
�

&RPSLOLQJ�IRU�3DUDOOHO�&RPSXWHUV

'HSHQGHQF\�$QDO\VLV
3DUDOOHOL]DWLRQ

/RRS�7UDQVIRUPDWLRQV��

�

6HTXHQWLDO�3UHIL[�6XPV
�� ULJKW>�«Q@ �«Q��

�� IRU��S ��S�Q�S����^

�� ULJKW>S@ ULJKW>S��@�ULJKW>S@��

�� `�

�

6HTXHQWLDO�'DWD�'HSHQGHQFLHV

DUUD\�S
�

:HLUG�6HTXHQWLDO�3UHIL[�6XPV
�� ULJKW>�«Q@ Q�

�� IRU��L ��L�Q�L
 ���^

�� IRU��S ��S�Q�S����^

�� LI��S�! �L�

�� DX[>S@ ULJKW>S�L@�ULJKW>S@�

�� `

�� IRU��S ��S�Q�S����^

�� LI��S�! �L�

�� ULJKW>S@ DX[>S@�

��� `

��� `�

�

:HLUG�6HT��'DWD�'HSHQGHQFLHV

DUUD\�S
�

35$0�3UHIL[�6XPV
�� ULJKW>�«Q@ Q�

�� IRU��L ��L�Q�L
 ���^

�� IRUDOO �S ��S�Q�S����LQ�SDUDOOHO^

�� LI��S�! �L�

�� ULJKW>S@ ULJKW>S�L@�ULJKW>S@�

�� `

�� `�



�

�

([HFXWLRQ�RI�35$0�3UHIL[�6XPV

SURFHVVRUV

WL
P
H

�

%63�3UHIL[�6XPV
�� IRU��S ��S�Q�S����LQ�SDUDOOHO ^

�� ULJKW S��OHIW ��

�� IRU��L ��L�Q�L
 ���^

�� LI��S�L���Q�

�� SXW�S�L�ULJKW�OHIW��

�� EDUULHUBV\QFKURQL]H���

�� LI��S�! �L�

�� ULJKW ULJKW�OHIW�

�� `

��� `�

�

([HFXWLRQ�RI�%63�3UHIL[�6XPV

SURFHVVRUV

WL
P
H

��

/RJ3 3UHIL[�6XPV
�� 3URFHVV�S��^� ��L�>�«Q��@

�� ULJKW S��OHIW ��

�� IRU��L ��L�Q�L
 ���^

�� LI��S�L���Q�

�� VHQG�S�L�ULJKW��

�� LI��S�! �L��^

�� OHIW UHFHLYH�S�L��

�� ULJKW ULJKW�OHIW�

�� `

��� `

��� `�

��

([HFXWLRQ�RI /RJ3 3UHIL[�6XPV

SURFHVVRUV

WL
P
H

��

2EVHUYDWLRQV
� 'HSHQGHQFLHV�RI�RSHUDWLRQ�GXH�WR�
SURJUDPPLQJ�ODQJXDJH�VHPDQWLFV

� 'DWD�GHSHQGHQFLHV�RI�RSHUDWLRQV
� )RUPHU�LV�PRUH�UHVWULFWLYH�WKDQ�ODWWHU
� 4XHVWLRQV�

� +RZ�FDQ�ZH�DQDO\]H�GDWD�GHSHQGHQFLHV�

� +RZ�FDQ�ZH�UHOD[�GHSHQGHQFLHV�LQGXFHG�E\�
SURJUDPPLQJ�ODQJXDJH�DXWRPDWLFDOO\
� +RZ�WR�GHULYH�D�35$0�SURJUDP�IURP�D�VHTXHQWLDO�

� +RZ�WR�GHULYH�D�%63�SURJUDP�IURP�D�35$0

� +RZ�WR�GHULYH�D /RJ3 SURJUDP�IURP�D�%63



�

+RZ�FDQ�ZH�DQDO\]H�GDWD�
GHSHQGHQFLHV"

'HILQLWLRQV�
%UXWH�IRUFH�PHWKRG
'HSHQGHQF\�DQDO\VHV

��

'DWD�'HSHQGHQFLHV�
� %HWZHHQ�RSHUDWLRQV�GHILQLQJ�DQG�XVLQJ�YDULDEOHV

� DEF(o)={v | v:=o(v1 … vn)}
� USE(o)={vi | v:=o(v1 … vn), i∈[1…n]}

� 7UXH�GHSHQGHQFLHV
� 2SHUDWLRQ�XVHV�YDULDEOH�GHILQHG�E\�DQRWKHU

� truev(o1, o2) ⇔ ∃v ∈ DEF(o1) ∩ USE(o2)

� $QWL�GHSHQGHQFLHV
� 2SHUDWLRQ��UH��GHILQHV�YDULDEOH�XVHG�E\�DQRWKHU

� antiv(o1, o2) ⇔ ∃v ∈ USE(o1) ∩ DEF(o2)

� 2XWSXW�GHSHQGHQFLHV
� 2SHUDWLRQ�GHILQHV�YDULDEOH�DOVR�GHILQHG�E\�DQRWKHU

� outputv(o1, o2) ⇔ ∃v ∈ DEF(o1) ∩ DEF(o2)

