
�

'DWD�'LVWULEXWLRQV

'LVWULEXWLRQ�)XQFWLRQV
'LVWULEXWLRQV�ZLWK�5HGXQGDQFLHV

5HGLVWULEXWLRQ�DV�&RQILJXUDWLRQ�3UREOHP�

�

([DPSOH��
�� IRU��W ��W�7�W����^

�� IRUDOO �N ��L�'�N����LQ�SDUDOOHO�^

�� δt+1>N@ �I�δt>N ��@�δt>N@�δt>N ��@�

�� `

�� `

t+1

k

...

δ[k]:=f(δ[k-1],δ[k],δ[k+1])

t

�

0DSSLQJ�WR�GLVWULEXWHG�V\VWHPV
� 7ZR�SULQFLSOH�DSSURDFKHV�

�� 'LVWULEXWH�WKH�GDWD

� (DFK�DUUD\�HOHPHQW�δ>N@ LV�DVVLJQHG�WR�D�SURFHVVRU

� &RPSXWDWLRQ�IROORZV�

� $OO�FRPSXWDWLRQV�GHILQLQJ��ZULWLQJ��δt+1>N@ «���t=1..T DUH�

H[HFXWHG�RQ�WKH�SURFHVVRU�δ>N@ LV�DVVLJQHG�WR

� 2ZQHU�FRPSXWHV�UXOH

�� 6FKHGXOH�WKH�FRPSXWDWLRQV

� (DFK�FRPSXWDWLRQ�LV�VFKHGXOHG�LQGLYLGXDOO\

� &RQVXPHG�DUUD\�HOHPHQWV�δt>N��@ δt>N@�δt>N��@�DQG�

SURGXFHG�DUUD\�HOHPHQWV�δt+1>N@�EHFRPH�ORFDO�
YDULDEOHV�RI�WKH�WDVNV

�

'LVWULEXWH�WKH�'DWD
'LVWULEXWLRQ�d LV�D�IXQFWLRQ��D → {1…P}

...

D>�����@

→ 2
D>�����@

→ 3
D>�������@

→ 4
D>.���.���.��@

→ P
D>�����@

→ 1

�

%ORFNZLVH��

d(D>L@)=L�div n/P
&\FOLF��

d(D>L@)=L mod P
%ORFN�F\FOLF��

d(D>L@)=(L div c) mod P

*HQHUDOL]HG�WR�PRUH�GLPHQVLRQV
�

*RRG�'DWD�'LVWULEXWLRQ
� &RPSDUH�H[HFXWLRQ�FRVWV�LQ�FRVW�PRGHO
� ,Q�JHQHUDO��FRPSXWH�ORFDOO\��DYRLG�
FRPPXQLFDWLRQV�V\QFKURQL]DWLRQ�

...



