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Abstract. The game theoretical complexity of ice hockey creates a large
strategy space for teams to exploit. This suggests teams can counteract
any opponent strategy; however, the clear distributions in team strength
place emphasis on roster construction and collective performance. We
analyze the game theoretical landscape of the National Hockey League
(NHL) by modeling the transitive and non-transitive interactions be-
tween teams based on possession value of events. We utilize recent meth-
ods from artificial intelligence (AI) to rank teams, forward lines, and
individual players in the NHL over three seasons. Our rankings satisfy a
core social choice axiom that Elo and Bradley-Terry rankings violate in
6.8% and 3.7% of rankings respectively due to extensive non-transitivity.

1 Introduction

Sports represent real-world instantiations of many game theoretical concepts.
Game theory can provide insight into a game’s underlying structure, or geometry,
contextualizing the dominance hierarchy of different strategies [7]. While game
theory is commonly studied in testbed environments, sports incorporate strategy,
skill, and overall ability to shape general game play and competition. Insights
about game geometry have been shown to be valuable for evaluating, developing,
and understanding artificial intelligence (AI) training algorithms; however, these
methods are yet to be widely explored in complex real-world sports.

Ice hockey is classified as an invasion game sport, where teams intermingle
throughout the environment, invading the opponent’s territory to score points [8,
19]. Invasion games represent direct zero-sum competition between two teams,
while the league-wide environment, namely the National Hockey League (NHL)
or other professional leagues, involves many more competing interests. Inva-
sion games are rich with multiagent complexity, increasing the overall strategy
space for teams to exploit and promoting the emergence of strategy cycles, or
non-transitivity [32]. Strategies are considered non-transitive if they fail to com-
pletely dominate groups of other strategies and become locked in a cycle (i.e.,
i > j,J =k, but k > ). Popular ranking algorithms typically assume transitive
relationships between entities [9, 5]. In pursuit of general evaluation frameworks,



the AI community has proposed ranking algorithms that overcome the docu-
mented limitations of assuming transitivity [2,20]; however, these methods are
still typically used across the sporting world [34, 37].

In this paper, we utilize core game theoretical principles to analyze the tran-
sitive and non-transitive interactions between NHL teams in the 2021-22, 2022-
23, and 2023-24 regular seasons. We observe similar geometrical structures to
games studied throughout the broader Al literature and implement an evalua-
tion technique that is guaranteed to satisfy a key social choice axiom that Elo
and Bradley-Terry violate in 6.8% and 3.7% of comparisons respectively. Similar
to recent work evaluating with AI agents [21], we expand our analysis to eval-
uate forward lines from their sparse matchup information and we modify that
model to distill line value to individual players. We compare our line and player
rankings with a player performance metric from hockeystats.com and observe
moderate correlations [16]. We make the following contributions:

— We implement a possession value model using concepts from reinforcement
learning to ground our analysis in sequential decision making.

— We analyze the game geometry of the NHL at the team level and observe
similarities to other games studied across AI. We implement a ranking algo-
rithm that is guaranteed to satisfy key social choice axioms.

— We evaluate forward line performance from head-to-head interactions and
expand the model to distill line value to individual players.

2 Background

Our work is inspired by several areas across game theory and AI. We provide a
brief background of relevant materials and refer the reader to the cited resources
for more nuanced background. In line with game theory and social choice vocab-
ulary, we often label teams and lines as “alternatives” or “agents.”

2.1 Strategy Space and Game Geometry

In game theory, a strategy is defined as the course of action that an agent may
choose to follow in a specific game [36]. A strategy space represents the complete
set of all possible strategies a player can play. The dominance relationships be-
tween different strategies forms a strategy landscape for the game, or geometry.
Understanding this geometry has been a growing topic of interest within Al to
support training algorithms in games [7, 28].

Let i, j, and k represent three strategies, or teams. Transitive strategy spaces
suggest if ¢ > j and j >~ k, then ¢ > k. In non-transitive strategy spaces, it is
plausible that k£ > ¢ due to some exploitable properties or specializations. Com-
monly used ranking algorithms, such as Elo [9] or Bradley-Terry [5], assume
transitive relationships between agents [3]; however, there has been extensive
work in Al analyzing the impact of non-transitivity in evaluation and the limi-
tations of existing ranking algorithms [2, 28,7, 3].



2.2 Voting as Evaluation

Voting has emerged as an alternative technique for evaluating agents in scenarios
where other methods have been shown to fail [2,20]. Voting schemes are designed
to aggregate a set of votes over a set of alternatives. A social choice function is
one that selects a “winning” alternative from a set of votes (i.e., rankings or
preferences). Given a set of votes, a Condorcet winner 4 is an alternative that is
ranked more highly than another alternative j more than vice versa, for all other
alternatives j [20]. Voting rules that are guaranteed to return a Condorcet winner
when one exists are Condorcet-consistent, satisfying a key axiom in social choice
theory. Elo and Bradley-Terry are not Condorcet-consistent and have been shown
to rank j > ¢ in scenarios where i is a Condorcet winner. Condorcet consistency
is significant given that the failure to satisfy this axiom can result in pairwise
rankings that do not accurately capture the transitive dynamics between pairs
of alternatives. Put simply, methods that fail to satisfy this axiom can top-rank
an alternative that is actually transitively dominated by another alternative.

We use a probabilistic social choice function called maximal lotteries when
analyzing the game geometry of the NHL [12]. Maximal lotteries is calculated
over a set of pairwise rankings over alternatives (i.e., ¢ > j). The collection of all
votes forms a voter preference matrix NV, encoding the number of votes agent 7 is
preferred over agent j. We transform N into a margin matrix M by calculating
M(i,j) = N(i,j5) — N(4,7). This margin matrix is interpreted as a zero-sum
game where the Nash equilibrium is either a pure strategy (all weight placed on
one alternative, the Condorcet winner) or a mixed strategy (non-zero probability
assigned to multiple alternatives). Maximal lotteries is computable in polynomial
time in the size of the population and can easily identify non-transitive cycles
among alternatives at the equilibrium.

Iterative Maximal Lotteries (IML) ranks entire populations of agents by iter-
atively running maximal lotteries on partitions of the population [20]. IML first
runs maximal lotteries on the entire population and removes the alternatives
with non-zero probability mass in the equilibrium. These “winning” alternatives
create a level (i.e., they dominate the remaining alternatives). These alterna-
tives are removed and the process repeats on the remaining population until all
alternatives are ranked. Non-transitivity exists between alternatives in the same
level but transitive relationships are preserved between levels.

3 Related Work

Ranking and evaluating agents, teams, or players is a core component across
both AI and sports. Elo is a simple and common algorithm to rank competi-
tors in zero-sum competition, traditionally used in the game of chess [9] and
more recently to rank Large Language Models [6]. Bradley-Terry models are
also designed to rank from pairwise comparisons, assume transitivity, and are
commonly used in sports [5]. Recent work in AI has shown several limitations
of ranking algorithms that assume transitivity depending on the population,
including completely flipped and incorrect rankings [2, 20].



To better understand the relationship between transitive and non-transitive
strategies, Czarnecki et al., [7] propose the “game of skill” and “spinning top”
hypotheses. They argue that real world games have two critical features: the
notion of progress as a function of practice (i.e., transitivity) and the availability
of diverse game styles (i.e., non-transitivity). These features impose a geometry
that resembles a “spinning top,” with a vertical transitive axis and horizontal
non-transitive axis. The number of non-transitive strategies is largest in the
middle-layers of the transitive axis and smallest in areas with the highest and
lowest-skill strategies. They show that purely transitive or non-transitive games
fail to exhibit a spinning top geometry. While the goal of that work is to formally
understand how Al algorithms learn, the underlying phenomena serves as a
powerful tool to contextualize the geometry of ice hockey as we do in this paper.

IML has been shown to effectively rank LLMs, reinforcement learning agents,
and humans board game players [20]. We use IML to study the game geome-
try of the NHL and ensure Condorcet-consistency. In settings with incomplete
matchup data, Soft Condorcet Optimization (SCO) learns rankings for all alter-
natives from data using gradient descent [21]. Cooperative game theory has been
shown to measure marginal contributions of agents to teams, both in simulation
and basketball scenarios with complete datasets [43]. We implement SCO to eval-
uate forward lines from their head-to-head interactions, a sparse and incomplete
dataset, and expand the SCO model to evaluate individual players.

4 Dataset

We perform our study using Stathletes NHL event data from three NHL regular
seasons: 2021-22; 2022-23, and 2023-24. We only consider 5-on-5 even strength
play and the following event types: pass attempt, pass receipt, possession gain,
area play, carry, deke, and shot attempt. This results in approximately 2,048
events per-game. Shots come with an expected goals (xG) value from Stathletes
which we use to train our possession value model, discussed in Section 5. Our
event data is augmented with information about player shift to calculate the
time-on-ice (TOI) of each forward matchup. We represent three forwards on the
ice during an event as a “line,” even if they may be a mixture of multiple lines
in the middle of a change.

5 Possession Value Model

Possession value models are common in invasion game sports to learn the ex-
pected value of any game state [11,40]. These models often take the form of
estimating the probability of next-goal [1,11,18, 35|, probability of an action
being successful [13], or disruption of opponent structure [14]. We train our
possession value model to estimate the sum of future discounted goal value by
utilizing core concepts from reinforcement learning (RL) and sequential decision
making [39]. Similar to existing work in ice hockey, we treat the problem as a
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Fig. 1: Our possession value model is trained as a state-value function, predicting
the sum of future discounted rewards (xG), consistent with value-based reinforce-
ment learning methods [38]. Darker red represents higher value (attacking right).

Markov Decision Process [42, 27,15, 40]. However, instead of focusing on a spe-
cific future time window, we learn the sum of discounted future rewards directly
from trajectories of events. In value-based RL, agents learn a value function to
estimate the value of a specific state conditioned on their behavior, or policy,
7. A value function is formally defined as v, (s) = Ex[> peo V" Resnt1]Se = s,
where R is the environment’s reward function and v < 1 is a hyperparameter to
discount future rewards.

We learn a value function using the Stathletes event data. States are repre-
sented by their 2-dimensional coordinates and xG values are rewards. The model
is trained to estimate the sum of future discounted rewards with a discount factor
of v = 0.99. We utilize the zero-sum dynamics to inform the direction of value
estimates for events that belong to either team. Figure la shows our learned
possession value model for the 2022-23 season on a rink (attacking right) and
Figure 1b shows the calibration plots for each season. The model has higher
value closer to the offensive net and is well calibrated over most of the data
distribution, only becoming uncalibrated at the edge of the distribution.

6 Rankings From Matchups

We calculate the utility of teams and lines as the sum of state-values for events
using the possession value model in Section 5. For any team or line i, we define
Vi = > vx(s)Vs € S when they are on the ice (including events by teammates).

6.1 Team-Level Analysis

NHL teams played 82 regular season games per-year throughout the three sea-
sons in our dataset. Games are distributed across divisional opponents (three
to four games), non-divisional conference opponents (three games), and non-
conference opponents (two games). This schedule results in a dense matchup
matrix since every team plays every other team; however, division and confer-
ence opponents have greater impact on a team’s overall performance due to more
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Fig. 2: Results of IML over three seasons. Each color within a season represents a
level along the transitive axis, with higher levels dominating lower levels. Teams
within the same level have a non-transitive relationship. Scores indicate the level
and probability assigned to teams in the Nash equilibrium of the game.

matchups. We define a vote to be a pairwise ranking between teams based on
their possession value at the game/period level, where ¢ > j when V,* > Ve for
unique game/period pair a.

Team Rankings Figure 2 shows the results of IML rankings in each of the
three seasons. We implement IML using the OpenSpiel open source library [22].
The numbers next to each team can be interpreted as their score, or relative
strength. The value left of the decimal represents the level the team is assigned,
where higher scores indicate the team is higher along the transitive axis (i.e.,
stronger teams). The value right of the decimal represents the probability mass
assigned to each team in the equilibrium of the game at that level. Since IML is
Condorcet-consistent, integer scores (such as PIT = 6.00 in 2021-22) represent a
single Condorcet winner when considering the subset of the population at lower
levels (NYR being 6.00 is a function of rounding). Non-integer scores, such as
DAL (3.42), CHI (3.33), and BUF (3.25) in 2021-22, represent the mixed strategy
Nash equilibrium given the population of teams DAL and below. In this scenario,
DAL receives 42% probability mass in the equilibrium, CHI receives 33%, and
BUF receives 25%. While teams at the same level may have different probability
masses, they do not have a purely transitive relationship between them.
Seasons may have different numbers of total levels based on the amount of
observed transitivity, though we observe that middle levels tend to contain most
of the population. IML and Elo using this voting system have a mean Kendall-
tau distance of 0.64 suggesting they have strong agreement; however, Elo fails to



Maximal Lotteries Nash Clustering

Io.gs 08 Io.95
08 -
0.90 07 0.90

[} > >

< 0.85%

< 06 0.85 % < 06 g
g 0.80‘(‘&;J § 05 o.aoa
5 o4 0752 < o4 0758
kel g o 3
E 0700 § 03 0.70 o)
[ Y [T @
o o

02 0655 0zl ? 0.650\0

. I 0.60 0.1 I 0.60
0.0 . 0.55
1 2 3 4 5 6 7 8 9 0.85 00 2 3 4 5 6 7 8 9
Cluster Size Cluster Size
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Fig. 3: Evaluating the spinning top game geometry of the NHL. We analyze the
geometry with both IML and Nash Clustering. In both cases, we observe similar
shapes in the Skewed Gaussian (red line) to the games studied in [7]. The red
curve represents a segment of the spinning top geometry.

top-rank a Condorcet winner in 6.8% of pairwise comparisons and Bradley-Terry
fails in 3.7%. One example being that Elo ranks DAL = CAR in 2023-24 despite
CAR beating DAL in the voter preference matrix in every game/period pair.
Analyzing levels of non-transitivity may be informative for teams to prioritize
relevant opponents or strategies that prevent them from becoming Condorcet
winners.

Spinning Top Geometry We recreate the “spinning top” geometry analysis
from Table 1 in [7] using two different approaches: IML shown in Figure 3a
and Nash Clustering shown in Figure 3b. Nash Clustering, the original method
used in [7], is a similar game theory-based approach but with a normalized voter
preference matrix. This reduces the higher impact of additional games against
division and conference rivals in the Nash strategy. Each dot represents a cluster,
or level, of non-transitivity. The cluster sizes are represented on the x-axis and
the fraction of opponents beaten in head-to-head matchups is on the y-axis. The
red curve shows a fitted Skewed Gaussian highlighting the geometrical shape of
the points. Dots are colored by the average percent of the salary cap that teams
in the cluster allocate on their roster, discussed further in Section 8.

We observe characteristics of the spinning top geometry in both figures:
smaller clusters lower on the y-axis, larger clusters higher on the y-axis, and
a return to smaller clusters highest on the y-axis. Whereas most of the analysis
in [7] simulates the full range of strategies, our study is limited to observed data,
similar to the Alphastar analysis in [7]. This explains why we observe only a
subset of the spinning top geometry which is significant to confirm the existence
of transitive and non-transitive dynamics.



202

w

2024

20232024

1.00

0.2 /]
0.75
0.50
z 9
3 ©
0.25 g ml
5 £
s 2
0.00 (i 5
g
’0'25; = Population Size
Q — y— -
Yl ~0.4 k=1 k=10
050 — k=2 k=15
— k=3 k=20
— k=5
=0.75
0 20 40
100 Iteration
(a) Margin matrix. (b) Population convergence.

Fig.4: (a) The 2023-24 margin matrix (normalized). Dark red represents row
teams beating column teams and blue represents the inverse. (b) A test that
further analyzes the transitivity of the population [7]. We replace the oldest
strategy from the collection of k teams with one that beats the whole population
on average. Once the sampled population is big enough, the system converges
to the strongest strategy. Purely transitive games convergence at all sizes and
purely non-transitive games never converge. We observe convergence only when
k < 10 which suggests the existence of both transitivity and non-transitivity.

Margin Matrix Figure 4a shows the empirical margin matrix for all 32 teams
against each of their opponents in 2023-24. We normalize the matrix for the
number of games for consistent visualization, where red represents a winning
margin and blue represents a losing margin. While we observe a general trend
of transitivity, where the red area generally fades to blue, there remain matchup
clusters that induce non-transitivity. These clusters of non-transitivity (levels in
Figure 2) are separated by black dotted lines. The dark red square for row-player
CAR and column-player DAL shows the voter preference dominance of CAR, >~
DAL that Elo fails to capture, discussed above.

Population Convergence We further evaluate transitivity by recreating an-
other analysis from [7]. We sample k teams from the population and record their
win rate against the remaining teams. The oldest team is iteratively replaced
using a pessimistic oracle, by the weakest team that beats the entire population
on average. Games that are purely transitive converge with a population of 1,
while purely non-transitive games are shown to never converge. Figure 4b shows
our results in 2023-24 with different values of k. The y-axis shows the mean



win-rate of the k teams against the rest of the population and the x-axis shows
iterations of replacement. We find the population fails to converge with small
values of k < 5 but reliably converges with a size k > 10. This further confirms
that ice hockey has significant transitive and non-transitive components.

6.2 Forward Line-Level Analysis

One unique feature of ice hockey compared to many other invasion sports is that
players are deployed in targeted coalitions (i.e., lines or defensive pairings) [23].
It is common for coaches to be strategic about using specific lines to against op-
ponent lines; thus, we extend our analysis to consider line matchups. This results
in approximately 12,801 unique forward lines per-season. The main challenge in
this analysis is that only 0.04% of the margin matrix contains non-zero entries
while IML and Nash Clustering assume complete data. We instead aim to learn
rankings and scores for all lines by solving an optimization problem on a dataset.

Soft Condorcet Optimization (SCO) has been shown to effectively rank Al
agents in settings with incomplete matchup data [21]. Let ¢ and j represent two
lines that play against each other for ¢ seconds in game g. We define a vote to be
an pairwise ranking between lines at the game level based on possession value,
i = j when V7 > V7. Let V be the set of all votes and 7 be the set of all
matchup time-on-ice (TOI) values, t € 7. SCO learns a set of numerical values 0
over the set of lines by minimizing the sigmoid loss function shown in Equation 1
where o(2) = (1 +e7%)"! and T is a temperature hyperparameter. We weight
each gradient update by w;; = ﬁ(ﬂ so that matchups with higher TOI are
weighted more heavily. This aims to minimize the Kendall-tau distance between
values 6 and the set of votes in the training dataset. Consistent with past work,
the model is trained on 80% of matchups and evaluated on a held-out test set.
We ensure that every line in the test set appears in the training set but there is
no overlap in actual matchups between the two datasets.

o) = Y wya(B5%) 0

(1,j) €V

Figure 5a shows a CDF plot for the distribution of learned SCO 6 values in
each season (minimum 100 matchups). Each season learns similar distributions
of 6 values and the shorter tails on the lower end of the distribution highlights
an interesting trend of survivorship bias: poorly performing lines tend to not
achieve the matchup threshold we impose when plotting.

Figure 5b shows accuracy results when predicting the winner of matchups
in the test set based on the line with higher SCO 6 value. We perform 10-fold
cross validation over sampled minibatches of votes from the training set. The
x-axis shows training iterations and the y-axis shows mean accuracy on the
test set with 95% confidence intervals. We compare predictions with a public
wins-above-replacement (WAR) metric from hockeystats.com [16] which ranks
1 > j according to the mean WAR of the line. Their WAR metric is based on
a regularized adjusted plus-minus (RAPM) model to measure individual player
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Fig. 5: (a) A CDF plot showing the distribution of learned SCO 6 values for lines
in each season (minimum 100 matchups). (b) We perform 10-fold cross validation
to show the ranking accuracy of the SCO 6 values on a held-out test set. Lines
show the mean accuracy with 95% confidence intervals.

impact as a function of xG and game context. Notably, they consider special
teams information whereas we only consider 5-on-5 play. SCO reliably learns
0 values significantly above chance, showing that the model learns signal with
tight confidence intervals. The SCO model achieves similar performance in two
of the three seasons and is only slightly below WAR in 2021-22.

6.3 Player-Level Analysis

SCO learns 6 values by treating lines as unique entities. In reality, lines are com-
posed of individual players that can belong to multiple lines. Line-level matchups
are more natural units of analysis than individual matchups in a sport that em-
phasizes coalition structures; thus, we utilize line-level matchup data but expand
the SCO formalization to distribute gradient updates to evaluate individual play-
ers. This player SCO model learns values over the set of unique players in the
dataset ¢ instead of line values 6. Let &(L;) = Ilf\ > per, p represent the es-
timated value of line L;, instead of #; in Section 6.2. We minimize the same
objective as Equation 1 but replace 6; and 6; with $(L;) and $(L;) respectively.
Gradients flow evenly to player SCO ¢ values for individual players in each line.

Baseball Proof-of-Concept In a sport like baseball, value is more easily at-
tributed to individual players compared to invasion games. To evaluate our ex-
tension to SCO, we create an analogous baseball scenario and compare learned
SCO ¢ values to observed individual player performance. We use MLB plate
appearance data collected from MLB’s Stats API for regular season games from
2020 to 2025 [25]. We define a line to be the set of pitcher and batters for each
team in unique game/inning matchups. A vote ranks two opposing lines based on
cumulative weighted on-base average (wOBA) or runs above average (RAA) in
that inning. Linear weights of plate appearance outcomes are calculated using a
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Fig.6: (a) The 2023-24 season scatterplot comparing player SCO ¢ values and
WAR from [16]. We label the players high along both axes. (b) Correlations with
WAR between line-level SCO 6 values and player SCO ¢ values.

run expectancy matrix over those seasons [10]. We train a simple model to predict
batted ball outcome probability given batted ball exit velocity, spin, spray angle,
and launch angle to estimate plate appearance expected wOBA (xwOBA) and
expected RAA (xRAA). Our learned SCO ¢ values achieve moderately strong
correlations over the population of considered players (greater than 75 pitches
or 300 at-bats): 0.48 with xwOBA values (0.6 for pitchers and 0.39 for batters)
and 0.55 with xRAA values (0.7 for pitchers and 0.44 for batters). These results
indicate that our extension can effectively disentangle player performance from
group-level matchups in baseball.

Ice Hockey Results Figure 6a compares the learned player SCO ¢ values for
individual players along the x-axis with their observed WAR from [16] along the
y-axis in the 20232024 season. We label several players that achieve high scores
along either axis. We observe a moderate correlation of 0.472 which is consistent
across other seasons (red bars in Figure 6b, line SCO 6 values are the blue bars).

SCO ¢ values rank players like Connor McDavid, Sebastian Aho, and Zach
Hyman among the highest in the league. An interesting takeaway is the cluster
of Carolina linemates in the bottom right corner: Jesper Fast, Jordan Martinook,
and Jordan Staal. The line of Fast/Martinook/Staal ranks highest in line-level
SCO 6 value in 20232024, winning 64% of their matchups against other lines and
achieving the highest net-difference in possession value generated vs conceded.
They also posted a +74 rating in just under 390 minutes together, ranking fifth-
best in the NHL that season despite the WAR model ranking all three players
below two wins individually. These players also played a considerable amount in
this line until Seth Jarvis replaced Jesper Fast on the line half-way through the
season, another player who is ranked highly by SCO.

One possible source of inconsistency between WAR and SCO could be the
distribution of opponents. While SCO does adjust for opponent strength in the
sigmoid loss, one limitation is that adjustments are ultimately a function of



margin matrix shape and density. If there is minimal overlap between specific
clusters of lines, the model may never observe overlapping clusters that could
adjust gradient updates properly. Even though the Fast/Martinook/Staal line
faces opponents with slightly positive SCO values, an average value of 6 = 0.004,
more observations against a range of different opponents or future simulation
techniques could diagnose the root of this inconsistency.

7 Discussion

The Nash equilibrium strategy is positioned at the top of the transitive axis in the
spinning top geometry. Al algorithms that continue to improve from experience
are expected to converge towards this Nash equilibrium. This idea is intriguing in
the context of sports, considering the sentiment around analytics making sports
less entertaining by optimizing for single objectives [44,26]. What does a Nash
equilibrium look like in sports? Is there a unique Nash strategy or multiple?

Absent of any rulebook-based optimization strategy that reduces the search
space (i.e., goals are worth the same), converging on a Nash strategy in ice
hockey would rely on discovering effective ways to dominate opponents in any
area of play. Player skill and ability has a large impact on the ability to execute
strategies. In a world without roster constraints, it is theoretically possible to
construct a team capable of climbing higher along the transitive axis towards
the game’s Nash equilibrium by simply acquiring the best talent.

As discussed in Section 6.1, we observe only partial segments of the spinning
top geometry in the NHL due to a skewed sample of strategies. The shape of
the Skewed Gaussian resembles the lower and middle portions of the geometry
despite no strategy actively trying to lose (what should be the bottom of the
transitive axis). In the context of sports, we argue that the spinning top geometry
instead highlights the long-term lifecycle of teams imposed by roster constraints.
We color the clusters in Figure 3 according to the average percentage of the
salary cap allocated where darker red represents teams closer to the cap ceiling.
We observe a strong positive correlation of 0.78 between the transitive axis and
average salary cap allocation.

Making the connection between spending and performance is not a novel
insight. Instead, we emphasize the relationship between key market pressures
such as the hard salary cap and free agency and the observed underlying game
geometry of the league. In a sport where constraints limit their ability to climb
the transitive axis, the best teams will likely remain in non-transitive cycles and
be forced to emphasize strategy to win.

8 Conclusions and Future Work

We show how fundamental concepts from game theory can be useful in analyzing
real-world sports. One of our core contributions is highlighting the extent to
which non-transitivity exists in the NHL and the geometrical similarities with
games studied across Al. Given the extensive research in Al towards better



evaluation techniques that consider non-transitive spaces, our work makes a key
contribution towards motivating future work at the intersection of AI and sports.

Several areas of future work exist to extend our analysis. Team and line rank-
ings could expand to consider other manpowers or values specific to different
areas of play, such as in-zone or off the rush, similar to how recent ranking algo-
rithms in Al measure the impact of different tasks [24]. Recent research with ice
hockey tracking data could better contextualize possession values and strategies
of teams or lines [4,17,29, 31]. While we expand SCO to allocate the line-level
gradient to players evenly, recent work in AI has shown that groups of agents
may benefit from having different amounts of shared incentives [30,41]. While
SCO is designed for incomplete data, further investigation around densifying the
margin matrix through simulation or normalization could be beneficial [33, 37].

Our work makes several connections to the broader Al and game theory liter-
ature. We utilize three seasons of Stathletes NHL event data to train a possession
value model grounded in reinforcement learning theory and sequential decision
making. We contextualize our work within the broader discussion of game ge-
ometry and hypothesize about how external constraints on roster construction
shape the underlying landscape of the NHL to emphasize strategy.
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