��

([HFXWLRQ�RUGHU
� 7RWDO�RUGHU��VHTXHQWLDO�ODQJXDJHV��
3DUWLDO�RUGHU��SDUDOOHO�ODQJXDJHV��
� 'HQRWHG�ZLWK�

� 'HILQHG�E\�SURJUDPPLQJ�ODQJXDJH�VHPDQWLFV�

� 2YHU�RSHUDWLRQV�RI�D�SURJUDP�UXQ

� $VVXPH�
� 2SHUDWLRQV�GHILQLQJ�DQG�XVLQJ�YDULDEOHV

� 1HVWHG�ORRSV�RYHU�WKRVH�RSHUDWLRQV

� 2SHUDWLRQV�RI�D�SURJUDP�UXQ DQG

GHILQHG�E\�WKH�YHFWRUV�RI�ORRS�LQGLFHV
��

9HFWRUV�RI�ORRS�LQGLFHV��([DPSOH�
�� ULJKW>�«Q@ Q�

�� IRU��L ��L�Q�L
 ���^

�� IRU��S ��S�Q�S����^

�� LI��S�! �L�

�� DX[>S@ ULJKW>S�L@��L�S�ULJKW>S@�

�� `

�� «

�� `

L∈>�«Q@�S∈>�«Q@
��L��S���→ ��L��S���⇔ L��L��∨ L� L�∧S��S�

��

9HFWRUV�RI�ORRS�LQGLFHV��JHQHUDO�
� 'HILQH��YHFWRU�RI�ORRS�LQGLFHV��

� LQGH[�YHFWRU�i RI�DQ�RSHUDWLRQ�o
� HOHPHQW�RI�WKH�YHFWRU�VSDFH�I(o) GHILQHG�E\�WKH�&DUWHVLDQ�
SURGXFW�RI�UDQJHV�RI�LQGH[�YDULDEOHV�RI�HQFORVLQJ�ORRSV�L1 

L2  … Lloop depth  RI�RSHUDWLRQ�o
� 2UGHU�IURP�RXWHU�WR�LQQHUPRVW�ORRS

� ,Q�H[DPSOH��L∈>�«Q@�S∈>�«Q@��L�H� LQGH[�YHFWRU�RI�� LV�
DQ�HOHPHQW�RI >�«Q@�

� 'HILQH��PD[LPXP�FRPPRQ�ORRS�LQGH[�RI�WZR�
RSHUDWLRQV�max(o1, o2) �� �KLJKHVW�LQGH[�RI�D�ORRS�
HQFORVLQJ�ERWK�RSHUDWLRQV�

� 'HILQH��V\QWDFWLFDO�RUGHU�RI�WZR�RSHUDWLRQV�
pred(o1, o2) �� �o1 RFFXUV�EHIRUH o2 LQ�SURJUDP�WH[W

��

([HFXWLRQ�RUGHU��JHQHUDO�
� /HW�o EH�D��V\QWDFWLFDO��RSHUDWLRQ�RI�D�SURJUDP��HDFK�
H[HFXWLRQ�RI�o LQ�D�UXQ�RI�WKH�SURJUDP�LV�XQLTXHO\�
GHILQHG�E\�i ∈ I(o)��GHQRWHG�E\ oi

� /HW�< EH�WKH�OH[LFRJUDSKLFDO�RUGHU�RI�LQWHJHU�YHFWRUV

� /HW oi , oj’ EH�WZR�RSHUDWLRQ�H[HFXWLRQV�
oi oj’⇔

i[1…max (o, o’)] < j[1…max (o, o’)] ∨
i[1…max (o, o’)] = j[1…max (o, o’)] ∧ pred(o,o’)

� &RUROODU\��/HW oi , oj EH�WZR�RSHUDWLRQ�H[HFXWLRQV�RI�
WKH�VDPH��V\QWDFWLFDO��RSHUDWLRQ�o: oi oj ⇔ i < j



�

��

'HSHQGHQFH
� 5HODWLRQ�δ RYHU�RSHUDWLRQV�RI�D�SURJUDP�UXQ
� oi δ oj’ ⇔
SURJUDP�RUGHUHG� oi oj’ ∧

GDWD�GHSHQGHQW� truev(oi, oj’ ) ∨
antiv(oi, oj’ ) ∨
outputv(oi, oj’ ) ∧

QRW�FRYHUHG� ok’’ : oi ok’’ oj’ ∧
v ∈ DEF(ok’’ )

��

'LVWDQFH�DQG�/RRS�'HSHQGHQFH
� /HW oi , oj’ EH�WZR�RSHUDWLRQ�H[HFXWLRQV oi oj’

� 'LVWDQFH�YHFWRU��

d(oi ,oj’ )  �j [1…max (o, o’)] - i [1…max (o, o’)] 

� /HW oi , oj’ EH�WZR�RSHUDWLRQ�H[HFXWLRQV oi δ oj’ ⇒
oi oj’⇔
(i) i[1…max(o, o’)] < j[1…max(o, o’)] ∨
(ii) i[1…max(o, o’)] = j[1…max(o, o’)] ∧ pred(o, o’)

