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Boolean Satisfiability Problem

SAT-Problem (Fichte, Berre, Hecher, and Szeider, 2023)

Given: Propositional formula F.
Question: Is there an assignment 7 to var(F) such that F. evaluates to 1 (satisfiable).



Boolean Satisfiability Problem

SAT-Problem (Fichte, Berre, Hecher, and Szeider, 2023)

Given: Propositional formula F.
Question: Is there an assignment 7 to var(F) such that F. evaluates to 1 (satisfiable).

Input normal form
= Conjunctive normal form (CNF)
m Form:
F= (1 VLlaViel3)N...N(...) where ¢; either x or =x

m We can transform efficiently (polynomial-time) to CNF (Tseitin Transformation).
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Example
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Boolean Satisfiability Problem

SAT-Problem (Fichte, Berre, Hecher, and Szeider, 2023)

Given: Propositional formula F.
Question: Is there an assignment 7 to var(F) such that F; evaluates to 1 (satisfiable).

Example
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Boolean Satisfiability Problem

SAT-Problem (Fichte, Berre, Hecher, and Szeider, 2023)

Given: Propositional formula F.
Question: Is there an assignment 7 to var(F) such that F; evaluates to 1 (satisfiable).

M/\M/\ bV c)A(dVe)A(=bV —e)

Example



Boolean Satisfiability Problem

SAT-Problem (Fichte, Berre, Hecher, and Szeider, 2023)

Given: Propositional formula F.
Question: Is there an assignment 7 to var(F) such that F; evaluates to 1 (satisfiable).
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Boolean Satisfiability Problem

SAT-Problem (Fichte, Berre, Hecher, and Szeider, 2023)

Given: Propositional formula F.
Question: Is there an assignment 7 to var(F) such that F; evaluates to 1 (satisfiable).
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Boolean Satisfiability Problem

SAT-Problem (Fichte, Berre, Hecher, and Szeider, 2023)

Given: Propositional formula F.
Question: Is there an assignment 7 to var(F) such that F; evaluates to 1 (satisfiable).
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Boolean Satisfiability Problem

SAT-Problem (Fichte, Berre, Hecher, and Szeider, 2023)

Given: Propositional formula F.
Question: Is there an assignment 7 to var(F) such that F; evaluates to 1 (satisfiable).

E I
xample "
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= Satisfiable
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Practical Challenges

# states
10150515 +
VLSI
Verification
5.10° vars.
10° cls.
1030103 1
Logistics
10bg vars.
5.10° cls.
106020 +
(max. 20 steps)
# checks we can 2.10* 3
carry out naively 3010 L 10° cls.vars
by 2.4GHz cPU 10
(1 check/cycle)
Deep space
- mifsion control
" " C 10" vars.
1028+
Car repair
diagnosis
100 vars.
- € 200 cls.
) , ' ' '
10? 104 10° 106
(cf. Kumar, DARPA) # variables

J.Fichte




IS AT Sevings Hiestory
Very short History of SAT solving

1960’s Early techniques: DPLL
by Davis & Putnam (1962) and Davis & Logemann & Loveland (1962)

1970’s Satisfiability is fundamental problem of mathematics
We can blame it on Cook (1971) and Levin (1973)

1990’s Can we solve SAT in practice?

2000’s SAT Revolution

2010’s Widely applied. Open: When and why?
2020’s Silent (R)evolution: widely applied.



L1, SAT Solving: History
Practical Challenges

Competition

m 1991: 1st competition
m Max. 215 variables

= Nowadays

Up to 15,000,000 - 20,000,000 variables
Automated theorem proving

Hardware and software verification

SAT embedded in complex procedures



SAT Competition All Time Winners on SAT Competition 2022 Benchmarks
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Modern SAT Solving 1. SAT Problem 1.1. SAT Solving: History

Practical Challenges: Algorithms vs Hardware

Fun Experiment

Modern SAT-solvers

\

- .

m Timespan: two decades
m Design virtual teams and let them compete
Which team can solve more instances?



L1, SAT Solving: History
Challenges

What are the reasons for such tremendous improvements?
Possible answers:

m Sophisticated implementations

m Better clause learning

m Non-chronological backtracking

m Diverse Heuristics, Solver restarts



L1. SAT Solving: History
Practical Implementations

Competition

m 1991: 1st competition
m Max. 215 vars.



L1. SAT Solving: History
In Contrast

Theoretical (worst case) bounds

27 trivial

1.333" | 1999 (Schoening)
1.3302" | 2002

1.3290" | 2003

1.3280" | 2003

1.324" | 2010 (Hertli)

Reminder

For n=250 that exceeds the number of nano seconds that passed since the big bang!



Modern SAT Solving 1.1. SAT Solving: History

n > 1.000.000

Practice

J.Fichte



What makes solvers so fast? (in practice)

Conflict Driven Clause Learning (CDCL)
Restarting and Forgetting
Dynamic Branching Heuristics (VSIDS)
Pre/Inprocessing
m Variables
m Unit Propagation (UP)
m Pure Literals, Equivalent literals, Failed literals
m Tautologies, Subsumed clauses, Self-subsuming resolution
= Bounded variable elimination
m Clauses: Blocked clauses
m Binary clauses
m Transitive Reductions
= Hidden tautology elimination
m Adding Redundancy
m Hyper binary resolution
= Bounded variable addition
m Clause addition



Modern SAT Solving 1.1. SAT Solving: History

Empirical Study on Modern Techniques

(Katebi et al., 2011)

1000 - x ¢ ]
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Instances

What makes solving so fast? (in theory)

m We don't fully know. But we have some indicators.
m Structure in the instance matters. = Different Course

J.Fichte



1. SAT Problem 1.1. SAT Solving: History
|dea: Structure Matters

Exploit the existence of a "hidden structure” (parameter)

Industrial Instance

(multiplier verification) Random Instance



Modern SAT Solving

Basic Solving Techniques

=} F = = E DA
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Resolution (Davis and Putnam, 1960)

Resolution Rule

OV NLNVX, OV VLV X
OV . NONVOV . N




Resolution (Davis and Putnam, 1960)

Resolution Rule

LV VLNV X, VL VLY X
OV NGV NN

Example
(aV-bVd)A(—aV-cV-dA

(maV-d)A(bVe)A(bV —e)A
(dve)A(—dVe) A (—bV —e)




Resolution (Davis and Putnam, 1960)

Resolution Rule

LV VLNV X, VL VLY X
OV NGV NN

Example
(aV-bVd)A(—aV-cV-dA

(maV-d)A(bVe)A(bV —e)A
(dVve)A(=dVe A(—bV —e)




Modern SAT Solving

Resolution (Davis and Putnam, 1960)

Resolution Rule

LNV NN, VLV LV X
V. NN NNV

Example
(aV=bVd)A(—aV-cV-d)A

(maVv=d)A(bVe)A(bV—eA
(dVe)A(=dVe)A(—=bV —e)

Resolved Clauses: dVe -—dVe



Modern SAT Solving

Resolution (Davis and Putnam, 1960)

Resolution Rule

LNV NN, VLV LV X
V. NN NNV

Example
(aV=bVd)A(—aV-cV-d)A

(maVv=d)A(bVe)A(bV—eA
(dVe)A(=dVe)A(—=bV —e)

Resolved Clauses:
dVve -dVe

e



Modern SAT Solving

Resolution (Davis and Putnam, 1960)

Resolution Rule

LV VLNV X, VL VLY X
LV VLNV NV

Example
(aV=bVd) A (—aV-ocV-d)A

(maVv =d)A(bVc)A(bV—e)A
(dVe)A(—dVe)A(=bV —e)

Resolved Clauses:

€



Modern SAT Solving

Resolution (Davis and Putnam, 1960)

Resolution Rule

LNV NN, VLV LV X
V. NN NNV

Example
(aV=bVd)A(—aV-cV-d)A

(maVvV =d)A(bVe)A(bV—eA
(dVe)A(-dVe)A(=bV —e)

Resolved Clauses:
bV —e, -bV-e

—-e

e



Modern SAT Solving

Resolution

Resolution Rule

LNV NNV X, VLNV o
LNV NN NNV

Example
(aV-bVd)A(maV-cV-d)A

(maV-d)A(bVe)A(bV—eA
(dVe)A(—dVe) A (—bV —e)

(Davis and Putnam, 1960)

Resolved Clauses:

e
e

bV —e,

bV —e

-e



Modern SAT Solving

Resolution (Davis and Putnam, 1960)

Resolution Rule

LNV NNV X, VLNV o
LNV NN NNV

Example
(aV-bVd)A(maV-cV-d)A

(maV-d)A(bVe)A(bV—eA
(dVe)A(—dVe) A (—bV —e)

Resolved Clauses:

@
e



Modern SAT Solving

Resolution

Resolution Rule

LV VLNV X, OV VLY X
LV NNV NV

Example
(aV=bVd)A(—aV-cV-d)A

(maVv —=d)A(bVc)A(bV—e)A
(dVe)A(—dVe)A(=bV —e)

(Davis and Putnam, 1960)

Resolved Clauses:
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Modern SAT Solving

Resolution

Resolution Rule

LV VLNV X, OV VLY X
LV NNV NV

Example
(aV=bVd)A(—aV-cV-d)A

(maVv —=d)A(bVc)A(bV—e)A
(dVe)A(—dVe)A(=bV —e)

(Davis and Putnam, 1960)

Resolved Clauses:

e
-e

-e




Modern SAT Solving

Resolution

Resolution Rule

LNV NN, VLNV o
LNV NN NNV

Example
(avV-bVd)A(maV-cV-d)A

(maV-=d)A(bVe)A(bV —e)A
(dVe)A(=dVe)A(=bV —e)

(Davis and Putnam, 1960)

Resolved Clauses:

e
e

@ 6
4

= Unsatisfiable



2. Basic Solving Techniques
DPLL Algorithm (Davis et al., 1962)

Idea

m Resolution might need exponential space
= Replace resolution rule by splitting rule (branching)

Problem: resolution might need exponential spaceReplace resolution rule by splitting rule (branching)

Algorithm 1: DPLL(F, 1)
while True do
Choose x € var(F;),a € {0,1} /* Heuristic */
if Nothing to Decide then
L return SAT
if F, contains dissatisfied clause then
if Conflict on top level then
L return UNSAT
Backtrack /* unassign recent literal */
Flip /* assign complement (x+—1—a) */




DPLL Algorithm (contd.)

(avV=bVd)A(—maV-cV-dA
(—\aV—'d) N (bV C) A (b\/—\e)/\
(dVe)A(~dVe)A (=bV —e)



DPLL Algorithm (contd.)

(avV=bVd)A(—maV-cV-dA
(—\aV—'d) N (bV C) A (b\/—\e)/\
(dVe)A(—dVe)A (=bV —e)



DPLL Algorithm (contd.)

(avV=bVd)A(—maV-cV-dA
(—\aV—'d) N (bV C) A (b\/—\e)/\
(dVe)A(—dVe)A (=bV —e)



DPLL Algorithm (contd.)

(aV—=bVd)A(maV-cV-d)A
(—\aV—'d) N (bV C) A (b\/—\e)/\
(dVe)A(~dVe)A (=bV —e)



DPLL Algorithm (contd.)

(aV—=bVd)A(maV-cV-d)A
(—\aV—'d) N (bV C) A (b\/—\e)/\
(dVe)A(~dVe)A (=bV —e)



DPLL Algorithm (contd.)

(aV=bVd)A(—maV-cV-d)A
(—\aV—'d) N (bV C) A (b\/ —\e)/\
(dVe)A(—dVe)A (=bV —e)



DPLL Algorithm (contd.)

(aV=bVd)A(—maV-cV-d)A
(—\aV—'d) N (bV C) A (b\/ —\e)/\
(dVe)A(=dVe)A (=bV —e)



DPLL Algorithm (contd.)

(aV—=bVd)A(—maV-cV-d)A
(—\aV—'d) N (bV C) A (b\/—\e)/\
(dVe)A(—dVe)A (=bV —e)
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DPLL Algorithm (contd.)

(aV—=bVd)A(—maV-cV-d)A
(maV-d)A(bVc)A(bV —e)A
(dVe)A(=dVe)A(—bV —e)

(/'
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Modern SAT Solving

DPLL Algorithm (contd.)

(aV—=bVd)A(maV-cV-d)A
(—\aV—'d) N (bV C) A (b\/—\e)/\
(dVe)A(—dVe)A (=bV —e)
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Modern SAT Solving

DPLL Algorithm (contd.)

(aV—=bVd)A(—maV-cV-dA
(maV-d)A(bV ) A(bV —e)A
(dVe)A(=dVe)A(-bV —e)

b/
(N,
AN

dvey ~dVeys dvey ~dVeys

e



Modern SAT Solving

DPLL Algorithm (contd.)

(aV—=bVd)A(—maV-cV-dA
(maV-d)A(bV ) A(bV —e)A
(dVe)A(=dVe)A(—bV —e)

/\
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Simplification Rules

Unit Propagation (UP) (Dowling and Gallier, 1984)

INIOV .. Ny
1
Algorithm 2: DPLL(F,7)
while True do
F := Simplify(F;)
Choose x € var(F;),a € {0,1} /* Heuristic */

if Nothing to Decide then
L return SAT

if F, contains dissatisfied clause then

if Conflict on top level then
L return UNSAT

Backtrack /* unassign recent literal */
/* undo simplification */
Flip /* assign complement (x+— 1—a) */




Simplification Rules (contd.)

Further linear quadratic simplification rules
m Pure Literal
m Tautology
= Horn



Modern SAT Solving

Modern SAT Technology (CDCL)
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Conflict Driven Clause Learning (CDCL)

Situation
m DPLL runs into conflict, then backtracking starts
= What if same conflicts in a different branch?

= Conflict again, but might need additional assignments

Idea
m Detect conflicts that occurred earlier
m Do not run again in the same conflict

m Learn from conflict and add conflict clause

Introduced in solver grasp (Silva and Sakallah, 1996)



Conflict Driven Clause Learning (CDCL)

(maV b)A(—maVcVi)A

(=bV =cVd)A(=dVeV A

(=dV FV k) A (meV =f)A

(aVgV D A(aVvh)A(-gV—hV-m)



Conflict Driven Clause Learning (CDCL)

(maVb)A(maVecVi)A

(=bV —cVd)A(—dVeV A

(=dV £V K) A (meV =HA
(avgVhAn(avh)A(—gV—-hV-m)



Conflict Driven Clause Learning (CDCL)

(maVb)A(maVecVi)A

(=bV —cVd)A(—dVeV A

(=dV £V K) A (meV =HA
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Conflict Driven Clause Learning (CDCL)

0
/1
_________ e
0
J/ P
(maVb)A(mavVevin T j
(=bV ~cV d) A (—dV eV j)A 0/ 3

(~dV FV k) A (e V =HA
(avgVhAn(aVvh)A(—gV—-hV-m)



Conflict Driven Clause Learning (CDCL)

0
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_________ P GEETEECREESS
0
/ 2
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Conflict Driven Clause Learning (CDCL)
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Conflict Driven Clause Learning (CDCL)

0
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_________ e
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Conflict Driven Clause Learning (CDCL)
(maVb)A(maVcViA
(5bV =cV d) A (~dV eV A
(=dV VvV k) A (meV —HA
(avgV I A(aVh)A(—~gV—hV-m) i
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Modern SAT Solving

Conflict Driven Clause Learning (CDCL)
(maV b) A (=aVeViA
(5bV =cV d) A (~dV eV A
(=dV VvV k) A (meV —HA
(avgV I A(aVh)A(—~gV—hV-m) i
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@ ® "{1 !
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Modern SAT Solving

Conflict Driven Clause Learning (CDCL)
(maVb)A(maVcViA
(5bV =cV d) A (~dV eV A
(=dV VvV k) A (meV —HA
(avgV I A(aVh)A(—~gV—hV-m) i
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Modern SAT Solving

Conflict Driven Clause Learning (CDCL)
(maVb)A(maVcViA
(5bV =cV d) A (~d V eV A
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Modern SAT Solving

Conflict Driven Clause Learning (CDCL)
(maVb)A(maVcViA
(=bV =cV d) A (=dV eV A
(=dV VvV k) A (meV —=HA
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Modern SAT Solving

Conflict Driven Clause Learning (CDCL)
(maVb)A(maVcViA
(=bV =cV d) A (=dV eV A
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Modern SAT Solving

Conflict Driven Clause Learning (CDCL)
(maVb)A(maVcViA
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Modern SAT Solving

Conflict Driven Clause Learning (CDCL)
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Modern SAT Solving

Conflict Driven Clause Learning (CDCL)
(maVb)A(maVcViA
(=bV =cV d) A (=dV eV A
(=dV VvV k) A (meV —=HA
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Modern SAT Solving

Conflict Driven Clause Learning (CDCL)
(maVb)A(maVcViA
(=bV =cV d) A (=dV eV A
(=dV VvV k) A (meV —=HA
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Conflict Driven Clause Learning (CDCL)

Algorithm 3: CDCL(F, 1)

while True do
F := Simplify(F;)
Choose x € var(F;),a € {0,1}
if Nothing to Decide then
L return SAT

while F contains dissatisfied clause Cgissar do
Ceonfi := CompConflictCls( Cyjssat)
if C.ong = L then
L return UNSAT
Learn( Ceonflict)
Backtrack( Ceonflict)
F := Simplify(F;)

/* UP
/* Heuristic

/* 1st UIP

/* UP

*/
*/

/

*




Modern SAT Solving

Backjumping
R SR S
(maV b) A (=aV eV A A2
(=bV —cVd)A(=dVeV))A 0
(~dV £V K) A (e V ~AA AN 3
(avgVhA(aVh)A(—gV—-hV-m) lxl

4
No chronological backtracking - Tl

)

6




Backjumping

(maV b) A (maVecVi)A I S
(=bV =cVd)A(=dVeV A
(~dV £V k) A (meV =HA R
(avgVhA(avVh)A(—gV—hV-m) 0
Backtrack level determined by '“/‘"/"' SR -
analyzing conflict clause Xl 4
Conflict clause: jV—-dvk N )\ F .
Maximum level different from m
conflict level \4 5
=3 A
6




Restarts (after conflicts)

Concept
m Frequently restart (from the beginning) (Gomes et al., 1997)
with new (learned) information
m After conflict clause determined:

m Forget current truth assignment
m But: keep learned clauses



Restarts (after conflicts)

Concept

= Frequently restart (from the beginning) (Gomes et al., 1997)
with new (learned) information
m After conflict clause determined:

m Forget current truth assignment
m But: keep learned clauses

Idea

m Sometimes “stuck deep in the search”(quite some variables assigned)



Restarts (after conflicts)

Algorithm 4: CDCL(F, 1)

while True do

if Nothing to Decide then
L return SAT
F := Simplify(F;)
while F contains dissatisfied clause Cyjss;z dO

if Ceonf = L then
[ return UNSAT

if m conflicts occurred then

else
| Backtrack(Ceonfiict)

| F:= Simplify(F;)

Choose x € var(F;),a € {0,1} /* Heuristic

/* UP

Ceonft := CompConflictCls( Cyissat) /* 1st UIP

L Backtrack to level 0 /* Restarts

/* UP

*/

*/

*/

*/

*/




Forgetting

Situation
m New clauses learned
m Memory wasted with unnecessary clauses

m Cannot store arbitrarily many learned clauses



Forgetting

Situation
m New clauses learned
m Memory wasted with unnecessary clauses

m Cannot store arbitrarily many learned clauses

Idea

m Periodically delete very large learned clauses
m Not used recently or frequently in deriving new clauses
m Versions:

= Periodically random selection (larger than threshold)
m Backtracking leaves many literals unassigned (likely never get used)
= LBD: num. of different decision levels in clause (prefer small LBD)



Simplification Rules

Unit Propagation (UP) (Dowling and Gallier, 1984)

NNV Ny
l

Efficient Implementation

m Best:

m Clause checked only after all but one literal assigned 0
m No check if clause satisfied or more than one literal unassigned

m Two watched literals (Moskewicz et al., 2001)

m Clause represented by two unassigned literals
m Check clause only if one of them assigned 0



Dynamic Branching Heuristic

Algorithm 5: CDCL(F, 1)

while True do

if Nothing to Decide then
L return SAT

F := Simplify(F;)
while F contains dissatisfied clause Cyjssar do

if Ceonn = L then
L return UNSAT

if m steps carried out then

else
| Backtrack(Ceonfiict)

| F:= Simplify(F;)

Choose x € var(F;),a € {0,1} /* Heuristic

/* UP

Ceonfi := CompConflictCls( Cyissat) /* 1st UIP

L Backtrack to level 0 /* Restarts




Dynamic Branching Heuristic

Idea / Effects

m Variables:
®m minimize search space
m Values: (Pipatsrisawat and Darwiche, 2010)

= guide search towards a solution (or conflict)
m cache solutions of subproblems (Phase Saving/RSAT)



SIS AT e S CEICE)
Dynamic Branching Heuristic

Idea / Effects

® Variables:
® minimize search space
m Values: (Pipatsrisawat and Darwiche, 2010)

m guide search towards a solution (or conflict)
m cache solutions of subproblems (Phase Saving/RSAT)
Variable State Independent Decaying Sum (VSIDS) (Moskewicz et al., 2001)
m Introduced with zChaff
m Idea: Literals that cause many conflicts assigned first
m Assign a score to each literal
m Decision: Take literal with highest score
m Conflict: Increase score of each conflict literal
|

Frequently: after k decisions divide each score by /¢



Pre-/Inprocessing

Situation

m Large formulas
= Various variables/clauses are totally irrelevant
for decision on satisfiability of formula



Pre-/Inprocessing

Situation
m Large formulas
= Various variables/clauses are totally irrelevant
for decision on satisfiability of formula
Idea
= Automated simplification (rewriting) of formula
= Eliminate unnecessary variables/clauses



Pre-/Inprocessing

Situation

m Large formulas
= Various variables/clauses are totally irrelevant
for decision on satisfiability of formula

Idea

= Automated simplification (rewriting) of formula
m Eliminate unnecessary variables/clauses

Requirements

m Satisfiability preserved
= Rewriting works fast (linear-time);
slow (quadratic) does usually not pay off



Pre-/Inprocessing

Situation

m Large formulas
= Various variables/clauses are totally irrelevant
for decision on satisfiability of formula

Idea

= Automated simplification (rewriting) of formula
m Eliminate unnecessary variables/clauses

Requirements

m Satisfiability preserved
= Rewriting works fast (linear-time);
slow (quadratic) does usually not pay off

Types

= Preprocessing (runs in the beginning)
m Inprocessing (takes learned clauses into account) (Jarvisalo et al., 2012)



Pre-/Inprocessing

Preprocessing

m Can be extremely beneficial
m Polynomial, but can often not be run until completion
m Runs only once

Inprocessing

m Allows costly preprocessors

m Resume preprocessing between restarts

Limit preprocessing time in relation to search time

Equivalences learned in search can be exploited

Interesting for encoding optimizations

“Recovers” some structural properties of the original formula/problem (lost when
encoding in CNF)



Modern SAT Solving

Preprocessing (Bounded Variable Elimination)

Bounded Variable Elimination
m Based on resolution
m Implemented in most solvers

Complexity (eliminating one variable): quadratic

Apply only if increment in size is small

m Restricted to steps which do not increase
the number of clauses (SatElite) (Eén and Biere, 2005)



Preprocessing (Bounded Variable Elimination)

Method

m Eliminate some variable a

m Take all clauses of F that contain a and —a, resp.
m Extract functional dependencies
m Substitute with functional dependency

Example

(maVb)A(maVe)A(aV—-bV-c)A(aVd)A(aVe)A(-aViHA(-aVg)
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m Eliminate some variable a

m Take all clauses of F that contain a and —a, resp.
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Preprocessing (Bounded Variable Elimination)

Method

m Eliminate some variable a

m Take all clauses of F that contain a and —a, resp.
m Extract functional dependencies
m Substitute with functional dependency

Example

a+»*bAc
-

Ve

(maVb)A(=aV)A(aV-bV-c)A(aVd)A(aVe)A(=aVHA(-aVg)



Preprocessing (Bounded Variable Elimination)

Method

m Eliminate some variable a

m Take all clauses of F that contain a and —a, resp.
m Extract functional dependencies
m Substitute with functional dependency

Example
(avd)A(avVeA(-aViHA(-aVg)
a<>bAc

(BAV A A(BAIVEA(=(bAVHA(=(bAC) Vg



Preprocessing (Bounded Variable Elimination)

Method

m Eliminate some variable a

m Take all clauses of F that contain a and —a, resp.
m Extract functional dependencies
m Substitute with functional dependency

Example
(avd)A(avVe)A(naViHA(-aVg)
a<>bAc

(bA)Vd)A((bAc)Ve)A(=(bA)VHN((bAC)V g)
(bvd)A(cvVd)A(bVe)A(cVe)A(mbV eV A(mbV-cVg)



Preprocessing (Bounded Variable Elimination)

Method

m Eliminate some variable a

m Take all clauses of F that contain a and —a, resp.
m Extract functional dependencies
m Substitute with functional dependency

Example
(avd)A(avVe)A(naViHA(-aVg)
a<>bAc

(bA)Vd)A((bAc)Ve)A(=(bA)VHN((bAC)V g)
(bvd)A(cvVd)A(bVe)A(cVe)A(mbV—acViA(mbV-cVg)



Preprocessing (Bounded Variable Elimination)

Method

m Eliminate some variable a

m Take all clauses of F that contain a and —a, resp.
m Extract functional dependencies
m Substitute with functional dependency

Example

(avd)A(avVeA(-aViHA(-aVg)
(bVd)A(cVd)A(bVe)A(cVe)A(mbVacVIHNA(-bV-cVg)

In contrast:
Simply resolving yields additionally

(cVe)A(cVHA(dVe A(dVI



Preprocessing (Fast Subsumption)

Method
m Subsumed clause is redundant
m Eliminate subsumed clauses

V... NVl V... Vg
0V ...Vl

k<m

m Idea: removes “trash” produced by bounded variable elimination



Preprocessing (Blocked Clauses)

Blocked Clauses (Kullmann, 1999)

m Blocked literal £: Clause £V {1V ...V £, blocked by ¢ if for every
clause =€\ ¢ V...V (], resolving

OV . NL VL BN NN AL
GV NLp NN N

yields tautology
m Blocked clause: if it contains a literal that blocks it

= Removing does not effect satisfiability



Preprocessing (Blocked Clauses)

Blocked Clauses (Kullmann, 1999)

m Blocked literal £: Clause £V {1V ...V £, blocked by ¢ if for every
clause =€\ ¢ V...V (], resolving

OV . NL VL BN NN AL
GV NLp NN N

yields tautology
m Blocked clause: if it contains a literal that blocks it

= Removing does not effect satisfiability

Example
(aVb)A(aV—bV-c)A(—aVe)



Modern SAT Solving

Preprocessing (Blocked Clauses)

Blocked Clauses (Kullmann, 1999)
m Blocked literal ¢: Clause £V 1V ...V £, blocked by { if for every
clause =0 Vv ¢} v ...V ¥} resolving

OV . NLp VL NN AL
OV N L VNV

yields tautology

m Blocked clause: if it contains a literal that blocks it
m Removing does not effect satisfiability
Exanrlalglocked
—
(aVvb) A(aV—=bV—c)A(—aVo)



Modern SAT Solving

Preprocessing (Blocked Clauses)

Blocked Clauses (Kullmann, 1999)
m Blocked literal ¢: Clause £V 1V ...V ¢, blocked by { if for every
clause =0V ¢} v ...V £ resolving

OV .. NIV L N NN AL
OV NI NN NV

yields tautology

m Blocked clause: if it contains a literal that blocks it
m Removing does not effect satisfiability

Exarpoelglocked blocked by a and —¢

— —_—~
(avb) A (aV—-bV-c) A(maVe)



Modern SAT Solving

Preprocessing (Blocked Clauses)

Blocked Clauses (Kullmann, 1999)
m Blocked literal ¢: Clause £V 1V ...V ¢, blocked by { if for every
clause =0V ¢} v ...V £ resolving

OV .. NIV L N NN AL
OV NI NN NV

yields tautology

m Blocked clause: if it contains a literal that blocks it
m Removing does not effect satisfiability

Exarpoelglocked blocked by a and —¢c  blocked by ¢

— —_—~ ——
(avb) AN (avV-bV—c) A (—aVo)



Modern SAT Solving

Techniques used for Pre-/Inprocessing

m Variables

Unit Propagation (UP); apply whenever possible
Pure Literals

Equivalent literals

Failed literals and generalizations

Tautologies

Subsumed clauses

Self-subsuming resolution

Bounded variable elimination

m Clauses

Blocked clauses

Binary clauses: Transitive Reductions

Binary clauses: Hidden tautology elimination
Adding Redundancy

Hyper binary resolution
Bounded variable addition
Clause addition



Modern SAT Solving

Summary & Learning Goals
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Conflict-Clause Minimization (Sérensson and Biere, 2009)

Self-Subsumption

NNV N Ly VX, V. VLV X

k<
“v ... v, =m

mKeepl1V...VEyinstead of {1V ... VLV EnV X
m Resolve conflict clause with known implications

m Shorten conflict clause



Simplification Rules (Watched Lits)

(aV—=bVd)A(—maV-cV-d)A
(maV-d)A(bVc)A(bV —e)A
(dVe)A(—dVe)A(-bV —e)
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Simplification Rules (Watched Lits)

(a\/—\b\/d)/\(—!av—\c\/—\d)/\
(maV—=d)A(bVc)A(bV —e)A
(dve)A(—dVe) A(=bV —e)

Woatched Literals: —a and —c¢

Assigned: ¢

l

(maV —cV —d)



Simplification Rules (Watched Lits)

(aV=bVd)A(—maV-cV-dA
(maV-d)A(bVc)A(bV —e)A
(dVe)A(—dVe)A(—bV —e)

Watched Literals: —a and —c— —d

Assigned: ¢

(—lua v ﬂlc v ﬂld)
NS



Simplification Rules (Watched Lits)

(aV-bVd)A(maV eV -d)A

(maV-d)A(bVc)A(bV —e)A
(dV e)/\ (—|dV e)/\ (—|bV—|e)

Woatched Literals: —a and —d
Assigned: ¢

l

(SaV =cV —d)

—c no longer checked



Simplification Rules (Watched Lits)

(aV=bVd)A(—maV-cV-dA
(maV-d)A(bVc)A(bV —e)A
(dVe)A(—dVe)A(—bV —e)

Woatched Literals: —a and —d
Assigned: ¢, d

l

(maV —cV d)



Simplification Rules (Watched Lits)

(aV=bVd)A(—maV-cV-dA
(maV-d)A(bVc)A(bV —e)A
(dVe)A(—~dVe)A(-bV —e)

Woatched Literals: —a and —d
Assigned: ¢

l

(maV —cV —d)

propagate a
(to satisfy the clause)



Simplified Model of SAT solvers

In detail
m CDCLS'™P restarts very often

m completely random branching (often enough)

Results (Atserias et al., 2011)
m Assume small resolution width.

m CDCL solver will provably be fast

Implications
m Solve formulas of small treewidth fast
Limits
= Small width does not imply small space (Nordstrom, 2006)

m Memory consumption very important bottleneck in practice
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