�

�

3UREOHP�,��$OLJQPHQW
([DPSOH�9HFWRU�3URGXFW�

y=a • x
yi=ai, xi

�� IRUDOO �L ��L�Q�L����LQ�SDUDOOHO^

�� \>L@ D>L@
[>L@

�� `

�� `

�

$OLJQ�GLVWULEXWLRQ�RI�DUUD\V

9HFWRU�a
GLVWULEXWHG�

EORFNZLVH

9HFWRU�x
GLVWULEXWHG�EORFNZLVH��

QRW DOLJQHG�WR�a

9HFWRU�y
WKHQ�FRPSXWHG�ZLWK

FRPPXQLFDWLRQ

�

$OLJQ�GLVWULEXWLRQ�RI�DUUD\V

9HFWRU�a
GLVWULEXWHG�

EORFNZLVH

9HFWRU�x
GLVWULEXWHG�EORFNZLVH��

DOLJQHG�WR�a

9HFWRU�y �DOLJQHG�WR�a,x�
WKHQ�FRPSXWHG�ZLWKRXW

DQ\�FRPPXQLFDWLRQ

��

3UREOHP�,,��5HGXQGDQF\
([DPSOH��0DWUL[±9HFWRU�0XOWLSOLFDWLRQ�

y=A x
yi=ai,1 x 1 + …+ ai,n xn

�� IRUDOO �L ��L�Q�L����LQ�SDUDOOHO^

�� \>L@ ��

�� IRU��M ��M�Q�M����^

�� \>L@ \>L@���D>L�M@
[>M@

�� `

�� `

��

'LVWULEXWLRQ�IXQFWLRQ�IRU�DUUD\V

0DWUL[�A
GLVWULEXWHG�

EORFNZLVH

9HFWRU�x
GLVWULEXWHG�KRZHYHU

DOLJQHG�WR�A KRZHYHU

9HFWRU�y
DOZD\V UHTXLUHG
FRPPXQLFDWLRQ

��

5HGXQGDQW�'LVWULEXWLRQ

0DWUL[�A
GLVWULEXWHG�

EORFNZLVH

9HFWRU�x
UHGXQGDQWO\�GLVWULEXWHG�

HDFK�FRS\�DOLJQHG�WR�A

9HFWRU�y
UHTXLUHG�QR

FRPPXQLFDWLRQ



�

��

5HGXQGDQF\
� &DQQRW�EH�H[SUHVVHG�E\�D�IXQFWLRQ

� 5HODWLRQ�EHWZHHQ�DUUD\�HOHPHQWV�DQG�SURFHVVRUV

� ,I�GHULYHG�DXWRPDWLFDOO\��ODUJHU�VROXWLRQ�VSDFH

� &RXOG�VDYH�FRPPXQLFDWLRQ
� &RVWV�ORFDO�FRPSXWDWLRQ�WLPH��H�J��GXH�WR�FDFKLQJ�
HIIHFWV�RQ�SURFHVVRUV

� &RXOG�RQO\�EH�ELDVHG�E\�D�PRUH�HODERUDWHG�FRVW�

PRGHO�LQFOXGLQJ�PHPRU\�KLHUDUFKLHV

� 7RR�H[SHQVLYH�WR�RSWLPL]H�IRU

��

3UREOHP�,,,��&KDQJLQJ�$OLJQPHQW
� ([DPSOH��))7��ZLWK�ω=n�th XQLW\�URRW�

�� IRUDOO �L ��L�Q�L����LQ�SDUDOOHO

�� [>L@ [>U�L�@�

�� IRU��L ��L�ORJ�Q��L����^

�� IRUDOO �M ��M�Q�M����LQ�SDUDOOHO^

�� LI��M�PRG�SRZ���L����SRZ���L����

�� [>M@ [>M@���ωj
2i 
�[>M�SRZ���L���@��

�� HOVH

�� [>M@ [>M�SRZ���L���@���ωj
2i 
�[>M@

�� `

��� `

��

))7�'HSHQGHQF\�*UDSK�n=16

��

%ORFN�GLVWULEXWLRQ�P=4

��

&\FOLF�GLVWULEXWLRQ�P=4

��

5HGLVWULEXWLRQ��4-relation�



�

��

5HGLVWULEXWLRQV
� &DQQRW�EH�H[SUHVVHG�E\�UHODWLRQ�EHWZHHQ�
DUUD\�HOHPHQWV�DQG�SURFHVVRUV
� 5HTXLUHV�UHODWLRQ�EHWZHHQ�DUUD\�HOHPHQWV��

LWHUDWLRQ�YHFWRUV �WLPH�D[LV��DQG�SURFHVVRUV

� ,I�GHULYHG�DXWRPDWLFDOO\��ODUJHU�VROXWLRQ�VSDFH

� &RXOG�VDYH�FRPPXQLFDWLRQ
� 6RPHWLPHV�LW�RQO\�EXQGOHV�FRPPXQLFDWLRQ

� &RXOG�RQO\�EH�ELDVHG�E\�D�PRUH�HODERUDWHG�FRVW�

PRGHO�LQFOXGLQJ�FRPPXQLFDWLRQ�SDUDPHWHUV�DV�
IXQFWLRQV�RQ�WKH�PHVVDJH�VL]H

��

3UREOHP�,9��&RPSRVLWLRQ
� ([DPSOH��3RO\QRP 0XOWLSOLFDWLRQ��

p(x)=a0+a1x +… an-1x
n-1, 

q(x)=b0+b1x +… bm-1x
m-1

p(x)q(x)=c0+c1x +… cn+m-2x
n+m-1, 

ck=Σj∈[0,k]… ajbk-j , k∈[0,n+m-2]

� &RPSXWDWLRQ�E\��
c=FFT -1(FFT(a’) • FFT(b’))
ai=Σj∈[0,k]… ajbk-j , k∈[0,n+m-2]