� (i) ⇒ ∃ level: d(oi ,oj’ )[level] !�0 ∧ d(oi ,oj’ ) [0…0level]
/RRS�FDUULHG�GHSHQGHQF\��FDUULHG�DW�level

� (ii) ⇒ d(oi ,oj’ )  �[0…0max(o, o’)]
/RRS�LQGHSHQGHQW�GHSHQGHQF\

��

'HSHQGHQFH�*UDSK
� 'HSHQGHQFH�*UDSK DG=(N,E) GLUHFWHG�JUDSK

� $Q\��V\QWDFWLFDO��RSHUDWLRQ�o ⇔ So ∈ N
� oi δ oj’ ⇔ (So, So’) ∈ E

�� ULJKW>�«Q@ Q�

�� IRU��L ��L�Q�L
 ���^

�� IRU��S ��S�Q�S����^

�� LI��S�! �L�

�� DX[>S@ ULJKW>S�L@�ULJKW>S@�

�� `

�� IRU��S ��S�Q�S����^

�� LI��S�! �L�

�� ULJKW>S@ DX[>S@�

��� `

��� `

S+

δ1

Sid

δ

��

'HSHQGHQFH
� +RZ�WR�ILQG�RXW�DOO�GHSHQGHQFHV�LQ�WKH�
SURJUDP"

� ([DFWO\��
� 1RW�GHFLGDEOH�LQ�JHQHUDO��H[SHQVLYH�DQ\ZD\

� $OO�LQGHSHQGHQW�RSHUDWLRQV�FDQ�EH�H[HFXWHG�LQ�
SDUDOOHO� VHTXHQWLDOL]DWLRQ RQO\�IRU�RSWLPL]DWLRQ

� &RQVHUYDWLYHO\�
� (IILFLHQW�

� 6RPH�QRQ�HVVHQWLDO�GHSHQGHQFLHV�UHPDLQ�DQ�
REVWDFOH�IRU�SDUDOOHOL]DWLRQ

��

%UXWH�)RUFH�0HWKRG
� &KHFN�LI�WKH�SURJUDP�LV�REOLYLRXV

� 'HSHQGHQFHV�DUH�QRW�GDWD�GHSHQGHQW

� 6XIILFLHQW�FRQGLWLRQ

� 8QUROO�WKH�SURJUDP�DQG�FRQVLGHU�WKH�
RSHUDWLRQV�WDVNV�RI�D�WDVN�JUDSK

��

&KHFN�LI�WKH�SURJUDP�LV�REOLYLRXV
� 2EOLYLRXV �� 
'DWD�GHSHQGHQFLHV�GR�QRW�GHSHQG�RQ�WKH�
LQSXW�GDWD�EXW�RQO\�RQ�WKH�LQSXW�GDWD�VL]H

� 6XIILFLHQW
� 1R�LQGLUHFW��GDWD�GHSHQGHQW��PHPRU\�DFFHVV

� 1R�ZKLOH ORRSV��ZLWK�GDWD�GHSHQGHQW�FRQGLWLRQ�

� 1R�LI VWDWHPHQWV��ZLWK�GDWD�GHSHQGHQW�

FRQGLWLRQ�����



�

��

1RQ�2EOLYLRXV��3RLQWHU�-XPSLQJ
�� S>�«Q@ ��VRPH�LQLWLDOL]DWLRQ�

�� IRU��M ��M�Q�M
 ���^

�� IRUDOO �L ��L�Q�L����LQ�SDUDOOHO^

�� S>L@ S>S>L@@�

�� `

�� `� ,QGLUHFW

�GDWD�GHSHQGHQW�
DGGUHVVLQJ

��

$�'DWD�'HSHQGHQFH
,QLW�
S>�@ �

S>�@ �
S>�@ �

S>�@ �
S>�@ �

S>�@ �
S>�@ �

S>�@ �

��

$QRWKHU�'DWD�'HSHQGHQFH
,QLW�
S>�@ �

S>�@ �
S>�@ �

S>�@ �
S>�@ �

S>�@ �
S>�@ �

S>�@ �

��

2EOLYLRXV��6HTXHQWLDO�3UHIL[�6XPV
�� ULJKW>�«Q@ �«Q�

�� IRU��L ��L�Q�L
 ���^

�� IRU��S ��S�Q�S����^

�� LI��S�! �L�

�� ULJKW>S@ ULJKW>S�L@�ULJKW>S@�

�� `

�� IRU��S ��S�Q�S����^

�� LI��S�! �L�

�� ULJKW>S@ DX[>S@�

��� `

��� `�

��

6DPH�'DWD�'HSHQGHQFLHV

DUUD\�S
��

7DVN�*UDSK

� � �� � � �� � ��� � ��

� � �� � � �� ��

� � �� � � ��

� � �� � � ��

� � ��

� � ��
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7UDQVODWLRQ��VNHWFKHG�
� 7DVN�JUDSK�GHILQHV�D�PD[LPXP�SDUDOOHO�
SURJUDP

