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,Linköpings
U

niversitet,2002.

C
O

M
P

U
TAT

IO
N

A
L

G
E

O
M

E
T

R
Y

(since
ca.1975)

�

D
evelopm

entofefficientand
practicalalgorithm

s
for

the
solution

ofgeom
etric

problem
s

�

D
eterm

ining
the

algorithm
ic

com
plexity

ofgeom
etric

problem
s

A
n

Introduction
to

C
om

putationalG
eom

etry.
P

age
3

C
.K

essler,ID
A

,Link öpings
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B
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eom
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eom
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ddison
W

esley,1997

S
urvey

papers:

�

J.M
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the
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3

4
5 s

2 r
4 l

5 l

r4
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2 l
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1 l

given:
n
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ents
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� s
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M
ultidim

ensionalsearch
structures

e.g.for
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ensionalsearch
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S
P
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priority
search
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enttree
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S
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s
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C
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eom
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(5)

C
onvex

H
ullofn

points
in

R
2

given:setS
of

n
points

p
i �

� x
i� y

i� �

R
2,

i �

1� ���� n
com

pute
the

convex
hullch� S�

of
S:

ch� S� �
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S
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e
TypicalP
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s

in
C
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eom
etry

(6)

Low
er

bound
for

com
puting

the
convex

hullofn
points

in
R

2

C
om

puting
ch� S�

needs
tim

e
Ω� n

log
n� .

R
eduction

to
sorting

ofn
realnum

bers:

Let
A

be
an

arbitrary
algorithm

that
com

putes
the

convex
hull.

G
iven

n
realnum

bers
x

1� ���� x
n

S
etS �

� p
i : �

� x
i� x

2i� :
i �

1� ���� n	
x

x
x

x
x

x
x

x
5

3
7

2
6

1
8

4 p

p
p

p
p

8

5

4
p

2
p

p6

3
7

1

W
ith

A
constructch� S� :all

p
i appear

as
vertices!

Lineartraversalofthe
vertices

ofch� S� ,starting
atthe

p
i w

ith
leastx-coordinate,

yields
a

sorted
sequence

ofthe
x

i in
linear

tim
e.

IfA
w

ere
fasterthan

O� n
log

n�

w
e

could
accordingly

sortfaster,contradiction!
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S
om

e
TypicalP

roblem
s

in
C
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eom
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(7)

Triangulation
ofa

sim
ple

polygon

given:sim
ple

polygon
P

w
ith

n
vertices

com
pute:decom

position
ofP

into
triangles

Tria
n

g
u

la
tio

n
T

of
P

=
∂P>

m
axim

alsetofnon-intersecting
diagonals

in
P

E
xistence

proofby
induction.

A
triangulation

ofa
convex

polygon
can

be
com

puted
in

tim
e

O� n� .
A

triangulation
ofa

sim
ple

polygon
can

be
com

puted
in

tim
e

O� n
log

n� ,O� n
log ?n� ,

O� n�

D
elaunay-Triangulation:

a
special

triangulation
T

w
here

for
each

edge
d �

� v
1� v

2�

in
T

the
sm

allestcircle
around

d
contains

no
further

vertex
ofP

.
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S
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roblem
s
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C
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(8)

V
oronoidiagram

sim
plestcase:

V
D

for
a

set
S

of
n

points
p

1� ���� p
n

in
the

plane
R

2

V
oronoiregion

ofa
point

p
i �

S:
subsetofpoints

in
R

2
thatare

closer
to

p
i

than
to

any
other

p
j �

S

V
oronoidiagram

V
D� S�

is
a

graph
(V

oronoinodes,V
oronoiedges)

V
oronoinodes:points

in
R

2
thathave

m
inim

um
distance

to@

2
points

ofS

V
oronoiedges:points

in
R

2
thathave

m
inim

um
dist.to

exactly
2

points
ofS

F
orA SA �

n
has

V
D� S�

O� n�

V
oronoinodes

and
O� n�

V
oronoiedges.
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S
om

e
TypicalP

roblem
s

in
C

om
putationalG

eom
etry

(9)

V
oronoidiagram

ofline
segm

ents
in

the
plane

B
isector

point–
point:

straightline
(M

ittelsenkrechte)

B
isector

point–
straightline:

parabel

B
isector

pointset–
straightline:

w
ave

frontofparabelarcs

B
isector

straightline
–

straightline:
straightline

(W
inkelhalbierende)

B
isector

oftw
o

line
segm

ents:
com

posed
from

these

c

d

a
b

W
in

ke
lh

a
lb

ie
re

n
d

e
(a

b
,cd

)

P
a

ra
b

e
l(b

, cd
)

W
in

ke
lh

a
lb

ie
re

n
d

e
(cd

,b
a

)

P
a

ra
b

e
l(c, a

b
)

P
a

ra
b

e
l(d

, a
b

)

M
itte

lse
n

kre
ch

te
(a

,d
)

γ
γδ

δ

.

.

.

.

M
itte

lse
n

kre
ch

te
(a

c)
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S
om

e
B

TypicalP
roblem

s
in

C
om

putationalG
eom

etry
(10)

P
ointlocation

G
iven:a

m
ap

=
a

planarsubdivision
ofthe

plane
into

regions
(e.g.,polygons)

given
also:a

pointq
in

the
plane

com
pute

the
region

thatcontains
q

(query)

preprocessing:partitioning
(e.g.in

slabs),build
balanced

search
structures
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S
om

e
TypicalP

roblem
s

in
C

om
putationalG

eom
etry

(11)

R
obotics

–
M

otion
planning

D
eterm

ine
a

collision-free
path

in
the

plane

(any,or
the

shortestpath,or
the

m
ostpow

er-consum
ing

path,...)

for
a

robot(point,circle,polygon,ladder)

from
pointA

to
B

in
a

scene
ofpolygonalobstacles.

F
or

circular
robot:use

pointlocation
and

V
oronoidiagram
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P
LA

N
E

S
W

E
E

P

E
xam

ple
problem

:tightestpair
of

n
points

in
the

plane

x

y

0

p

p

p

p
pp

p

p

p

p

1

2

3

4

5

7

8

9
1

0 1
1

p6

given
n

points
p

1� ���� p
n

in
the

plane
R

2

determ
ine

m
inim

um
distance

oftw
o

points
p

i ,
p

j ,1�

i�

j�

n,

and
(m

aybe)
pair� p

i� p
j�
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T
ightestpair

ofn
points

in
the

plane
(1)

naive
m

ethod:enum
erate

allpairs

cu
rrM

in
D

C

∞
for

each
point

p
i ,

i �

1� ���� n D

1

for
each

point
p

j ,
j �

iE

1� ���� n
if

A p
i D

p
jA �

cu
rrM

in
D

then
cu

rrM
in

D

C
A p

i D

p
jA

output
cu

rrM
in

D
;

run
tim

e:
Θ� n

2�
Im

provem
ent?
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T
ightestpair

ofn
points

in
the

plane
(2)

C
onsider

the
one-dim

ensionalcase:

given:n
realnum

bers
x

1� ���� x
n

x

x
x

x
x

x
x

x
4

6
3

5
2

7
1

determ
ine:tightestpair� x

i� x
j�

w
ithA x

i D

x
jA m

inim
al,iF �

j

S
tep

1:sortthe
x

i in
increasing

orderG

x H

1 �

x H

2 � ����

x H

n

x

x’
x’

x’
x’

x’
x’

1
2

3
4

5
6

7
x’

S
tep

2:scan
the

x H

i in
increasing

order

keeping
track

ofthe
position

Po
sC

u
rrD

P
ofthe

currenttightestpair

� x H

Po
sC

u
rrD

P

I

1� x H

Po
sC

u
rrD

P�

and
its

distance
C

u
rrM

in
D
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T
ightestpair

ofn
points

in
the

plane
(3)

P
seudocode:

S
o

rt(x
)

Po
sC

u
rrM

in
DC

2;

C
u

rrM
in

D

C
A x H

2 D

x H

1 A ;
for

i �

3� ���� n
if

C
u

rrM
in

D@
A x H

j D

x H

j

I

1A

then
C

u
rrM

in
D

C
A x H

j D

x H

j

I

1A ;
Po

sC
u

rrM
in

DC

j;

output
C

u
rrM

in
D

,
Po

sC
u

rrM
in

D;

R
un

tim
e:

O� n
log

n�
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T
ightestpair

ofn
points

in
the

plane
(4)

back
to

the
2D

case:

M
ethod:S

w
eep

over
the

plane
in

the
direction

ofthe
x-axis

x

y

0
q s

t

p

r

sw
e

e
p

 lin
e

C
u

rrM
in

D
C

urrM
inD
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T
ightestpair

ofn
points

in
the

plane
(5)

W
e

observe:

Ifthe
sw

eep
line

m
eets

a
new

point(e.g.
r),

allpotentialpartners
ofr

to
form

a
pair

w
ith

distance�

C
u

rrM
in

D

are
located

in
the

interior
of

a
stripe

of
w

idth
C

u
rrM

in
D

behind
the

sw
eep

line.

T
his

stripe
“m

oves”
w

ith
the

sw
eep

line
to

the
right

(w
here

its
w

idth
m

ay
be

adapted
ifnecessary)

G

Itis
sufficientto

consider,atany
pointoftim

e,only
the

points
located

in
the

interior
ofthe

stripe.
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T
ightest

J
pair

ofn
points

in
the

plane
(6)

D
ata

structure
for

the
“stripe

behind
the

sw
eep

line”:

S
w

eep-status-structure
(S

S
S

,also
called

Y-structure)

requires
efficientsupportofthe

follow
ing

operations:

�

insertpointinto
S

S
S

�

rem
ove

pointfrom
S

S
S

�

find
pointin

S
S

S
w

ith
m

inim
um

distance
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,Linköpings
U

niversitet,2002.

T
ightestpair

ofn
points

in
the

plane
(7)

E
vents

thatrequire
an

update
ofthe

S
S

S
:

1.leftborder
ofstripe

m
oves

across
a

point
p

G

rem
ove

p
from

S
S

S

2.sw
eep

line
m

eets
a

new
pointr

G

insert
r

into
S

S
S

check
w

hether
som

e
point

p
in

the
S

S
S

has
distance�

C
u

rrM
in

D
from

r

ifyes:
update

C
u

rrM
in

D
(=

stripe
w

idth)
rem

ove
from

the
S

S
S

allpoints
p

thatnow
have

a
distanceK

C
u

rrM
in

D
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T
ightestpair

ofn
points

in
the

plane
(7)

D
ata

structure
to

determ
ine

the
order

ofprocessing
the

points:

E
ventstructure

or
X

-structure

O
bservation:

P
oints

enter
and

leave
the

S
S

S
in

order
ofincreasing

x-coordinates

G

P
reprocessing:

sortpoints
in

order
ofincreasing

x
coordinates

in
an

array
PL 1

:nM :
s

p
q

r
t

.......
........

P

le
ft

rig
h

D
uring

the
sw

eep
keep

tw
o

indices:

index
le

ftpoints
to

leftm
ostpointin

the
stripe

index
rig

h
tpoints

to
leftm

ostpointto
the

rightofthe
sw

eep
line
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T
ightestpair

ofn
points

in
the

plane
(8)

O
rder

ofP
[le

ft]
versus

P
[rig

h
t]:

If
P

[le
ft].x

+
C

u
rrM

in
D

�

P
[rig

h
t].x

then
P

[le
ft]

is
processed

first(to
be

rem
oved

from
S

S
S

)

else
P

[rig
h

t]
is

processed
first(to

be
inserted

in
S

S
S

)
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T
ightestpair

ofn
points

in
the

plane
(9)

P
utting

things
together:the

sw
eep

algorithm

//Initialisation:

sortthe
n

points
by

increasing
x-coordinates

and
insertthem

into
array

P

S
S

S
.in

it();//initially
S

S
S

is
em

pty

S
S

S
.in

se
rt(P

[1
]);

S
S

S
.in

se
rt(P

[2
]);

C
u

rrM
in

D

C
A P

[2
]

–
P

[1
]A ;

le
ftC

1
;

rig
h

tC

3
;

P
........

le
ft

rig
h

t

P
[1

]
P

[2
]

P
[3

]
P

[4
]
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T
ightestpair

ofn
points

in
the

plane
(10)

//S
w

eep:

w
hile

/*
I1

holds
*/

(rig
h

t�

n)
do

if
P

[le
ft].x

+
C

u
rrM

in
D

�

P
[rig

h
t].x

then
//old

point
P

[le
ft]

leaves
stripe

S
S

S
.rem

ove
(P

[le
ft]);

le
ftC

le
ft+

1;

else
//new

point
P

[rig
h

t]
enters

stripe;I2
holds

S
S

S
.in

se
rt(P

[rig
h

t]);

rig
h

tC

rig
h

t+
1;

C
u

rrM
in

D

C

S
S

S
.M

in
D

ist(P
[rig

h
t],C

u
rrM

in
D

);

output
C

u
rrM

in
D

;

stillto
be

specified:routine
M

in
D

ist
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,Linköpings
U

niversitet,2002.

T
ightestpair

ofn
points

in
the

plane
(11)

C
orrectness

ofthe
algorithm

:

Lem
m

a
1:

A
tthe

program
points

denoted
by

I1
und

I2
the

follow
ing

invariants
hold:

I1 :T
he

m
inim

um
distance

am
ong

the
points

P
[1

]...P
[rig

h
t–

1
]

is
C

u
rrM

in
D

.

I2 :T
he

S
S

S
contains

exactly
the

points
P

[i],1�

i�

rig
h

t–
1

w
ith

P
[i].x@

P
[rig

h
t].x

–
C

u
rrM

in
D

P
roof:

by
induction

(E
xercise)
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,Linköpings
U

niversitet,2002.

T
ightestpair

ofn
points

in
the

plane
(11)

–
R

un
tim

e
ofthe

algorithm

T
he

preprocessing
takes

tim
e

O� n
log

n�

(sorting).

S
w

eep:
E

ach
point

is
inserted

into
the

S
S

S
exactly

once
and

rem
oved

at
m

ostonce.

Inserting
a

pointinto
the

S
S

S
and

rem
oving

a
pointfrom

the
S

S
S

can
be

done
in

tim
e

O� log
n�

ifthe
S

S
S

is
im

plem
ented

as
a

balanced
search

tree.

A
callto

M
in

D
ist(P

[i],m
)

takes
(G

)
tim

e
O� log

nE

k
i�

w
here

k
i =

num
ber

ofpotentialpartners
ofPL iM in

the
S

S
S

atthattim
e.

G

totalrun
tim

e:O� n
log

nE

∑
ni N

3 k
i�

rem
ains

to
be

done:upper
bound

for
k

i ,
i �

1� ���� n
(W

e
shallsee:k

i�

10,i.e.constant)
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T
ightestpair

ofn
points

in
the

plane
(12)

–
R

outine
M

inD
ist()

F
or

a
given

pointr
and

m
inim

um
distance

m
,

S
S

S
.M

in
D

ist(r,m
)

determ
ines

the
m

inim
um

m
in

pO

SSS A p
rA

O
nly

a
pointlocated

in
the

interior
ofthe

rectangle
R

(m
ore

precisely:in
the

half-circle
around

r
w

ith
radius

m
)

m
ay

have
a

distance�
m

from
r.

G

only
the

y-coordinates
ofthe

points
in

S
S

S
are

ofinterest.

Im
plem

entation
ofthe

S
S

S
e.g.

as
A

V
L

tree
w

hose
leaves

(points)
are

linearly
linked

in
order

ofincreasing
y-coordinates

G

Insert/R
em

ove
in

tim
e

O� log
n�

G

M
in

D
ist()in

tim
e

O� log
nE

k
i�

w
here

k
i =

num
ber

ofleaves
w

ithin
rectangle

s strip
e

m

m m
p

R

r

sw
e

e
p

 lin
e

(C
u

rrM
in

D
)
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,Linköpings
U

niversitet,2002.

T
ightest

J

pair
ofn

points
in

the
plane

(13)
–

U
pper

bound
for

k
i ,

i �

1� ���� n

Lem
m

a
2:

G
iven

a
set

P
ofpoints

in
the

plane

thathave
(pairw

ise)
atleastdistance

m

@

0.

T
hen

a
rectangle

R
w

ith
edge

lengths
M

und
2M

contains�

10
points

of
P

.

P
roof:pairw

ise
m

inim
um

distance
m

G

circles
around

the
points

w
ith

radius
mP 2

do
notoverlap.

F
or

each
pointofR

atleasta
quarter

ofits
circle’s

area
is

contained
in

R

G

R
m

ay
contain

atm
ostA

rea(R
)

A
rea(Q

uarter
circle

sector) �

2m
2

14 πQ m2R

2 �

32π

�

11

points
ofP

G

k
i�

10.

R
em

ark:
a

sharper
bound

yields
k

i�

6.
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T
ightestpair

ofn
points

in
the

plane
(13)

–
S

um
m

ary

T
he

m
inim

um
distance

ofn
points

in
the

plane

can
be

com
puted

in
tim

e
O� n

log
n� .

T
his

is
asym

ptotically
optim

al.
[H

inrichs,N
ievergelt,S

chorn,IP
L

26,1988]

P
roblem

solution
m

ethod
“plane

sw
eep”:

�

basic
idea:exploitlocality

�

data
structures:S

S
S

(Y-structure),X
-structure

�

update
rules

for
events

m
ustpreserve

invariantsG

correctness

�

transform
s

a
static

2D
problem

into
a

dynam
ic

1D
problem

�

X
-structure

m
ay

also
be

dynam
ic

in
R

3:sim
ilar,w

ith
a

sw
eep

plane

N
extexam

ple:Intersection
of

n
line

segm
ents

in
the

plane
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Intersection
of

n
line

segm
ents

in
the

plane

l
r

s s
s

s
1

3
3

4
5 s

2 r
4 l

5 l

r4
5 r

r3

2 l
21

1 l

given:
n

line
segm

ents
S �

� s
i �

li r
i� i �

1� ���� n	

(incl.endpoints)
in

the
plane

R
2

com
pute:

allk
proper

intersection
points

(no
end

pointofa
segm

ent)

Low
er

bound
for

run
tim

e:O� n
log

nE

k�

see
[K

lein’97]

N
aive

m
ethod:

E
num

erating
allpairs

for
all

pairs
ofsegm

ents
s

i ,
s

j iF �

j:

if
there

is
a

proper
intersection

point
p �

s
i 


s
j

then
output

p;

R
un

tim
e:

Θ� n
2�

�

only
acceptable

if
k �

Θ� n
2�
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(1)

[J.
B

entley,
T.

O
ttm

ann:
A

lgorithm
s

for
reporting

and
counting

geom
etric

intersections.IE
E

E
Trans.C

om
p.C

-28,1979]

P
relim

inary
assum

ptions:

1.x-coordinates
ofallsegm

entendpoints
are

distinct
(G

no
segm

ent
is

parallelto
the

y–axis,
thus

notation
li (left

endpoint),
r

i

(rightendpoint)
is

w
ell-defined)

2.any
2

line
segm

ents
s

iF �

s
j intersectin

atm
ostone

point

3.in
each

intersection
pointintersectatm

ost2
segm

ents.
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(2)

M
ove

S
w

eep-Line
S

L
from

leftto
rightover

plane.

A
ttim

e
x

t� D

∞

�

x
t �

∞
,is

S
L

the
straightline

x �

x
t

A
tany

tim
e

x
t let

P
t �

� s
j �

S
:

s
j 
� x �

x
t	 F �

/0	

s

ss

2

13 s4 S
L

y

x

s  <
  s  <

  s  <
  s

3
  y  1

   y  4
  y  2

tim
e

 xt
:

x
t

O
n

the
segm

ents
in

P
t there

is
a

totalorder�

y
according

to
increasing

y-coordinates
of

intersection
points

w
ith

S
L

�

keep
track

of
the

order
of

the
s

j �

P
t

in
the

S
w

eep
S

tatus
S

tructure
S

S
S
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(3)

E
vents

thatchange
the

order�

y
ofthe

s
j �

P
t :

1.S
L

m
eets

leftendpointli ofa
segm

ents
i

2.S
L

m
eets

rightendpointr
j ofa

segm
ents

j

3.S
L

m
eets

(proper)
intersection

point
p

oftw
o

segm
ents

s
i�

s
j

O
rder

ofprocessing
events

oftype
(1.)

and
(2.)

is
clear:

sortallendpoints
li and

r
i in

increasing
x-coordinates

T
im

e
O� n

log
n�

for
events

oftype
(3.)

???

are
com

puted
only

during
the

com
putation

�

requires
dynam

ic
eventdata

structure
E

S
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(4)

E
vents

are
represented

as
triplets:

� li� s
i� 0�

Item
for

leftendpointofs
i

� r
j� 0� s

j�

Item
for

rightendpointofs
j

� p� s
i� s

j�

Item
for

intersection
pointof

s
i and

s
j

w
here

the
tim

e
ofan

eventis
the

x-coordinate
ofthe

point.
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(5)

O
perations

on
E

S:

� p� s
i� s

j� �
E

S
.d

e
le

te
M

in();//dequeue
nexteventfrom

E
S

E
S

.in
se

rt� p� s
i� s

j� ;//inserteventin
E

S
atposition

p�

x

E
S

.re
m

ove� p� s
i� s

j� ;//rem
ove

eventfrom
E

S

�

P
riority

Q
ueue

im
plem

ented
e.g.as

balanced
binary

tree

G

alloperations
perform

in
tim

e
O� logA E

SA� �

O� log� 2nE

k�� �

O� log
n�
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(6)

Lem
m

a
3:

If
tw

o
line

segm
ents

s
i ,

s
j ,

iF �

j,
have

a
proper

intersection
point

p
then

they
are

direct
neighbors

(w
rt.

the
order

along
the

S
L,

i.e.
in

S
S

S
)

)
im

m
ediately

before
the

event� p� s
i� s

j�

P
roof:

U
 (p

)

p

ε

i
j s

s

Letε@

0,such
thatU

ε� p�

is
intersected

only
by

s
i and

s
j .

�

for
all

x
t

w
ith

p �

x D

ε�

x
t �

p �

x
are

s
i ,

s
j

direct
neighbors

w
.r.t.

the
order

along
the

S
L.

Invariant:Intersections
ofsegm

ents
directly

neighbored
in

SSS
are

com
puted

and
inserted

in
E

S.

�

no
intersection

pointis
m

issed
w

hen
com

puting
s

i 


s
j as

soon
as

s
i and

s
j

becom
e

directneighbors
in

SSS.
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(7)

A
ctions

for
events

Type
1:leftendpointli ofa

segm
ents

i :

le
ftE

n
d

p
o

in
t� li� s

i�
�

sC

S
S

S
.in

se
rt� s

i� key �

li �

y� ;
s

u C

S
S

S
.p

red
e

ce
sso

r� s� ;
s

o C

S
S

S
.su

cce
sso

r

� s� ;
if

s
u

exists:
com

pute
p �

s
u 


s
i ;

if
p

ex.:E
S

.in
se

rt� p� s
u� s

i� ;
if

s
o

exists:
com

pute
p �

s
o 


s
i ;

if
p

ex.:E
S

.in
se

rt� p� s
i� s

o� ;
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(8)

Type
2:rightendpointr

j ofa
segm

ents
j :

rig
h

tE
n

d
p

o
in

t� r
j� s

j�
�

sC

S
S

S
.fin

d� s
j� key �

r
j �

y� ;
s

u C

S
S

S
.p

red
e

ce
sso

r� s� ;
s

o C

S
S

S
.su

cce
sso

r

� s� ;
if

s
u

and
s

o
exist:

com
pute

p �

s
u 


s
o ;

if
p

ex.:E
S

.in
se

rt� p� s
u� s

o� ;
S

S
S

.rem
ove� s� ;
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(9)

Type
3:intersection

point
p

oftw
o

segm
ents

s
i ,

s
j :

in
te

rse
ctio

n
Po

in
t� p� s

i� s
j�

�

output("
I
n
t
e
r
s
e
c
t
i
o
n
p
o
i
n
t
:
",

p,s
i ,s

j );
sC

S
S

S
.fin

d� s
i� key �

p�
y� ;

s HC

S
S

S
.su

cce
sso

r
� s� ;

s
u C

S
S

S
.p

red
e

ce
sso

r� s� ;
s

o C

S
S

S
.su

cce
sso

r

� s H� ;
if

s
o

exists:
com

pute
q �

s
o 


s
i ;

if
q

ex.:E
S

.in
se

rt� q� s
i� s

o� ;
if

s
u

exists:
com

pute
r �

s
u 


s
j ;

if
r

ex.:E
S

.in
se

rt� r� s
u� s

j� ;
S

S
S

.exch
a

n
ge� s� s H� ;

//if
s

u
and

s
o

exist:
//

com
pute

t �

s
u 


s
o ;

ift
ex.:

E
S

.re
m

ove� t� ;
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of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(10)

S
pace

requirem
ents:dom

inated
by

m
axA E

SA �

2nE

k

m
ay

be
lim

ited
to

3n
ifE

S
stores

only
the

intersection
points

ofsegm
ents

that
are

directly
neighbored

in
SSS

(com
m

ented
lines)
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(11)

–
the

entire
algorithm

#include�

LE
D

A
/sortseq.h@

#include�

LE
D

A
/pqueue.h@

...typedefstruct�

point
p,segm

ents
i ,segm

ents
j ;	

triplet;
sortseq�

float,segm
ent@

SSS;//init.:em
pty

pqueue�

float,triplet@

E
S;//init.:em

pty
...for

allsegm
ents

s
i ,

i �

1� ���� n:
E

S
.in

se
rt� li� s

i� 0� ;E
S

.in
se

rt� r
i� 0� s

j� ;
w

hile
E

S
.n

o
n

e
m

p
ty()�

� p� s
i� s

j� C

E
S

.d
e

le
te

M
in

();
if

s
j �

0
//leftendpoint–

type
1

le
ftE

n
d

p
o

in
t� p� s

i� ;
if

s
i �

0
//rightendpoint–

type
2

rig
h

tE
n

d
p

o
in

t� p� s
j� ;

otherw
ise:in

te
rse

ctio
n

Po
in

t� p� s
i� s

j� ;//–
type

3
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(12)

R
un

tim
e:A E

SA �

2nE

k�

tim
e:O�� nE

k� log
n�

R
em

ark
1:

a
rough

bound.
S

ee
[P

ach/S
harir

S
IA

M
J.

C
om

put.
20,

1991]:

A E
SA �

Θ� n
log

n�

(E
xercise:Low

er
bound

Ω� n
log

n�

)

R
em

ark
2:R

un
tim

e
O�� nE

k� log
n�

notoptim
al:

[C
hazelle/E

delsbrunner
J.A

C
M

1992]:tim
e

O� kE

n
log

n� ,space
O� nE

k�

[B
alaban

’95]:tim
e

O� kE

n
log

n�

optim
al,space

O� n�

optim
al
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(13)

R
em

oving
the

sim
plifying

assum
ptions

1.D
istinctx-coordinates

ofthe
endpoints

atinsertion
into

E
S:(E

S
.in

se
rt())

use
lexikographic

order
on

pairs� x� y�

corresponds
to

a
m

inim
alcounterclockw

ise
rotation

ofthe
coordinate

system

atsw
eep:(E

S
.d

e
le

te
M

in
())

w
ith

m
ultiple

events
ofequalx-coordinate,process

firstallleftendpoints,

then
alle

intersection
points,

then
allrightendpoints,

in
each

category
in

increasing
order

ofy-coordinates
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Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(14)

2.M
ultiple

intersection
points

keep
(see

above)in
E

S
only

intersection
points

ofsegm
ents

directly
neighbored

on
the

S
L

m
ultiple

intersection
point

p:im
m

ediately
before

S
L

reaches
p,

E
S

contains
a

subsequence

� p� s
1� s

2� �� p� s
2� s

3� �� p� s
3� s

4�

such
that

p
can

be
identified

as
m

ultiple
intersection

pointand
the

subsequence
processed

as
a

w
hole.
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,Linköpings
U

niversitet,2002.

Intersection
of

n
line

segm
ents

w
ith

P
lane

S
w

eep
(15)

3.N
um

ericalproblem
s

(A
ccuracy

ofnum
ber

representation
/calculation)

S
chorn

’91

B
urnikel/M

ehlhorn/S
chirra

’94
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Intersection
oftw

o
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Q

P

D
D

1
 

D
2

3

Intersection
P


Q
in

generalnotcontiguous

�

setofpolygons
D

i ,
i �

1� ���� r
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Intersection
oftw

o
polygons

(2)

Intersection
P


Q
is

nonem
pty,if

(1)
there

ex.edges
e

ofP
and

e H

ofQ
w

ith
e


e H
F �

/0,
or

(2)
there

ex.vertex
v

ofP
w

ith
v

inside
Q

,or
there

ex.vertex
w

of
Q

w
ith

w
inside

P

Test(1)
w

ith
P

lane-S
w

eep
algorithm

see
above

Test(2)
w

ith
ray

test

�

Testforintersection
oftw

o
polygons

w
ith

n
vertices

altogethercan
be

done
in

tim
e

O� n
log

n� .
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Intersection
oftw

o
polygons

w
ith

P
lane

S
w

eep
(1)

S
w

eep-Line
SL

runs
from

leftto
rightover

scene

SL


P
,
SL


Q
define

intervals
oftype

P


Q
,P


Q
,
P


Q
,
P


Q
on

SL

Invariant:To
the

leftofSL,partialintersection
polygons

D
i ofP


Q
have

been
constructed.

S
w

eep
S

tatus
S

tructure
SSS:

List
of

edges
of

P
and

Q
that

are
currently

intersected
by

SL
(�

intervals)

F
or

each
ofthese

edges
e

keep

-
type

ofthe
interval� e� S

S
S

.su
cce

sso
r(e

)

�

-
reference

e.edgeS
equence

to
sequence

F
ofedges

(doubly
linked

list),

representing
the

edges
ofthe

corresponding
intersection

polygon
D

i

to
the

leftofSL

�

SSS-item
s

are
triplets� E

dge
e,E

dgeS
equence

F
,Type

t�
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Intersection
oftw

o
polygons

w
ith

P
lane

S
w

eep
(2)

Im
plem

entation
of

SSS
as

balanced
binary

tree

�

fin
d

(),
in

se
rt(),

re
m

ove
()in

tim
e

O� log
n�

E
vents:

-
vertices

of
P

or
Q

-
intersection

points
ofedges

ofP
and

Q

�

sim
ilar

to
“Intersection

ofline
segm

ents
in

the
plane”

w
ith

P
riority

Q
ueue

(or
precom

pute
ifspace

doesn’tm
atter)
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Intersection
oftw

o
polygons

w
ith

P
lane

S
w

eep
(3)

U
pdating

the
SSS:

1.V
ertex

v
(e.g.ofP

):3
cases:

v

e
e

’

e

e
’

ee
’

v
v

(a
)

(b
)

(c)

P
   Q

P
   Q

P
   Q P

   Q

P
   Q

P
   Q

(1a)
one

edge
e

von
v

to
the

left,one
e H

to
the

right:

item
iC

S
S

S
.fin

d
(key=

e
);

i.edgeS
equence.a

p
p

e
n

d
(e

);
i.e

d
geC

e H

;
//i.type

rem
ains

the
sam

e
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Intersection
oftw

o
polygons

w
ith

P
lane

S
w

eep
(1)

(1b)
both

edges
e,

e H

to
the

left:

item
i1 C

S
S

S
.fin

d
(key=

e
);

item
i2 C

S
S

S
.fin

d
(key=

e
’);

i1 �

edgeS
equence.co

n
ca

te
n

a
te� i2 �

edgeS
equence,e,

e H� ;//m
ake

a
loop

S
S

S
.rem

ove� i1� ;
S

S
S

.rem
ove� i2� ;//rem

ove
interval

(1c)
both

edges
e,

e H

to
the

right:

E
dgeS

equence
F

1� v� ,
F

2� v� ;//initialize
em

pty
chains

from
v

item
i1� e� F

1� P


Q� ;//new
item

item
i2� e H� F

2� P


Q� ;//new
item

D
i C

S
o

lu
tio

n
.a

p
p

e
n

d� F
1� F

2� ;//new
partialinters.-pol.

S
S

S
.in

se
rt(i1 ,key=

e
);

S
S

S
.in

se
rt(i2 ,d

ir=
b

e
fo

re
);
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Intersection
oftw

o
polygons

w
ith

P
lane

S
w

eep
(4)

2.Intersection
pointv

oftw
o

edges
e

of
P

,
e H

ofQ
:

P
   Q

P
   Q

P
   Q

P
   Q

P
   Q

P
   Q

P
   Q

P
   Q

P
   Q

v

e
’

(2
c) e

’
e

e

2

2

1

1

u

ww
’

P
   Q

u
’

v

e
’

(2
b

) e
’

e

e

2

2

1

1

u u
’

v

e
’

(2
a

)

P
   Q

P
   Q P

   Q

P
   Q

P
   Q

e
’

e

e

2

2

1

1

u u
’

ww
’

ww
’

N
um

ber
ofintervals

rem
ains

the
sam

e

in
(2a),(2b),(2c)
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Intersection
oftw

o
polygons

w
ith

P
lane

S
w

eep
(5)

3
cases:

(2a)

item
i1 C

S
S

S
.fin

d
(key=

e
);

item
i2 C

S
S

S
.fin

d
(key=

e
’);

E
dge

e
1 C

� u� v� ,e
2 C

� v� w� ;//splitedge
e

E
dge

e H

1 C
� u H� v� ,e H

2 C
� v� w H� ;//splitedge

e H

i1 �

edgeS
equence.a

p
p

e
n

d� e
1� ;

i2 �

edgeS
equence.a

p
p

e
n

d� e H

1 � ;
i1 �

E
dgeC

� e H

2 � ;i1 �

typeC

P


Q
;

i2 �

E
dgeC

� e
2� ;

//
i2 �

type
rem

ains
P


Q
;

(2b),(2c):E
xercise!
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Intersection
oftw

o
polygons

w
ith

P
lane

S
w

eep
(6)

T
he

entire
algorithm

:

1.given:polygons
P

,
Q

w
ith

n
vertices

together
S

S
S

.in
it();E

S
.in

it();//initially
em

pty
so

lu
tio

n
.in

it();//initially
em

pty

2.sw
eep

overscene
as

extension
ofthe

algorithm
forline

segm
entintersection

by
(1a),(1b),...,(2c)

T
im

e:O�� nE

k� log
n�

!W
hen

chaining
edge

sequences
F

1 ,F
2 ,thatpreviously

belonged
to

different
partialintersection

polygons
D

i ,D
j ,w

e
m

ustunion
D

i and
D

j :

F
2 .polygonC

F
1 .polygon;

F
1 .a

p
p

e
n

d� F
2� ;

so
lu

tio
n

.re
m

ove� F
2 �

polygon);

3.F
or

allrem
aining

partialintersection
polygons

D
i �

so
lu

tio
n:

so
lu

tio
n

.o
u

tp
u

t� D
i� ;
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Intersection
oftw

o
polygons

w
ith

P
lane

S
w

eep
(7)

T
heorem

:T
he

intersection
oftw

o
sim

ple
polygons

w
ith

n
vertices

and
k

edge
intersection

points
can

be
com

puted
in

tim
e

O�� nE

k� log
n�

and
space

O� n� .

S
pecialcase:P

,
Q

convex�

k �

O� n�

(E
xercise)