��

))7-1 'HSHQGHQF\�*UDSK�n=16

��

,PSOHPHQWDWLRQ�$
�� SDUGR�

�� D·· �))7�D·�3���_�

�� E·· �))7�E·�3����

�� F· �•�D·�E·�3���
�� F� �))7���F·�3�

FFT FFT

•

FFT -1

��

,PSOHPHQWDWLRQ��%�
�� D· �))7�D�3��

�� E· �))7�E�3��

�� F· �•�D·�E·�3���
�� F� �))7���F·�3�

FFT

FFT

•

FFT -1

��

&RPSRVLWLRQ
� &RPSRVLWLRQ�

� 6HTXHQWLDO�3�3·��RXWSXW�GLVWULEXWLRQ�RI�3 PXVW�
FRQIRUP�WR�LQSXW�GLVWULEXWLRQ�RI�3·

� 3DUDOOHO�3_3·��GLVWULEXWLRQ�RI�3 XVHV�p
SURFHVVRUV��GLVWULEXWLRQ�RI�3· XVHV�p’ SURFHVVRUV�
ZKHUH�p+p’=P

� 2SWLPDO�ORFDO�VROXWLRQV�FRXOG�EH�VXERSWLPDO�
JOREDOO\

� 6ROXWLRQV�
� 3HUIRUP�UHGLVWULEXWLRQ

� )LQG�JOREDOO\�JRRG�GLVWULEXWLRQ��
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&RQFOXVLRQ�RI�3UREOHPV
� )LQG�ULJKW�DOLJQPHQWV
� ,QWURGXFH�UHGXQGDQF\�LI�DSSOLFDEOH
� 5HGLVWULEXWH�ZLWKLQ�ORRSV
� &RPSRVH�DFFRUGLQJ�WR�FRQVWUDLQV�±
UHGLVWULEXWH�ILQG�JOREDOO\�JRRG�GLVWULEXWLRQV�

��

$SSURDFK
�� 3URSRVH�GLVWULEXWLRQ�IXQFWLRQV�d IRU�HDFK�

LQGLYLGXDO�SDUDOOHO�DVVLJQPHQW�
�� )RU�HDFK�SDLU�RI�GLVWULEXWLRQ�IXQFWLRQV�(d,d’)

IRU�FRQVHFXWLYH�SDUDOOHO�DVVLJQPHQWV�S,S’
� ([WHQG�d VXFK�WKDW�(d,d’) GRHV�QRW�UHTXLUH�

FRPPXQLFDWLRQ��LQWURGXFH�UHGXQGDQF\�

� &DOFXODWH�UHGLVWULEXWLRQ�FRVWV�IRU�(d,d’)

�� )LQG�WKH�JOREDO�RSWLPXP�FRQILJXUDWLRQ

��

���3URSRVH�GLVWULEXWLRQ�IXQFWLRQV
� 5HIHUV�WR�GLVWULEXWLRQ�RI�FRPSXWHG�DUUD\�dout

� ,QGXFHV�D�GLVWULEXWLRQ�DQG�DOLJQPHQW�RI�WKH�
LQSXW�DUUD\�V��din �HYHQWXDOO\�UHGXQGDQW�

� $UELWUDU\�EDVLV�IRU�SURSRVDOV
� $QDO\]H�GHSHQGHQFLHV

� $QDO\]H�WDVN�JUDSK

� 3URSRVH�XVXDO�VXVSHFWV��H�J��EORFN��F\FOLF��«�

� 3URSRVDOV�RI�SURJUDPPHU��H�J��+3)�GLUHFWLYHV�

��

([DPSOH
�� IRU��W ��W�7�W����^

�� IRUDOO �N ��L�'�N����LQ�SDUDOOHO�^

�� δt+1>N@ �I�δt>N ��@�δt>N@�δt>N ��@�

�� `

�� `

� $VVLJQ��δt+1>N@ �I�δt>N��@�δt>N@�δt>N��@�

� 3URSRVDO�EORFN�GLVWULEXWLRQ�

� dout(δ>N@)=N�div n/P
� din(δ>N@)=N�div n/P, 

din(δ>N��@)=N�div n/P
din(δ>N��@)=N�div n/P 

� din LV�UHGXQGDQW

��

dout

...

��

din

...



�
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���&RQVHFXWLYH�DVVLJQPHQWV�
� 1RW�XQLTXHO\�GHILQHG�DW�FRPSLOH�WLPH�
� 7UHDW�ORRSV�DQG�EUDQFKHV�FRQVHUYDWLYHO\
� 1R�UHGXQGDQF\�UHGLVWULEXWLRQ�FRVWV�IRU�

(dout, d’in) LII�d’in dout

� 1RWH�WKDW�dout, d’in DUH�UHODWLRQV��L�H��VHWV�RI�SDLUV

� GHILQHG�WR�EH�SDUWLDO�VXEVHW�RUGHU�UHODWLRQ�⊆

� 6HYHUDO�LWHUDWLRQV�SRVVLEOH

��

([DPSOH
�� IRU��W ��W�7�W����^

�� IRUDOO �N ��L�'�N����LQ�SDUDOOHO�^

�� δt+1>N@ �I�δt>N ��@�δt>N@�δt>N ��@�

�� `

�� `

� 1HZ�UHGXQGDQW�GLVWULEXWLRQ�d’out= din EHFDXVH�RI�

ORRS��FRPSXWH�d’in DFFRUGLQJO\�

� &RPPXQLFDWLRQ�FRVW�L(d’out,din )=0 E\�GHILQLWLRQ

� 5HGLVWULEXWLRQ�FRVWV�L(dout,din) L(dout,d’in) L(d’out,d’in) 
GHSHQG�RQ�FRVW�PRGHO

��

/RJ3 &RPPXQLFDWLRQ�6WHS

WL
P
H

SURFHVVRUV

o

o

L

L(u,v) = 2o + L

u

v

��

([DPSOH�ZLWK�/RJ3�DV�FRVW�PRGHO�

...

L(dout,din ) = L(d’out,d’in ) = 2(2o + L) �2 HOHPHQWV�RYHUODS�

L(dout,d’in ) = 4(2o + L)   �4 HOHPHQWV�RYHUODS�

��

���*OREDO�RSWLPXP�FRQILJXUDWLRQ
� ,GHD�IRU�QRW�LWHUDWLYHO\�FRPSRVHG�SURJUDPV��

� &RPSXWH�WKH�EDVLF�EORFN�JUDSK�RI�WKH�SURJUDP

� $VVLJQ�FRPSXWDWLRQ�FRVWV�IRU�HDFK�C(dout) WR�
QRGHV��WKLV�PD\�EH�GLIIHUHQW�VLQFH�UHGXQGDQW�
GLVWULEXWLRQV�UHTXLUH�UHGXQGDQW�FRPSXWDWLRQV�

� $VVLJQ�5HGLVWULEXWLRQ�FRVWV�L(dout, din ) WR�WKH�
HGJHV��

� )LQG�PLQLPXP�SDWK�LQ�JUDSK

� NP hard SUREOHP�LQ�JHQHUDO��SRO\QRPLDO�IRU�
JRWR IUHH�ODQJXDJHV��RN�LQ�SUDFWLFH�

��

([DPSOH��XQUROOHG�DVVLJQPHQWV�
�� IRUDOO �N ��L�'�N����LQ�SDUDOOHO�

�� δt+1>N@ �I�δt>N ��@�δt>N@�δt>N ��@�

�� IRUDOO �N ��L�'�N����LQ�SDUDOOHO

4. δt+2>N@ �I�δt+1>N ��@�δt+1>N@�δt+1>N ��@�

t+1

t
C(dout) C(d’out)

C(dout) C(d’out)

L(dout, din ) L(d’out, d’in )

L(dout, d’in )

0



�

��

���,WHUDWLRQV
� %UXWH�IRUFH��H[DFW�

� 8QUROO�ORRS

� 7UHDW�DV�WKHP�EHIRUH

� 8QDYRLGDEOH��LI�FRVWV�GHSHQG�RQ�WKH�LWHUDWLRQ

� $SSUR[LPDWLRQ�
� /HW�S,S’EH�ODVW�DQG�ILUVW�ORRS�VWDWHPHQW��UHVS�

� $VVXPH�DQ�DUWLILFLDO�UHGLVWULEXWLRQ�dout(S), din(S’)
DOVR�IRU�WKH�ODVW�LWHUDWLRQ

� /HW�S’’ EH�WKH�ILUVW�VWDWHPHQW�DIWHU�ORRS

� &RQQHFW�dout(S’), din(S’’)

��

([DPSOH
�� IRU��W ��W�7�W����^

�� IRUDOO �N ��L�'�N����LQ�SDUDOOHO�^

�� δt+1>N@ �I�δt>N ��@�δt>N@�δt>N ��@�

�� `

�� `

S‘=S

S
C(dout) C(d’out)

C(dout) C(d’out)

L(dout, din ) L(d’out, d’in )

L(dout, d’in )

0

��

&RQFOXVLRQ
� 2QO\�DSSUR[LPDWLRQV�RI�WKH�RSWLPXP

� &RPSLOHUV�FDQ�JLYH�JRRG�UHVXOWV

� 6RPHWLPHV�QRW�JRRG�HQRXJK

� 7KHUHIRUH�SURJUDPPHUV�PXVW�EH�DEOH�WR�ILQG�
EHWWHU�VROXWLRQV�IRU�VSHFLILF�SUREOHPV�³E\�KDQG´�

�SUHIHUDEO\�³E\�KHDG´�

� $OWHUQDWLYH�WR�GDWD�GLVWULEXWLRQ��
WDVN�VFKHGXOLQJ�


