =

(
λ

µ
(λT/k + 1)k +

λ

λ+ 1/∆

)(
1− λ/µ

(λT/k + 1)k + λ∆

)
.

(72)

Again applying flow balance,

µ(pi − piD) = λpi−1 i ≥ 2, (73)

yielding, for all i ≥ 1,

pi =

((
λ

µ

)i

(
λT

k
+ 1)k +

i∑
l=1

(
λ

λ+ 1/∆

)l(
λ

µ

)i−l
)
×(

1− λ/µ

(λTk + 1)k + λ∆

)
.

(74)

Considering now the mean number of requests in the system∑∞
i=1 ipi, where pi is given by Equation (74), note that

∞∑
i=1

i(λ/µ)i =
λ/µ

(1− λ/µ)2
(75)

and
∞∑
i=1

i
i∑

l=1

(
λ

λ+ 1/∆

)l (λ

µ

)i−l

=
∞∑
i=1

(
λ

λ+ 1/∆

)i ∞∑
l=0

(l + i)

(
λ

µ

)l

=
λ/µ

(1− λ/µ)2
(λ∆) +

λ∆(1 + λ∆)

1− λ/µ
.

(76)

Note that in the first line of (76), the original double
summation is rewritten to group together all of the resulting
terms that include the same power of λ/(λ + 1/∆) as one
of the factors. Applying (75) and (76) with (74), the mean
number of requests in the system is given by

∞∑
i=1

ipi =

(
λ/µ

(1− λ/µ)2

(
(
λT

k
+ 1)k + λ∆

)
+

λ∆(1 + λ∆)

1− λ/µ

)
×(

1− λ/µ

(λT
k

+ 1)k + λ∆

)

=
λ/µ

1− λ/µ
+

λ∆(1 + λ∆)

(λT
k

+ 1)k + λ∆
. (77)

From Little’s Law, the mean request response time R is given
by the mean number of requests in the system divided by λ:

R =
1/µ

1− λ/µ
+

∆(1 + λ∆)

(λTk + 1)k + λ∆
. (78)

The cost C is given by µ times the probability that the server
is active or in setup or holding-on delay, i.e., by µ(1 − p0I),
yielding

C = µ− µ− λ

(λT/k + 1)k + λ∆
. (79)
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Fig. 11. Top Row of State-Transition Diagram for Single Server Alloca-
tion/Deallocation Policy with State-dependent Service Rates.

B. Single Server Model with State-dependent Service Rates

The state-transition diagram for this system is the same as
that in Figure 1 excepting for a modified top row as shown
in Figure 11. As shown in the figure, the transition rate ui

from state iA to state (i− 1)A (or to state 0H1 for i = 1) is
dependent on i for 1 ≤ i < c. For i ≥ c the transition rate is
constant and is equal to uc.

As in the case of state-independent service rate, state
probabilities can be expressed in terms of p0I. However,
Equation (61) does not hold in general, and we will solve
for p0I using the constraint that the state probabilities must
sum to one. Equations (64), (65), and (68) also hold here,
since the corresponding portion of the state-transition diagram
is identical. Equation (71) holds here when µ in this equation
is replaced by µ1, as does Equation (73) when µ is replaced by
µi for 2 ≤ i ≤ c and by µc for i > c. In place of Equation (72)
we get

p1 = p0I

(
λ

µ1
(λT/k + 1)k +

λ

λ+ 1/∆

)
. (80)

In place of Equation (74) we get

pi = p0I

(
λi∏i
l=1 µl

(
λT

k
+ 1)k +

i∑
l=1

(
λ

λ+ 1/∆

)l
(

λi−l∏i
m=l+1 µm

))
1 ≤ i < c

(81)

and

pi = p0I

(
λc−1∏c−1
l=1 µl

(
λ

µc

)i−c+1

(
λT

k
+ 1)k+

c−1∑
l=1

(
λ

λ+ 1/∆

)l
(

λi−l

µi−c+1
c

∏c−1
m=l+1 µm

)
+

i∑
l=c

(
λ

λ+ 1/∆

)l ( λ

µc

)i−l
)

i ≥ c. (82)

Considering now the sum over all i ≥ 1 of pi, note that

c−1∑
i=1

(
λi∏i
l=1 µl

)
+

∞∑
i=c

(
λc−1∏c−1
l=1 µl

)(
λ

µc

)i−c+1

=

c−1∑
i=1

(
λi∏i
l=1 µl

)
+

λc

(
∏c

l=1 µl)(1− λ/µc)
(83)

and

c−1∑
i=1

i∑
l=1

(
λ

λ+ 1
∆

)l(
λi−l∏i

m=l+1 µm

)
+

∞∑
i=c

c−1∑
l=1

(
λ

λ+ 1
∆

)l(
λi−l

µi−c+1
c

∏c−1
m=l+1 µm

)
+

i∑
l=c

(
λ

λ+ 1
∆

)l(
λ

µc

)i−l
 =

c−1∑
i=1

(
λ

λ+ 1
∆

)i(c−1−i∑
l=0

λl∏i+l
m=i+1 µm

+

λc−1−i∏c−1
m=i+1 µm

∞∑
l=c−i

(
λ

µc

)l−(c−1−i)
+

∞∑
i=c

(
λ

λ+ 1
∆

)i ∞∑
l=0

(
λ

µc

)l

=

c−1∑
i=1

(
λ

λ+ 1
∆

)i(c−1−i∑
l=0

λl∏i+l
m=i+1 µm

+
λc−i

(
∏c

m=i+1 µm)(1− λ/µc)

)

+

(
λ

λ+ 1
∆

)c
λ∆+ 1

1− λ/µc
. (84)

As with the first line of (76), the original double summations
in the first two lines of (84) are rewritten to group together all
of the resulting terms that include the same power of λ/(λ+
1/∆) as one of the factors. Applying (83) and (84) with (81)
and (82) yields

∞∑
i=1

pi = p0I

((
c−1∑
i=1

(
λi∏i
l=1 µl

)
+

λc

(
∏c

l=1 µl)(1− λ/µc)

)
(
λT

k
+ 1)k

+

c−1∑
i=1

(
λ

λ+ 1
∆

)i(c−1−i∑
l=0

λl∏i+l
m=i+1 µm

+
λc−i

(
∏c

m=i+1 µm)(1− λ/µc)

)

+

(
λ

λ+ 1
∆

)c
λ∆+ 1

1− λ/µc

)
. (85)

Applying now the constraint that

p0I +

∞∑
i=1

pi +

k∑
j=1

p0Hj = 1, (86)

Equations (85) and (65) yield

p0I = 1/

((
c−1∑
i=1

(
λi∏i
l=1 µl

)
+

λc

(
∏c

l=1 µl)(1− λ/µc)
+ 1

)
(
λT

k
+ 1)k

+

c−1∑
i=1

(
λ

λ+ 1
∆

)i(c−1−i∑
l=0

λl∏i+l
m=i+1 µm

+
λc−i

(
∏c

m=i+1 µm)(1− λ/µc)

)

+

(
λ

λ+ 1
∆

)c
λ∆+ 1

1− λ/µc

)
. (87)

Considering now the mean number of requests in the system∑∞
i=1 ipi, where pi is given by Equations (81) and (82), note

that

c−1∑
i=1

i

(
λi∏i
l=1 µl

)
+

∞∑
i=c

i

(
λc−1∏c−1
l=1 µl

)(
λ

µc

)i−c+1

=

c−1∑
i=1

i

(
λi∏i
l=1 µl

)
+

(
λc−1∏c−1
l=1 µl

)( ∞∑
i=c

(i− c+ 1)

(
λ

µc

)i−c+1

+ (c− 1)

∞∑
i=c

(
λ

µc

)i−c+1
)

=

c−1∑
i=1

i

(
λi∏i
l=1 µl

)
+

(
λc∏c
l=1 µl

)(
1

(1− λ/µc)2
+

(c− 1)

1− λ/µc

)
(88)
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and
c−1∑
i=1

i

i∑
l=1

(
λ

λ+ 1
∆

)l(
λi−l∏i

m=l+1 µm

)
+

∞∑
i=c

i

c−1∑
l=1

(
λ

λ+ 1
∆

)l

×

(
λi−l

µi−c+1
c

∏c−1
m=l+1 µm

)
+ i

i∑
l=c

(
λ

λ+ 1
∆

)l (
λ

µc

)i−l


=

c−1∑
i=1

(
λ

λ+ 1
∆

)i(c−1−i∑
l=0

(i+ l)
λl∏i+l

m=i+1 µm

+

λc−1−i∏c−1
m=i+1 µm

∞∑
l=c−i

(i+ l)

(
λ

µc

)l−(c−1−i)
+

∞∑
i=c

(
λ

λ+ 1
∆

)i ∞∑
l=0

(i+ l)

(
λ

µc

)l

=

c−1∑
i=1

(
λ

λ+ 1
∆

)i(c−1−i∑
l=0

(i+ l)
λl∏i+l

m=i+1 µm

+

λc−i∏c
m=i+1 µm

(
1

(1− λ/µc)2
+

c− 1

(1− λ/µc)

))
+

(λ∆)c

(λ∆+ 1)c−1

(
λ/µc

(1− λ/µc)2
+

λ∆+ c

1− λ/µc

)
. (89)

Applying (88) and (89) with (81) and (82), the mean number
of requests in the system is given by

∞∑
i=1

ipi = p0I

(
(
λT

k
+ 1)k

(
c−1∑
i=1

i

(
λi∏i
l=1 µl

)
+

(
λc∏c
l=1 µl

)(
1

(1− λ
µc

)2

+
(c− 1)

1− λ/µc

))
+

c−1∑
i=1

(
λ

λ+ 1
∆

)i(c−1−i∑
l=0

(i+ l)
λl∏i+l

m=i+1 µm

+

λc−i∏c
m=i+1 µm

(
1

(1− λ/µc)2
+

c− 1

1− λ/µc

))
+

(λ∆)c

(λ∆+ 1)c−1

(
λ/µc

(1− λ/µc)2
+

λ∆+ c

1− λ/µc

))
(90)

where p0I is given by Equation (87). From Little’s Law,
division by λ yields the mean request response time. In the
case that the service provider is charged according to the
highest service rate, the cost C would be given by µc times the
probability that the server is active or in setup or holding-on
delay, i.e., by µc(1− p0I).

C. Dual Servers, One Server Always Allocated, 1 ≤ l ≤ h

As for the case of l = h, the case of 1 ≤ l ≤ h can be
analyzed by expressing all state probabilities in terms of phB+,
and then solving for phB+ using the constraint that the state
probabilities must sum to one.

As the corresponding portion of the state-transition diagram
(refer to Figure 2) is unchanged, Equations (17), (18), and (34)
hold in this case as well. Consider the state probabilities piB+
for l ≤ i ≤ h. For l+2 ≤ i ≤ h the flow balance Equation (13)
is satisfied, and therefore, similarly as in Equation (14), we
have

p(l+k)B+ = αrk1 + βrk2 0 ≤ k ≤ h− l, (91)

where α and β are independent of k, and r1 and r2 are given
in (16). We have

α+ β = plB+ (92)

and

αr1 + βr2 = p(l+1)B+ = plB+
λ+ µ1 + 1/∆

µ1
, (93)

where the last equality follows from flow balance. Solving for
α and β yields

α = plB+
r2 − (λ+ µ1 + 1/∆)/µ1

r2 − r1
= −plB+

r1
r2 − r1

,

β = plB+
(λ+ µ1 + 1/∆)/µ1 − r1

r2 − r1
= plB+

r2
r2 − r1

, (94)

where the last equalities follow from Equation (23) and the
analogous equation for r2, and since r1r2 = λ/µ1. Finally,
applying Equation (91) for k = h − l, we find that plB+ is
given in terms of phB+ by

plB+ = phB+
r2 − r1

rh−l+1
2 − rh−l+1

1

. (95)

This yields

piB+ = phB+

(
ri−l+1
2 − ri−l+1

1

rh−l+1
2 − rh−l+1

1

)
l ≤ i ≤ h. (96)

Note that

h−1∑
i=l

piB+ = phB+

r2

(
1−rh−l

2

1−r2

)
− r1

(
1−rh−l

1

1−r1

)
rh−l+1
2 − rh−l+1

1

 . (97)

Consider now the state probabilities piE for l ≤ i ≤ h. The
state probability plE satisfies the flow balance equation

plEµ2 =

(
h−1∑
i=l

piB+ +

∞∑
i=h

piB+

)
(1/∆). (98)

Applying Equations (18) and (97) yields

plE = phB+

 r2

(
1−rh−l

2
1−r2

)
− r1

(
1−rh−l

1
1−r1

)
rh−l+1
2 − rh−l+1

1

+
1

1− r1

( 1

∆µ2

)

= phB+

(
(r2 − r1)(r

h−l+1
2 − 1)

rh−l+1
2 − rh−l+1

1

)(
µ1

µ2

)
, (99)

where the last equality is obtained using (1− r1)(r2 − 1) =
1/(∆µ1). In the case of l = h, Equation (99) can be seen to
match Equation (24), using the fact that r1r2 = λ/µ1.

Each state probability piE, l < i ≤ h, satisfies the flow
balance equation

piEµ2 = p(i−1)Eλ+ plEµ2 −
(

i−1∑
m=l

pmB+

)
(1/∆)

= p(i−1)Eλ+ plEµ2 − phB+

 r2

(
1−ri−l

2
1−r2

)
− r1

(
1−ri−l

1
1−r1

)
rh−l+1
2 − rh−l+1

1

 (1/∆)

= p(i−1)Eλ+ plEµ2−

phB+

(
(1− r1)r

i−l+1
2 + (r2 − 1)ri−l+1

1 − (r2 − r1)

rh−l+1
2 − rh−l+1

1

)
µ1,

(100)
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yielding, for l ≤ i ≤ h,

piE = plE

((
λ

µ2

)i−l

+

(
i−l−1∑
m=0

(
λ

µ2

)m
))

− phB+

(
µ1

µ2

)
×

i−1∑
m=l

( λ
µ2

)i−1−m
(
(1− r1)r

m−l+2
2 + (r2 − 1)rm−l+2

1 − (r2 − r1)
)

rh−l+1
2 − rh−l+1

1


= phB+

µ1/µ2

rh−l+1
2 − rh−l+1

1

×(
(r2 − r1)

(
rh−l+1
2

(
(λ/µ2)

i−l +
∑i−l−1

m=0 (λ/µ2)m
)
− (λ/µ2)

i−l
)
−

i−l−1∑
m=0

(λ/µ2)
m
(
(1− r1)r

i−l−m+1
2 + (r2 − 1)ri−l−m+1

1

))
. (101)

Each state probability piE, i > h, satisfies the flow balance
equation (21), yielding

piE = phE

(
λ

µ2

)i−h

+ phB+

(
λ− r1µ1

µ2

) i−h−1∑
m=0

rm1

(
λ

µ2

)i−h−1−m

= phB+

{
(µ1/µ2)(λ/u2)i−h

rh−l+1
2 − rh−l+1

1

×(
(r2 − r1)

(
rh−l+1
2

(
(λ/µ2)

h−l+
∑h−l−1

m=0 (λ/µ2)m
)
− (λ/µ2)

h−l
)
−

h−l−1∑
m=0

(λ/µ2)
m
(
(1− r1)r

h−l−m+1
2 + (r2 − 1)rh−l−m+1

1

))
+

(
λ− r1µ1

µ2

) i−h−1∑
m=0

rm1

(
λ

µ2

)i−h−1−m
}

i > h. (102)

Similarly as for Equations (25) and (35), we get
∞∑
i=h

piE =
phE

1− λ/µ2
+

phB+

µ2 − λ

(
λ− r1µ1

1− r1

)

= phB+

{
µ1/µ2

(rh−l+1
2 − rh−l+1

1 )(1− λ/µ2)
×(

(r2 − r1)
(
rh−l+1
2

(
(λ/µ2)

h−l+
∑h−l−1

m=0 (λ/µ2)m
)
− (λ/µ2)

h−l
)
−

h−l−1∑
m=0

(λ/µ2)
m
(
(1− r1)r

h−l−m+1
2 + (r2 − 1)rh−l−m+1

1

))
+

λ− r1µ1

(µ2 − λ)(1− r1)

}
(103)

and
∞∑
i=h

ipiE = phE

(
h− (h− 1)λ/µ2

(1− λ/µ2)2

)
+

phB+

µ2 − λ

(
λ− r1µ1

1− r1

)(
h+

1

1− λ/µ2
+

r1

1− r1

)
= phB+

{
(µ1/µ2)(h− (h− 1)λ/u2)

(rh−l+1
2 − rh−l+1

1 )(1− λ/u2)2
×(

(r2 − r1)
(
rh−l+1
2

(
(λ/µ2)

h−l+
∑h−l−1

m=0 (λ/µ2)m
)
− (λ/µ2)

h−l
)
−

h−l−1∑
m=0

(λ/µ2)
m
(
(1− r1)r

h−l−m+1
2 + (r2 − 1)rh−l−m+1

1

))
+

λ− r1µ1

(µ2 − λ)(1− r1)

(
h+

1

1− λ/µ2
+

r1

1− r1

)}
. (104)

Now, consider the state probabilities piB for l − 1 ≤ i ≤
h− 1. The state probability p(h−1)B satisfies the flow balance
equation

p(h−1)Bλ = plB+µ1 + plEµ2. (105)

Applying Equations (95) and (99) yields

p(h−1)B = phB+

(
r2 − r1

rh−l+1
2 − rh−l+1

1

+
(r2 − r1)(r

h−l+1
2 − 1)

rh−l+1
2 − rh−l+1

1

)(µ1

λ

)
= phB+

(
(r2 − r1)r

h−l+1
2

rh−l+1
2 − rh−l+1

1

)(µ1

λ

)
. (106)

In the case of l = h, using r1r2 = λ/µ1 Equation (106) can
be seen to match Equation (28).

Each state probability piB, l − 1 ≤ i < h − 1, satisfies the
flow balance equation

piBλ = p(i+1)Bµ1 + p(h−1)Bλ, (107)

yielding

piB = p(h−1)B

h−1−i∑
m=0

(µ1

λ

)m
= phB+

(
(r2 − r1)r

h−l+1
2

rh−l+1
2 − rh−l+1

1

)
h−i∑
m=1

(µ1

λ

)m
l − 1 ≤ i ≤ h− 1.

(108)

Finally, each state probability piB, 0 ≤ i < l − 1, satisfies
the flow balance equation

piBλ = p(i+1)Bµ1, (109)

yielding

piB = p(l−1)B

(µ1

λ

)l−1−i

= phB+

(
(r2 − r1)r

h−l+1
2

rh−l+1
2 − rh−l+1

1

)
h−i∑

m=l−i

(µ1

λ

)m
0 ≤ i ≤ l − 1.

(110)

Applying the constraint that

h−1∑
i=l

piB+ +

∞∑
i=h

piB+ +

h−1∑
i=l

piE +

∞∑
i=h

piE +

h−1∑
i=0

piB = 1,

(111)

together with Equations (18), (97), (101), (103), (108),
and (110), the solution for phB+ is obtained, yielding the
solution for all of the state probabilities. The mean number
of requests in the system is given by

h−1∑
i=l

ipiB+ +

∞∑
i=h

ipiB+ +

h−1∑
i=l

ipiE +

∞∑
i=h

ipiE +

h−1∑
i=0

ipiB,

(112)

which can evaluated using the solution for phB+ and Equa-
tions (34), (96), (99), (101), (104), (108), and (110). From
Little’s Law, division by λ yields the mean request response
time. The cost C is given by µ1 times

∑h−1
i=0 piB (evaluated

using the solution for phB+ and Equations (108) and (110))
plus µ2 times

∑∞
i=l(piB+ + piE) (evaluated using the solution

for phB+ and Equations (18), (97), (101) and (103)).

D. Dual Servers, both Dynamically Allocated/Deallocated

The analysis of this system (refer to Figure 3) is carried out
by expressing all state probabilities in terms of p0I, and then
solving for p0I using the constraint that the state probabilities
must sum to one. In the following we assume 2µ > λ.
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Considering first the state probabilities piD, from flow
balance we have

p1D(λ+ 1/∆) = p0Iλ (113)

and

p(i+1)D(λ+ 2/∆) = piDλ i ≥ 1, (114)

yielding

piD = p0I

(
λ

λ+ 1/∆

)(
λ

λ+ 2/∆

)i−1

i ≥ 1. (115)

Consider now the state probabilities piB. We seek expres-
sions for these probabilities, in terms of p0I, such that the flow
balance equation

piBµ = p(i−1)B(λ+ µ+ 1/∆)− p(i−2)Bλ− 2p(i−1)D/∆

= p(i−1)B(λ+ µ+ 1/∆)− p(i−2)Bλ− 2

(
p0Iλ

λ∆+ 1

)(
λ

λ+ 2/∆

)i−2

(116)

is satisfied for all i ≥ 3. In the case that λ/(λ+ 2/∆) does
not equal r1 as defined below, the general form of solution of
this recurrence relation is given by

piB = αri1 + βri2 + γ

(
λ

λ+ 2/∆

)i

i ≥ 1, (117)

where α and β are independent of i, and similarly as in
Equation (16), r1 and r2 are given by

r1 =
(λ+ µ+ 1/∆)/µ−

√
((λ+ µ+ 1/∆)/µ)2 − 4λ/µ

2
,

r2 =
(λ+ µ+ 1/∆)/µ+

√
((λ+ µ+ 1/∆)/µ)2 − 4λ/µ

2
.

(118)

The last term in Equation (117) is a particular solution of this
recurrence relation, implying that

γ

(
λ

λ+ 2/∆

)i

µ = γ

(
λ

λ+ 2/∆

)i−1

(λ+ µ+ 1/∆)−

γ

(
λ

λ+ 2/∆

)i−2

λ− 2

(
p0Iλ

λ∆+ 1

)(
λ

λ+ 2/∆

)i−2

(119)

which gives

γ =
2p0I (λ+ 2/∆)

2

(λ+ 1/∆)(2µ− λ− 2/∆)
. (120)

Note that λ/(λ + 2/∆) = r1 when µ = λ/2 + 1/∆, and so
for the case under consideration when λ/(λ + 2/∆) ̸= r1,
2µ− λ− 2/∆ ̸= 0.

Since r2 > 1 and 0 < r1 < min[λ/µ, 1] (assuming 1/∆ >
0), β must be zero if valid state probabilities are to be obtained.
Thus, we get

piB = αri1 +
2p0I (λ+ 2/∆)

2

(λ+ 1/∆)(2µ− λ− 2/∆)

(
λ

λ+ 2/∆

)i

i ≥ 1.

(121)

From flow balance, p1Bµ = p0Iλ, and so we have

p0Iλ/µ = αr1 +
2p0I (λ+ 2/∆)λ

(λ+ 1/∆)(2µ− λ− 2/∆)
. (122)

Solving for α, substituting into Equation (121), and rearrang-
ing terms gives

piB = p0I

λri−1
1

µ
+

2 (λ+ 2/∆)λ

λ+ 1/∆


(

λ
λ+2/∆

)i−1
− ri−1

1

2µ− λ− 2/∆


 i ≥ 1.

(123)

For the case of λ/(λ+ 2/∆) = r1 (and therefore 2µ− λ−
2/∆ = 0), we get

piB = p0I

(
2λ

λ+ 2/∆
+

4(i− 1)λ

(λ+ 4/∆)(λ∆+ 1)

)(
λ

λ+ 2/∆

)i−1

i ≥ 1.

(124)

Consider now the state probabilities piE for i ≥ 2. The state
probability p2E satisfies the flow balance equation

p2E(2µ) = p1B(λ+ µ)− p2Bµ− p1D/∆ (125)

yielding

p2E = p0I

λ(λ+ µ)

2µ2
−

λr1
2µ

+

(
λ+ 2

∆

)
λ

λ+ 1
∆

 λ
λ+ 2

∆

− r1

2µ− λ− 2
∆

−
λ/(2µ)

λ∆+ 1


= p0I

λ

2µ

(
λ

µ
+

r1 ((λ+ 1/∆)(λ+ 2/∆) + 2µ/∆)− λ(λ+ 2/∆)

(λ+ 1/∆)(2µ− λ− 2/∆)

)
= p0Iλ

(
µλ2 + (µr1 − λ)(λ+ 1/∆)(λ+ 2/∆) + 2µ2r1/∆

2µ2(λ+ 1/∆)(2µ− λ− 2/∆)

)
(126)

where we have assumed the case of λ/(λ+ 2/∆) ̸= r1. For
the case of λ/(λ + 2/∆) = r1 (for which µ = λ/2 + 1/∆),
we get instead

p2E = p0I

(
λ

3λ+ 2/∆

(λ+ 2/∆)2
−(

λ

λ+ 2/∆
+

2λ

(λ+ 4/∆)(λ∆+ 1)

)(
λ

λ+ 2/∆

)
−

λ/(λ+ 2/∆)

λ∆+ 1

)
= p0Iλ

2

(
2λ2∆+ 9λ+ 8/∆

(λ+ 2/∆)2(λ+ 4/∆)(λ∆+ 1)

)
. (127)

In the following, we assume the case of λ/(λ+2/∆) ̸= r1;
the analysis for λ/(λ+2/∆) = r1 is carried out analogously.
The state probability piE for i ≥ 4 satisfies the flow balance
equation

piE(2µ) = p(i−1)E(λ+ 2µ)− p(i−2)Eλ− p(i−1)B/∆

= p(i−1)E(λ+ 2µ)− p(i−2)Eλ−

p0I

∆

λri−2
1

µ
+

2 (λ+ 2/∆)λ

λ+ 1/∆


(

λ
λ+2/∆

)i−2
− ri−2

1

2µ− λ− 2/∆


 ,

(128)

The general form of solution of this recurrence relation is
given by

piE = α

(
λ

2µ

)i

+ ϕ

(
λ

λ+ 2/∆

)i

+ γri1 (129)

where γ and ϕ are such that

γri1 = γri−1
1

(
λ

2µ
+ 1

)
− γri−2

1

(
λ

2µ

)
− p0I

∆µ

(
λri−2

1

2µ

)
+

p0I

∆µ

(
(λ+ 2/∆)λ

(λ+ 1/∆)(2µ− λ− 2/∆)

)
ri−2
1 (130)
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and

ϕ

(
λ

λ+ 2/∆

)i

= ϕ

(
λ

λ+ 2/∆

)i−1( λ

2µ
+ 1

)
− ϕ

(
λ

λ+ 2/∆

)i−2 λ

2µ
−

p0I

∆µ

(
(λ+ 2/∆)λ

(λ+ 1/∆)(2µ− λ− 2/∆)

)(
λ

λ+ 2/∆

)i−2

,

(131)

implying that

γ = p0Iλ

 2µ/∆+ (λ+ 1/∆)(λ+ 2/∆)

2µ(λ+ 1/∆)(2µ− λ− 2/∆)
(
r1 − λ∆

2
(1− r1)

)

(132)

(note that λ/(λ+2/∆) ̸= r1 implies that r1− λ∆
2 (1−r1) ̸= 0)

and

ϕ = p0I

(
(λ+ 2/∆)

3

(λ+ 1/∆)(2µ− λ− 2/∆)2

)
. (133)

Thus we get, for i ≥ 2,

piE = α

(
λ

2µ

)i

+ p0I

(
(λ+ 2/∆)3

(λ+ 1/∆)(2µ− λ− 2/∆)2

)(
λ

λ+ 2/∆

)i

+

p0Iλ

 2µ/∆+ (λ+ 1/∆)(λ+ 2/∆)

2µ(λ+ 1/∆)(2µ− λ− 2/∆)
(
r1 − λ∆

2
(1− r1)

)
 ri1

= α

(
λ

2µ

)i

+ p0I

(
(λ+ 2/∆)λ2

(λ+ 1/∆)(2µ− λ− 2/∆)2

)(
λ

λ+ 2/∆

)i−2

+

p0Iλ

 (2µ/∆+ (λ+ 1/∆)(λ+ 2/∆)) r21

2µ(λ+ 1/∆)(2µ− λ− 2/∆)
(
r1 − λ∆

2
(1− r1)

)
 ri−2

1 .

(134)

Applying this equation for i = 2 with Equation (126) gives

α

(
λ

2µ

)2

+ p0I

(
(λ+ 2/∆)λ2

(λ+ 1/∆)(2µ− λ− 2/∆)2

)
+

p0Iλ

 (2µ/∆+ (λ+ 1/∆)(λ+ 2/∆)) r21

2µ(λ+ 1/∆)(2µ− λ− 2/∆)
(
r1 − λ∆

2
(1− r1)

)
 =

p0Iλ

(
µλ2 + (µr1 − λ)(λ+ 1/∆)(λ+ 2/∆) + 2µ2r1/∆

2µ2(λ+ 1/∆)(2µ− λ− 2/∆)

)
. (135)

Solving for α yields

α = p0I


λ3(r1 + µ∆(1− r1)) + λ2(4µ+ 5r1/∆− 8r1µ)

+(4λ/∆)(µ+ 2r1/∆− 4r1µ)
+ (4r1/∆)(1/∆2 − 2µ/∆− µ2)

(λ+ 1/∆)(2µ− λ− 2/∆)2(r1 − λ∆
2

(1− r1))

 .

(136)

Substitution into Equation (134) then yields

piE = p0I




λ3(r1 + µ∆(1− r1)) + λ2(4µ+ 5r1/∆− 8r1µ)

+(4λ/∆)(µ+ 2r1/∆− 4r1µ)
+ (4r1/∆)(1/∆2 − 2µ/∆− µ2)

(λ+ 1/∆)(2µ− λ− 2/∆)2(r1 − λ∆
2

(1− r1))

×

(
λ

2µ

)i

+

(
(λ+ 2/∆)λ2

(λ+ 1/∆)(2µ− λ− 2/∆)2

)(
λ

λ+ 2/∆

)i−2

+ λ (2µ/∆+ (λ+ 1/∆)(λ+ 2/∆)) r21

2µ(λ+ 1/∆)(2µ− λ− 2/∆)
(
r1 − λ∆

2
(1− r1)

)
 ri−2

1

 i ≥ 2.

(137)

From Equations (115), (123), and (137), we have

∞∑
i=1

piD = p0I

∞∑
i=1

(
λ

λ+ 1/∆

)(
λ

λ+ 2/∆

)i−1

= p0I

(
λ

λ+ 1/∆

)(
1 +

λ∆

2

)
, (138)

∞∑
i=1

piB = p0I

∞∑
i=1

λri−1
1

µ
+

2 (λ+ 2/∆)λ

λ+ 1/∆


(

λ
λ+2/∆

)i−1
− ri−1

1

2µ− λ− 2/∆




= p0I

(
λ

µ(1− r1)
+

(λ+ 2/∆)λ

λ+ 1/∆

(
λ∆− 2r1/(1− r1)

2µ− λ− 2/∆

))
,

(139)

and
∞∑
i=2

piE =

p0I

∞∑
i=2





λ3(r1 + µ∆(1− r1)) + λ2(4µ+ 5 r1
∆

− 8r1µ)

+ 4λ
∆

(µ+ 2 r1
∆

− 4r1µ)

+ 4r1
∆

( 1
∆2 − 2 µ

∆
− µ2)

(λ+ 1
∆
)(2µ− λ− 2

∆
)2(r1 − λ∆

2
(1− r1))


×

(
λ

2µ

)i

+

(
(λ+ 2/∆)λ2

(λ+ 1/∆)(2µ− λ− 2/∆)2

)(
λ

λ+ 2/∆

)i−2

+ λ (2µ/∆+ (λ+ 1/∆)(λ+ 2/∆)) r21

2µ(λ+ 1/∆)(2µ− λ− 2/∆)
(
r1 − λ∆

2
(1− r1)

)
 ri−2

1



= p0I




λ3(r1 + µ∆(1− r1)) + λ2(4µ+ 5r1/∆− 8r1µ)

+(4λ/∆)(µ+ 2r1/∆− 4r1µ)
+ (4r1/∆)(1/∆2 − 2µ/∆− µ2)

(λ+ 1/∆)(2µ− λ− 2/∆)2(r1 − λ∆
2

(1− r1))

×

(
λ2

2µ(2µ− λ)

)
+

(
(λ+ 2/∆)λ2

(λ+ 1/∆)(2µ− λ− 2/∆)2

)(
1 +

λ∆

2

)
+

λ (2µ/∆+ (λ+ 1/∆)(λ+ 2/∆)) r21

2µ(λ+ 1/∆)(2µ− λ− 2/∆)
(
r1 − λ∆

2
(1− r1)

)
(1− r1)

 . (140)

Applying the constraint that

p0I +

∞∑
i=1

piD +

∞∑
i=1

piB +

∞∑
i=2

piE = 1, (141)

together with Equations (138), (139), and (140), the solution
for p0I is obtained, yielding the solution for all of the state
probabilities.

The mean number of requests in the system is given by

∞∑
i=1

ipiD +

∞∑
i=l

ipiB +

∞∑
i=2

ipiE. (142)

From Equations (115), (123), and (137), we have

∞∑
i=1

ipiD = p0I

∞∑
i=1

i

(
λ

λ+ 1/∆

)(
λ

λ+ 2/∆

)i−1

= p0I

(
λ

λ+ 1/∆

)(
1 +

λ∆

2

)2

, (143)
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∞∑
i=1

ipiB = p0I

∞∑
i=1

i

λr
i−1
1

µ
+

2
(
λ+ 2

∆

)
λ

λ+ 1
∆


(

λ
λ+ 2

∆

)i−1

− ri−1
1

2µ− λ− 2
∆




= p0I

(
λ

µ(1− r1)2
+

2
(
λ+ 2

∆

)
λ

λ+ 1
∆

(
(1 + λ∆

2
)2 − 1/(1− r1)2

2µ− λ− 2
∆

))
,

(144)

and
∞∑
i=2

ipiE =

p0I

∞∑
i=2

i




λ3(r1 + µ∆(1− r1)) + λ2(4µ+ 5r1/∆− 8r1µ)

+(4λ/∆)(µ+ 2r1/∆− 4r1µ)
+ (4r1/∆)(1/∆2 − 2µ/∆− µ2)

(λ+ 1/∆)(2µ− λ− 2/∆)2(r1 − λ∆
2

(1− r1))

×
(

λ

2µ

)i

+

(
(λ+ 2/∆)λ2

(λ+ 1/∆)(2µ− λ− 2/∆)2

)(
λ

λ+ 2/∆

)i−2

+ λ (2µ/∆+ (λ+ 1/∆)(λ+ 2/∆)) r21

2µ(λ+ 1/∆)(2µ− λ− 2/∆)
(
r1 − λ∆

2
(1− r1)

)
 ri−2

1



= p0I




λ3(r1 + µ∆(1− r1)) + λ2(4µ+ 5r1/∆− 8r1µ)

+(4λ/∆)(µ+ 2r1/∆− 4r1µ)
+ (4r1/∆)(1/∆2 − 2µ/∆− µ2)

(λ+ 1/∆)(2µ− λ− 2/∆)2(r1 − λ∆
2

(1− r1))

×

(
λ2(2− λ

2µ
)

(2µ− λ)2

)
+

( (
λ+ 2

∆

)
λ2

(λ+ 1
∆
)(2µ− λ− 2

∆
)2

)(
1 +

λ∆

2

)(
2 +

λ∆

2

)
+

λ (2µ/∆+ (λ+ 1/∆)(λ+ 2/∆)) r21(2− r1)

2µ(λ+ 1/∆)(2µ− λ− 2/∆)
(
r1 − λ∆

2
(1− r1)

)
(1− r1)2

 .

(145)

From Little’s Law, division of the mean number of requests
in the system by λ yields the mean request response time.
The cost C is given by µ(p1D + p1B) (evaluated using
the solution for p0I and Equations (113) and (123)) plus
2µ
∑∞

i=2(piD + piB + piE) (evaluated using the solution for
p0I and Equations (113), (138), (123), (139), and (140)).