� &RUUHFW�WUDQVODWLRQ�WULYLDO�
� &RPSXWH�WDVN�JUDSK�E\�XQUROOLQJ�WKH�REOLYLRXV�
SURJUDP

� (DFK�WDVNV�JHWV�D�SURFHVV�VHQGLQJ�DQG�UHFHLYLQJ�

DORQJ�WKH��FRPSOHWHO\�NQRZQ��GHSHQGHQFHV

� $OO��GHDGORFN�IUHH� VHTXHQWLDOL]DWLRQV RI�WKDW�
SURJUDP�ZLWK�PRUH�FRQVHUYDWLYH SURJUDP�
GHSHQGHQFLHV DUH�FRUUHFW�WUDQVODWLRQV��WRR��

��

2EOLYLRXV��35$0�3UHIL[�6XPV
�� ULJKW>�«Q@ �«Q�

�� IRU��L ��L�Q�L
 ���^

�� IRUDOO �S ��S�Q�S����LQ�SDUDOOHO^

�� LI��S�! �L�

�� ULJKW>S@ ULJKW>S�L@�ULJKW>S@�

�� `

�� `�

��

2EOLYLRXV��%63�3UHIL[�6XPV
�� IRU��S ��S�Q�S����LQ�SDUDOOHO ^

�� ULJKW S��OHIW ��

�� IRU��L ��L�Q�L
 ���^

�� LI��S�L���Q�

�� SXW�S�L�ULJKW�OHIW��

�� EDUULHUBV\QFKURQL]H���

�� LI��S�! �L�

�� ULJKW ULJKW�OHIW�

�� `

��� `�

��

2EOLYLRXV� /RJ3 3UHIL[�6XPV
�� 3URFHVV�S��^� ��L�>�«Q��@

�� ULJKW S��OHIW ��

�� IRU��L ��L�Q�L
 ���^

�� LI��S�L���Q�

�� VHQG�S�L�ULJKW��

�� LI��S�! �L��^

�� OHIW UHFHLYH�S�L��

�� ULJKW ULJKW�OHIW�

�� `

��� `

��� `�

��

([DPSOHV
� 1RQ�2EOLYLRXV�3URJUDP�DUH�PDQ\�DOJRULWKPV

� RQ�*UDSKV

� RQ�/LVWV

� VRUWLQJ�E\�GLYLGH�DQG�FRQTXHU

� 2EOLYLRXV�3URJUDP

� 6RUWLQJ�QHWZRUNV

� 6LJQDO�WUDQVIRUPDWLRQ�DOJRULWKPV��H�J��))7�

� 0DWUL[�DOJRULWKPV��PXOWLSOLFDWLRQ� SRWHQWLDWLRQ���

� 6XP��0D[LPXP��3UHIL[�6XP�

� *HQHUDO�OLQHDU�UHFXUUHQFHV

� *DXVV�(OLPLQDWLRQ�

��

([DPSOH��7HPSHUDWXUH�6LPXODWLRQ

δA

δ0 δL

0 L x
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Problem model

Numeric
Recipe

(Data parallel)
program

Control parallel 
program

δ´´ − α2 (δ − δA) = 0
δ(0) = δ0 δ(L)= δL

δ(t+1)(x)= (1 - ω) δ(t)( xk) + 
ω(-2/∆2-α2)-1 ×
(-α2δA-δ(t)(xk-1)/∆2-δ(t)(xk+1)/∆2)

for t  :=1..s do
for k :=1..n-2 do

δ[k]:=f(δ[k-1],δ[k],δ[k+1])

Translate - then optimize by 
clustering/scheduling

Problem Temperature Simulation

��

'HSHQGHQFLHV�

(t) δ(t)[k] := f(δ(t-1)[k-1],δ(t-1)[k],δ(t-1)[k+1])

(t+1) δ(t+1)[k] := f(δ(t)[k-1],δ(t)[k],δ(t)[k+1])

(t+1)f

(t)f

δ(t)(k)
k

δ(t)

(t+1)f

(t)f

��

7DVN�*UDSK
&RPSXWDEOH�IRU�REOLYLRXV�SURJUDP

t+1

k

...

δ[k]:=f(δ[k-1],δ[k],δ[k+1])

t

��

3URFHVVHV

(t+1) f

δ(t+1)(k) δ(t+1)(k)δ(t+1)(k)

δ(t)(k) δ(t)(k+1)δ(t)(k-1)

Receive from
Predecessors

Send to
Successors

��

3URFHVV�6\VWHP
6WDUW�DOO�SURFHVVHV�LQ�SDUDOOHO

...

δk := f(δk-1,δk,δk+1)
δk := f(δk-1,δk,δk+1)
Empfange δk-1,δk,δk+1

δk := f(δk-1,δk,δk+1)
Receive δk-1,δk,δk+1

δk := f(δk-1,δk,δk+1)
Send δk

��

,WHUDWLYH�2EOLYLRXV�3URJUDP
� ,WHUDWLYH�2EOLYLRXV�3URJUDP��� 
,WHUDWLRQ��ZLWK�GDWD�GHSHQGHQW�FRQGLWLRQ��
RYHU�
� REOLYLRXV�DQG�

� LWHUDWLYH�REOLYLRXV�SURJUDPV

� ([DPSOHV
� -DFREL�LWHUDWLRQ�

� &*�PHWKRGV

� )LQLWH�(OHPHQWV�PHWKRGV�

� $GDSWLYH�PXOWL�JULG�PHWKRGV
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7UDQVODWLRQ��VNHWFKHG�
� /RRS�RYHU�DQ�REOLYLRXV�SURJUDP�

� %URDGFDVW�WR�LQLWLDOL]H�WKH�ERG\

� 7UDQVODWLRQ�RI�REOLYLRXV�ERGLHV�DV�EHIRUH

� ,QYHUVH�EURDGFDVW�WR�FROOHFW�WKH�UHVXOW�

� 'HFLGH�RQ�WKH�WHUPLQDWLRQ

� %URDGFDVW�VWRS�RU�FRQWLQXH

�DFWXDOO\�EDUULHU�V\QFKURQL]H�WKH�ORRS�

� /RRS�RYHU�DQ�LWHUDWLYH�REOLYLRXV�SURJUDP�
VLPLODU

��

3URJUDP�([HFXWLRQ

?
Broadcast

��

6LWXDWLRQ�UHYLVLWHG
� %UXWH�IRUFH�RN�IRU�

� 2EOLYLRXV��,WHUDWLYH�REOLYLRXV�SURJUDPV

� 5HSHDWHG�VDPH�FRPSXWDWLRQV�ZLWK�GLIIHUHQW�GDWD

� 7KHQ�RQH�VWHS�IURP�VHTXHQWLDO�35$0�SURJUDP�WR�/RJ3

� 3UREOHPV�LI

� 2QO\�RQH��RU�IHZ��FRPSXWDWLRQV

� 7DVN�JUDSKV�EHFRPH�WRR�ODUJH��UHPHPEHU�VL]H�RI�WKH�WDVN�
JUDSK�LV�LQ�WKH�RUGHU�RI�WKH�SURJUDPV�ZRUN�

� 6PDUWHU�VROXWLRQV�IRU�WKHVH�FDVHV"�

� 8QIRUWXQDWHO\��JRRG�VROXWLRQ�RQO\�IRU�REOLYLRXV�SURJUDPV

��

'HSHQGHQF\�$QDO\VLV
� $QDO\]H�GHSHQGHQFLHV�ZLWKRXW�XQUROOLQJ�WKH�
SURJUDP

� /RZHU�ERXQG�IRU�WUDQVODWLRQ
� :LWK�XQUROOLQJ��ZRUN�RI�WKH�SURJUDP��H[HFXWLRQ�

� :LWKRXW�XQUROOLQJ��VL]H�RI�SURJUDP��WH[W�

��

'HILQLWLRQ�UHYLVLWHG
� 5HODWLRQ�δ RYHU�RSHUDWLRQV�RI�D�SURJUDP�UXQ
� oi δ oj’ ⇔
SURJUDP�RUGHUHG� oi oj’ ∧

GDWD�GHSHQGHQW� truev(oi, oj’ ) ∨
antiv(oi, oj’ ) ∨
outputv(oi, oj’ ) ∧

QRW�FRYHUHG� ok’’ : oi ok’’ oj’ ∧
v ∈ DEF(ok’’ )

��

&HQWUDO�TXHVWLRQ
� $UH�WKH�RSHUDWLRQV�GDWD�GHSHQGHQW�

truev(oi, oj’ ) ∨ antiv(oi, oj’ ) ∨ outputv(oi, oj’ )

� 1R�QHHG�WR�GLVWLQJXLVK�NLQG��true, anti, output�
� 6LPSOH�TXHVWLRQ��DUH�SRWHQWLDOO\�WKH�VDPH�
YDULDEOHV�DFFHVVHG�E\�oi, oj’

� .LQG�RI�DFFHVV��UHHG�RU�ZULWH��WULYLDOO\�GHWHUPLQHV�
WKHQ�NLQG�RI�GHSHQGHQF\�true, anti, output

� 1RWH��YDULDEOHV�DUH�DUUD\�FHOOV��L�H��HYHQ�oi, oj

DFFHVV�GLIIHUHQW�YDULDEOHV
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([DPSOH
�� IRU��L ���L����L����^

�� D>�
L��@� �R�«��

�� «

�� «� �R·�D>�
L��@���

�� `

4XHVWLRQV�

� ,V�WKHUH�LQ�DQ\�LWHUDWLRQ DQ�DUUD\�FHOO�ZULWWHQ�E\�R DQG�UHDG�
E\�R·± true, loop independent

� ,V�WKHUH�D�SDUWLFXODU�LWHUDWLRQ ZKHUH�R ZULWHV�D�FHOO�WKDW�LV�
UHDG�E\�R·LQ DQRWKHU��ODWHU�LQ�SURJUDP�RUGHU��LWHUDWLRQ�±

true, loop carried
� ,V�WKHUH�D�LWHUDWLRQ�ZKHUH�R· UHDGV�D�FHOO�WKDW�LV�UHGHILQHG�

E\�R LQ�DQRWKHU��ODWHU�LQ�SURJUDP�RUGHU��LWHUDWLRQ�± anti , 
loop carried ��

$SSURDFK
� $VVXPH��IRU�D�ILUVW�WU\��UHVWULFWHG�REOLYLRXV�

SURJUDPV�
� OLQHDU�LQGH[�IXQFWLRQV

� FRQVWDQW�LQGH[�ERXQG

� QR�FRQGLWLRQDOV�DQG�ZKLOHV�

�� ,V�WKHUH�DQ\�GHSHQGHQF\�SRVVLEOH�ZLWKRXW�
UHJDUGLQJ�WKH�LQGH[�ERXQGV

�� ,I�\HV��LV�WKLV�GHSHQGHQF\�SRVVLEOH�ZLWKLQ�WKH�
JLYHQ�ERXQGV

�� ,I�\HV��DUH�RSHUDWLRQV�LQ�WKH�ULJKW�RUGHU�

�,JQRUH�FRYHUDJH� �EH�FRQVHUYDWLYH�

��

,V�WKHUH�DQ\�GHSHQGHQF\
� o, o’ DFFHVV��UHDG��ZULWH��WR�WKH�VDPH�DUUD\
� o DFFHVV�ZLWK�a0 + a*i ��o’ DFFHVV�ZLWK�b0 + b*i �
� /RRS�LQGHSHQGHQW�GHSHQGHQF\��
LV�a0 + a*i = b0 + b*i IRU�VRPH�i"

� /RRS�FDUULHG�GHSHQGHQF\��
LV�a0 + a*i = b0 + b*j IRU�VRPH�i,j"

� ([WHQGHG�IRU�PRUH�PXOWL�GLPHQVLRQDO�DUUD\V��
FKHFN�IRU�HDFK�GLPHQVLRQ�RI�WKH�DUUD\�
LQGLYLGXDOO\�

��

6ROXWLRQV
� /RRS�LQGHSHQGHQW�GHSHQGHQF\�

a0 + a i = b0 + b i

� 6ROXWLRQ�RI�D�OLQHDU�HTXDWLRQ�
i = ( b0 – a0 ) / (a – b )

� /RRS�FDUULHG�GHSHQGHQF\�
a0 + a i = b0 + b j
6ROXWLRQ�RI�D�OLQHDU�'LRSKDQWLQH�HTXDWLRQ�
a i – b j = b0 – a0 

��

/LQHDU�'LRSKDQWLQH�(TXDWLRQV
� 5HVWULFWHG�IRUP� a x + b y = c

� *HQHUDO�IRUP� ∑1 i n ai xi = c

� 6ROXWLRQ�FULWHULD��gcd(a1 i n ) | c

� 6ROXWLRQ��UHVWULFWHG�IRUP��JHQHUDOL]HDEOH�
� /HW�g=gcd(ai) DQG�u, v VROXWLRQ�RI�g = au + by

� 6HW�RI�DOO�VROXWLRQV�(xt, yt), t ∈ LV�JLYHQ�E\�

xt=uc/g + tb/g
yt=vc/g + ta/g

��

%RXQGDU\�&RQGLWLRQV
� 'HILQH��z+=(z>0)?z:0 z- =(z<0)?z:0

� %RXQGDULHV�DUH�FRQVWDQWV
� $SSOLHV�WR�IXQFWLRQV�LQ�
� 5HVWULFWHG�IRUP��

� min{ax + by | (x,y)∈[Lx:Ux, Ly:Uy]} = a+ Lx - a- Ux + b+ Ly - b- Uy

� max{ax + by | (x,y)∈[Lx:Ux, Ly:Uy]} = a+ Ux - a- Lx + b+ Uy - b- Ly

� *HQHUDO�IRUP�
� min{∑1 i naixi | (x1…xn)∈[Li:Ui]1 i n} = ∑1 i n(ai

+ Li - ai
- Ui)

� max{∑1 i naixi | (x1…xn)∈[Li:Ui]1 i n} = ∑1 i n(ai
+ Ui - ai

- Li)



��

��

([DPSOH��UHYLVLWHG�
�� IRU��L ���L����L����^

�� D>�
L��@� �R�«��

�� «

�� «� �R·�D>�
L��@���

�� `

� /RRS�LQGHSHQGHQW�GHSHQGHQF\� �
L�� ��
L��
L ���RXW�RI�ERXQGV�

� /RRS�FDUULHG�GHSHQGHQF\���
[��� ��
\��
gcd(2, –4)=2| –6

2x –4y = –6, 10 x, y < 20: min(2x –4y) =–60, max(2x –4y)=0  
(u,v)=(3,1), (x,y)=(–9–2t,–3–t): 

true 10 x<y < 20: impossible

anti 10 y<x < 20: (x,y)=(17,10), (x,y)=(19,11) 
��

*HQHUDO�
� &RQGLWLRQV�IRU�GHSHQGHQFLHV�EDVHG�RQ�WKH�
LGHDV�SUHVHQWHG�
� LQ�VSHFLILF�FDVHV�H[DFW

� LQ�JHQHUDO�SHVVLPLVWLF��FDQQRW�GLVSURYH�D�
GHSHQGHQFH��DVVXPH�LW�LV�WKHUH�

� $OO�SURYDEOH�LQGHSHQGHQW�RSHUDWLRQV�FDQ�EH�
H[HFXWHG�LQ�SDUDOOHO

� 0RUH�GHWDLOV�LQ�
=LPD��&KDSPDQ��&RPSLOHUV�IRU�3DUDOOHO�DQG�
9HFWRU�&RPSXWHUV��$&0�3UHVV�������

5HOD[�GHSHQGHQFLHV�LQGXFHG�
E\�RULJLQDO�SURJUDP�RUGHU

3DUDOOHOL]DWLRQ
/RRS�7UDQVIRUPDWLRQV

��

([DPSOH�,�
1R�ORRS�FDUULHG�GHSHQGHQFH

�� IRU��L ��L�����L����^

�� D>L@  �E>L@
F>L@�G>L@�

�� E>L@� �F>L@�G>L��@�D>L@�

�� `

�� IRUDOO �L ��L�����L����LQ�SDUDOOHO^

�� D>L@  �E>L@
F>L@�G>L@�

�� E>L@� �F>L@�G>L��@�D>L@�

�� `

��

([DPSOH�,�
1R�ORRS�FDUULHG�GHSHQGHQFH

�� IRUDOO �L ��L�����L����LQ�SDUDOOHO^

�� D>L@� �E>L@
F>L@�G>L@�

�� E>L@� �F>L@�G>L��@�D>L@�

�� `

�� 3URFHVV�L��^� ��L�>�«����

�� D� �E
F�G��

�� E� �F�G��D�

�� `

��

([DPSOH�,,�
/RRS�FDUULHG�GHSHQGHQFH

�� IRU��L ��L�����L����^

�� D>L@  �E>L@
F>L@�G>L@�

�� E>L@� �F>L@�G>L��@�D>L��@�

�� `

�� IRUDOO �L ��L�����L����LQ�SDUDOOHO^

�� D>L@  �E>L@
F>L@�G>L@�

�� EDUULHUBV\QFKURQL]H���
�� E>L@� �F>L@�G>L��@�D>L��@�

�� `
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��

([DPSOH�,,�
/RRS�FDUULHG�GHSHQGHQFH

�� IRUDOO �L ��L�����L����LQ�SDUDOOHO^

�� D>L@� �E>L@
F>L@�G>L@�

�� EDUULHUBV\QFKURQL]H���

�� E>L@� �F>L@�G>L��@�D>L��@�

�� `

�� 3URFHVV�L��^� ��L�>�«����

�� D� �E
F�G��

�� VHQG�L���D��

�� E� �F�G��UHFHLYH�L����

�� `

��

3DUDOOHOL]DWLRQ�RI�ORRSV�,�
�� /��IRU��L /�L�8�L����^

�� 6���«���6Q
�� `

,I�QR�ORRS�FDUULHG�GHSHQGHQFLHV�

�� /��IRUDOO �L /�L�8�L����LQ�SDUDOOHO^

�� 6���«�� 6Q
�� `

��

3DUDOOHOL]DWLRQ�RI�ORRSV�,,�
�� /��IRU��L /�L�8�L����^

�� 6
�
��«���6

Q

�� `

�� /·��IRU��M /·�M�8·�M����^

�� 6·
�
��«���6·

Q

�� `�

,I�QR�ORRS�FDUULHG QRU�LQWHUORRS GHSHQGHQFLHV�
�� /� IRUDOO �L /�L�8�L����LQ�SDUDOOHO^

�� 6
�
��«�� 6

Q

�� `�

�� /·��IRUDOO �M /·�M�8·�M����LQ�SDUDOOHO^

�� 6·
�
��«���6·

Q

�� `

��

3DUDOOHOL]DWLRQ�RI�ORRSV�,,,�
�� /��IRU��L /�L�8�L����^

�� 6
�
��«���6

Q

�� `

�� /·��IRU��M /·�M�8·�M����^

�� 6·
�
��«���6·

Q

�� `

,I�QR�ORRS�FDUULHG EXW�LQWHUORRS GHSHQGHQFLHV�
�� /� IRUDOO �L /�L�8�L����LQ�SDUDOOHO^

�� 6
�
��«�� 6

Q

�� `�

�� EDUULHUBV\QFKURQL]H���

�� /·��IRUDOO �M /·�M�8·�M����LQ�SDUDOOHO^

�� 6·
�
��«���6·

Q

�� `

��

3DUDOOHOL]DWLRQ�RI�ORRSV�,9�
�� /·��IRU��M /·�M�8·�M����^

�� /��IRU��L /�L�8�L����^

�� 6
�
��«�� 6

Q

�� `

�� `�

,I�QR�ORRS�FDUULHG GHSHQGHQFLHV�YLD�/ EXW�YLD�/·
�� /·��IRU��M /·�M�8·�M����^

�� /� IRUDOO �L /�L�8�L����LQ�SDUDOOHO^

�� 6
�
��«�� 6

Q

�� `�

�� EDUULHUBV\QFKURQL]H���

�� `

��

6HTXHQWLDO�ORRS�IXVLRQ
�� /��IRU��L /�L�8�L����^

�� 6
�
��«�� 6

Q

�� `

�� /·��IRU��L /�L�8�L����^

�� 6·
�
��«�� 6·

Q

�� `

,I�QR�VHULDO�IXVLRQ�SUHYHQWLQJ GHSHQGHQFLHV�
�� /��IRU��L /�L�8�L����^

�� 6
�
��«�� 6

Q

�� 6·
�
��«�� 6·

Q

�� `
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��

6HULDO�IXVLRQ�SUHYHQWLQJ
�� /��IRU��L /�L�8�L����^

�� 6��D>L@ «

�� `

�� /·��IRU��L /�L�8�L����^

�� 6·« D>L�F@���GHILQHG�LQ�ORRS�/

�� `�

�� /�/·��IRU��L /�L�8�L����^

�� 6�D>L@ «

�� 6·« D>L�F@���GHILQHG�EHIRUH�ORRS�/�/·

�� `

'HSHQGHQFH�S δ S’ GXH�WR�LQGH[�YHFWRUV�i,i’ ZLWK�i[loop depth]>i’ [loop depth]

��

3DUDOOHO�ORRS�IXVLRQ
�� /��IRUDOO �L /�L�8�L����LQ�SDUDOOHO^

�� 6
�
��«�� 6

Q

�� `

�� EDUULHUBV\QFKURQL]H���

�� /·��IRUDOO �L /�L�8�L����LQ�SDUDOOHO^

�� 6·
�
��«�� 6·

Q

�� `

,I�QR�SDUDOOHO�IXVLRQ�SUHYHQWLQJ GHSHQGHQFLHV�
�� /��IRU��L /�L�8�L����^

�� 6
�
��«�� 6

Q

�� 6·
�
��«�� 6·

Q

�� `

��

3DUDOOHO�IXVLRQ�SUHYHQWLQJ
�� /��IRUDOO �L /�L�8�L����LQ�SDUDOOHO^

�� 6��D>L@ «

�� `

�� EDUULHUBV\QFKURQL]H���

�� /·��IRUDOO �L /�L�8�L����^

�� 6·�« D>L�F@���GHILQHG�LQ�/

�� `�

�� /�/·��IRUDOO �L /�L�8�L����LQ�SDUDOOHO^

�� 6��D>L@ «

�� 6·��« D>L���F@���SRWHQWLDOO\�GHILQHG�EHIRUH�/�/·

�� `

'HSHQGHQFH�S δ S’ GXH�WR�LQGH[�YHFWRUV�i, i’ ZLWK�i[loop depth] ≠ i’ [loop depth]

��

'HSHQGHQFH�*UDSK
� 'LUHFWHG�JUDSK�DG=(N,E) LQGXFHG�E\�δ

� 1RGH�IRU�HDFK�VWDWHPHQW�S LQ�WKH�SURJUDP

� (GJH�LII S δ S’

� $F\FOLF�FRQGHQVDWLRQ�AC(DG) RI�DG
� 1RGH�IRU�HDFK�VWURQJO\�FRQQHFWHG�FRPSRQHQW�RI�DG
� (GJHV�LQ�AC(DG) IRU�HGJHV�DG LQ�EHWZHHQ�VWURQJO\�
FRQQHFWHG�FRPSRQHQWV�RI�DG

� 5HJLRQV�RI�DG DUH�QRGHV�RI�AC
� DGc LV�DG UHVWULFWHG�E\�D�FHUWDLQ�ORRS�GHSWK�>c
� 2WKHU�GHILQLWLRQV�UHVWULFWHG�DFFRUGLQJO\

� 'HFLVLRQ�EDVHG�RQ�WKHVH�JUDSKV�

��

([DPSOH
�� IRU��L ��L�����L����^

�� 6�D>L@  �E>L@
F>L@�G>L@�

�� 6·�E>L@� �F>L@�G>L��@�D>L��@�

�� `

6

6·

DG

δ�

��

([DPSOH
�� IRUDOO �L ��L�����L����LQ�SDUDOOHO^

�� D>L@  �E>L@
F>L@�G>L@�

�� EDUULHUBV\QFKURQL]H���

�� E>L@� �F>L@�G>L��@�D>L��@�

�� `

6

6·

DG

EDUULHUBV\QFKURQL]H���δ�
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��

3DUDOOHO�FRGH�JHQHUDWLRQ��VNHWFK�
� *HQHUDWH�D�SDUDOOHO�ORRS�IRU�WKH�RXWHUPRVW�
SRVVLEOH�UHJLRQ
� &KHFN�IRU�RXWHUPRVW�ORRS��GHSWK�c = 1��LI�
SDUDOOHOL]DEOH��QR�ORRS�FDUULHG�GHSHQGHQF\�

� ,I�QRW�JHQHUDWH�VHTXHQWLDO�FRGH�

� 5HFXUVLYHO\��JR�RQ�ZLWK�ORRS�GHSWK�c = 1, 2, … 

� &XVWHU�UHJLRQV�ZKHQHYHU�SRVVLEOH�E\�SDUDOOHO�
RU�VHULDO�ORRS�IXVLRQ��ZLWKRXW�EDUULHU�


