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Lq wkh qdwxudo odqjxdjh/ rqh riwhq xvhv vwdwhphqwv txdo0
li|lqj vwdwlvwlfdo lqirupdwlrq olnh _Prvw vwxghqwv duh
vlqjoh_1 Xvxdoo| wkh| duh uhsuhvhqwhg pruh irupdoo|
xqghu wkh irup _T D*v duh E*v_ zkhuh D dqg E duh
odehov ghqrwlqj lqglylgxdov vhwv dqg T lv d olqjxlvwlf
txdqwl�hu1 ]dghk +]dghk ;8, glvwlqjxlvkhv ehwzhhq wzr
w|shv ri txdqwl�huv= devroxwh dqg sursruwlrqdo1 Dq de0
vroxwh txdqwl�hu hydoxdwhv wkh qxpehu ri lqglylgxdov ri
E lq D1 Zkloh d sursruwlrqdo txdqwl�hu hydoxdwhv wkh
sursruwlrq ri lqglylgxdov ri E lq D1 Wkh sursruwlrqdo
txdqwl�huv fdq eh suhflvh ru ydjxh1 D suhflvh txdq0
wl�hu wudqvodwhv dq lqwhuydo ri sursruwlrqv kdylqj suh0
flvh erxqgv h{hpsol�hg e| _43(_/ _Ehwzhhq 43 dqg
53(_/ hwf1 Zkloh d ydjxh txdqwl�hu wudqvodwhv dq lqwhu0
ydo sursruwlrqv kdylqj ix}}| erxqgv1 Wkxv wkh ydjxh
sursruwlrqdo txdqwl�huv h{suhvv txdolwdwlyho| sursru0
wlrqv1 D sursruwlrqdo txdqwl�hu fdq eh ylhzhg dv d
nlqg ri suredelolwlhv dvvljqhg wr fodvvhv ri lqglylgxdov1
Vr/ vhyhudo dssurdfkhv edvhg rq wkh wkhru| ri sure0
delolwlhv kdyh ehhq sursrvhg + +N|exuj ;6,/ +Sroorfn
<3,/ +Gxerlv ) Sudgh ;;,/ +Edffkxv <3,/ +Dngdj hw do1
<5,/ +Edffkxv hw do1 <:,/ +Mdhjhu <8,, iru wkh prgholqj
ri suhflvh sursruwlrqdo txdqwl�huv1 Rwkhu suredelolvwlf
dssurdfkhv/ vxfk dv wkrvh sursrvhg e| ++Qlovvrq ;9,/
+Sddvv ;;,/ +Fkhhvhpdq ;;,,/ gr qrw hqdeoh dq dgh0
txdwh uhsuhvhqwdwlrq ri sursruwlrqdo txdqwl�huv/ vlqfh
wkhvh dssurdfkhv duh jhqhudoo| lqwurgxfhg wr wuhdw xq0
fhuwdlqw|1 Wkhvh dxwkruv lqwhusuhw wkh suredelolw| gh0
juhhv dvvljqhg wr sursrvlwlrqv dv ghjuhhv ri fhuwdlqw| ru

eholhiv lq wkh wuxwk ri wkhvh sursrvlwlrqv1 Wkh| uhs0
uhvhqw vwdwlvwlfdo dvvhuwlrqv ri w|sh _T D*v duh E*v_
dv xqfhuwdlq uxohv ri wkh irup= _li D wkhq E_ zlwk
d eholhi vxemhfwlyh ghjuhh lq wkh wuxwk ri wkh uxoh +D
dqg E duh lqwhusuhwhg dv sursrvlwlrqv,1 Lw kdv ehhq
srlqwhg rxw e| Edffkxv +Edffkxv <3, wkdw d frqixvlrq
lq wkh uhsuhvhqwdwlrq lv pdgh ehwzhhq wkh suredelol0
wlhv lqwhusuhwhg dv fhuwdlqw| ghjuhhv dvvljqhg wr sursr0
vlwlrqv derxw sduwlfxodu lqglylgxdov dqg wkrvh lqwhu0
suhwhg dv sursruwlrqv dvvljqhg wr fodvvhv ri lqglylgx0
dov1 Wkh suredelolwlhv ri wkh �uvw w|sh duh fdoohg vxemhf0
wlyh dqg wkh vhfrqg vwdwlvwlfdo1 Wkh vwdwlvwlfdo suredelo0
lw| wkdw fruuhvsrqgv wr wkh sursruwlrq lv d sduwlfxodu
fdvh ri suredelolwlhv zkhuh wkh glvwulexwlrq lv xqlirup
ryhu wkh �qlwh uhihuhqfh vhw1 Iru h{dpsoh/ wkh vwdwlv0
wlfdo suredelolw| dwwdfkhg wr d vxevhw D ri wkh �qlwh
uhihuhqfh vhw 
/ Surs+D,/ lv htxdo wr wkh devroxwh sur0
sruwlrq ri lqglylgxdov ri D/ l1h1/ Surs+D,@mDm2m 
 m1
Vlploduo|/ li D dqg E duh wzr vxevhwv ri 
/ wkh uhod0
wlyh sursruwlrq ri lqglylgxdov ri E lq D lv h{suhvvhg e|
wkh frqglwlrqdo vwdwlvwlfdo suredelolw|/ Surs+EmD,/ zlwk
Surs+EmD,@Surs+D_E,2Surs+D,@mD_Em2mDm1 Vrph
suredelolvwlf dssurdfkhv ++Dgdpv :8,/ +Shduo <4,/ +Edf0
fkxv <3,/ +Edffkxv hw do1 <:,, duh lqwhuhvwhg lq d txdo0
lwdwlyh prgholqj ri wkh sursruwlrqdo txdqwl�hu _Prvw_
ru _Doprvw0doo_ lq wkh frqwh{w ri ghidxow uhdvrqlqj1 Wkh
dssurdfkhv edvhg rq wkh ix}}| vhw wkhru| ++]dghk ;8,/
+\djhu ;8,/ +\djhu ;9,/ +Gxerlv ) Sudgh ;;,, ghdo zlwk
d ydjxh sursruwlrqdo txdqwl�hu dv d ix}}| qxpehu ri wkh
lqwhuydo ^3/4` zklfk fdq eh pdqlsxodwhg e| xvlqj wkh
ix}}| dulwkphwlf1 Iru h{dpsoh/ wkh phpehuvkls ixqf0
wlrq ri %Prvw% hydoxdwhv wkh ghjuhh wr zklfk d jlyhq
sursruwlrq u lv frpsdwleoh zlwk wkh txdqwl�hu _Prvw_1
Wkh uhsuhvhqwdwlrq ri txdqwl�hg vwdwhphqwv lqyroylqj
ix}}| vhwv lv edvhg rq wkh frqfhsw ri ix}}| vxevhw fdu0
glqdolw|1 Uhfhqwo|/ Gxerlv hw do1 +Gxerlv hw do1 <5,
kdyh sursrvhg d vhpl0qxphulfdo dssurdfk wr wkh ydjxh
txdqwl�huv edvhg xsrq wkh qxphulfdo uhvxowv rewdlqhg
lq ++Gxerlv ) Sudgh ;;,/ +Dngdj hw do1 <5,, iru suhflvh
txdqwl�huv1 Lw lv frqfhuqhg zlwk d vxlwdeoh rughuhg sdu0
wlwlrq ri wkh xqlw lqwhuydo ^3/4` lq vhyhudo vxelqwhuydov
fryhulqj ^3/4`/ vxelqwhuydo uhsuhvhqwlqj d ydjxh txdqwl0
�hu1 Wkh vxelqwhuydov rewdlqhg e| dsso|lqj wkh lqihu0
hqfh uxohv +rq wkh suhflvh txdqwl�huv, wr vxelqwhuydov
uhsuhvhqwlqj wr wkh ydjxh txdqwl�huv duh dssur{lpdwho|



dvvrfldwhg wr vxelqwhuydov ri ydjxh txdqwl�huv1
Lq wklv sdshu/ zh sursrvh d sxuho| v|perolf dssurdfk

wr uhsuhvhqw ydjxh sursruwlrqdo txdqwl�huv zlwk d vwdwlv0
wlfdo lqwhusuhwdwlrq lq whupv ri sursruwlrqv hydoxdwhg lq
txdolwdwlyh zd|41 Pruh suhflvho|/ zh gh�qh d vhpdqwlf
prgho ri vwdwlvwlfdo suredelolwlhv uhsuhvhqwdwlrq lqvsluhg
e| Edffkxv*v prgho +Edffkxv <3,1 Wkh vhpdqwlf prgho
lv exlow rq wkh edvlv ri wkh �qlwh P0ydoxhg suhglfdwhv
v|perolf orjlf lqwurgxfhg e| Sdfkrof}|n +Sdfkrof}|n
<5, iru d v|perolf wuhdwphqw ri ydjxh lqirupdwlrq1 Zh
kdyh lqwurgxfhg d qhz suhglfdwh lq wkh odqjxdjh ri wklv
orjlf wkdw wdnhv lqwr dffrxqw wkh qrwlrq ri sursruwlrqv1
D judghg vfdoh v|perolf txdqwl�huv lv dvvrfldwhg zlwk
judghg vfdoh ri wuxwk v|perolf ghjuhhv ri wklv suhglfdwh1
Lq Vhfwlrq 5/ zh eulh�| suhvhqw wkh pdq|0ydoxhg v|p0
erolf orjlf1 Vhfwlrq 6/ ghvfulehv rxu v|perolf uhsuhvhq0
wdwlrq ri vwdwlvwlfdo suredelolw|1 Wkh D{lrpv jryhuqlqj
wklv uhsuhvhqwdwlrq duh suhvhqwhg lq Vhfwlrq 71 Vhfwlrq 8
ghdov zlwk fhuwdlq surshuwlhv jhqhudol}lqj v|perolfdoo|
vrph fodvvlfdo surshuwlhv1 Lqihuhqfh uxohv pdqlsxodwlqj
txdqwl�hg vwdwhphqw duh suhvhqwhg lq Vhfwlrq 91
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Dv qrwhg ehiruh/ wkh vhpdqwlf prgho ri vwdwlvwlfdo sure0
delolwlhv sursrvhg khuh lv exlow rq wkh vxevwudwh ri wkh
P0ydoxhg suhglfdwh orjlf sursrvhg e| Sdfkrof}|n +Sd0
fkrof}|n <5,1 Lqvwhdg ri wudqvodwwlqj vwdwlvwlfdo sure0
delolwlhv lq whupv ri suredelolvwlf htxdolwlhv/ lw lv pruh
frqyhqlhqw wr frqvlghu wkdw vwdwlvwlfdo suredelolw| lv uhs0
uhvhqwdeoh e| d pxowlvhw 8 dqg wkhq wkdw d vwdwlvwlfdo
suredelolw| vwdqgv iru wkh ghjuhh wr zklfk wklv pxowlvhw
lv vdwlv�hg1 Wkdw lv zk| zh uhihu wr dq P0ydoxhg orjlf1
Pruh irupdoo|/ rqh lv ohg wr hqulfk wkh P0ydoxhg orjlf e|
dgmrlqlqj d sduwlfxodu P0ydoxhg suhglfdwh/ ghqrwhg dv
Surs +Vhfwlrq 6,/ dqg e| sxwwlqj wkh d{lrpv jryhuqlqj
vwdwlvwlfdo suredelolwlhv1 Ohw xv eulh�| uhfdoo wkh qrwlrqv
ri lqwhusuhwdwlrq dqg vdwlvidfwlrq lq wklv P0ydoxhg orjlf1
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Ohw P �55 eh dq rgg lqwhjhu1 Ohw 2 eh wkh lqwhuydo
^4/ P` wrwdoo| rughuhg e| wkh uhodwlrq �/ dqg q eh wkh
pdsslqj gh�qhg e| q+�, @ P.40�1 Wkhq/ i2/ b/ a/
qj lv d Gh Prujdq odwwlfh zlwk =� b�@ pd{+�/ �, dqg
� a�@ plq+�/ �,1 Ohw 1[ @ i��/ � 52j eh d vhw ri P
hohphqwv wrwdoo| rughuhg e| wkh uhodwlrq �vxfk wkdw = ��
� �� +, � � �1 Wkxv i1[ / �j lv d fkdlq lq zklfk wkh
ohdvw hohphqw lv �4 dqg wkh juhdwhvw hohphqw lv �P 1 Zh
gh�qh lq 1[ wzr rshudwruv dqg dqg d ghfuhdvlqj lqyrox0
wlrq dv iroorzv = �� b��@ �pd{+�> �,/ �� a��@ �plq+�> �,
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dqg y ��@ �q+�,1 Zh fdq lqwhusuhw 1[ dv d vhw ri olq0
jxlvwlf wuxwk ghjuhhv doorzlqj wr ghdo zlwk ydjxh suhg0
lfdwhv1 Iru h{dpsoh/ e| fkrrvlqj P @ :/ zh fdq lqwur0
gxfh= 1 @ iqrw0dw0doo0wuxh/ yhu|0olwwoh0wuxh/ olwwoh0wuxh/
prghudwho|0wuxh/ yhu|0wuxh/ doprvw0wuxh/ wrwdoo|0wuxhj61
Lq d vwdwhphqw kdylqj wkh iroorzlqj irup _{ lv y�D_/
wkh whup y� olqjxlvwlfdoo| h{suhvvhv wkh ghjuhh wr zklfk
wkh remhfw { vdwlv�hv wkh frqfhsw D ++Sdfkrof}|n <5,/
+Sdfkrof}|n <7,,1 Hdfk olqjxlvwlf whup y� lv dvvrfl0
dwhg wr wkh wuxwk ghjuhh ��0wuxh1 Vr/ zh kdyh = _Mrkq
lv yhu| wdoo_ lv wuxh +,_Mrkq lv wdoo_ lv yhu|0wuxh 1 Lq
wkh iroorzlqj/ wkh odwwlfh i1[ / b/ a/ yj zloo eh xvhg dv
wkh vxssruw ri wkh uhsuhvhqwdwlrq ri P wuxwk ghjuhhv1

515 Lqwhusuhwdwlrq dqg vdwlvidfwlrq ri
irupxodv

Wkh pdq|0ydoxhg suhglfdwhv orjlf xvhg khuh fdq eh
irxqg lq +Sdfkrof}|n <5,1 Ohw 1 eh wkh pdq|0ydoxhg
suhglfdwhv odqjxdjh dqg + wkh vhw ri irupxodv ri 1 1
Zh fdoo dq lqwhusuhwdwlrq vwuxfwxuh & ri 1/ wkh sdlu
? )/ iUq m q 5 Qj A/ zkhuh ) ghvljqdwhv wkh gr0
pdlq ri & dqg Uq ghvljqdwhv wkh pxowlvhw7 dvvrfldwhg
zlwk wkh suhglfdwh Sq ri wkh odqjxdjh1 Zh fdoo d ydo0
xdwlrq ri yduldeohv ri 1/ d vhtxhqfh ghqrwhg dv y @
?y3/111/yl�4/yl/ yl.4/111A1 Wkh ydoxdwlrq y+l2d, lv gh0
�qhg e| y+l2d, @ ?y3/111/yl�4/d/yl.4/111A1

Gh�qlwlrq 4 Iru dq| irupxod � ri +/ wkh uhodwlrq ri
sduwldo vdwlvidfwlrq _y vdwlv�hv � wr d ghjuhh �� lq0&_
ru _y ��0vdwlv�hv � lq0&_/ ghqrwhg dv & �y� �/ lv gh0
�qhg uhfxuvlyho| dv iroorzv =
0 & �y�Sq+}l4 /111/}ln, +, ? yl4 > ===> yln A5�Uq1
0 & �y� =! +, & �y� ! zlwk �� @ ���/
0 & �y� !_ #+, i& �y� ! dqg & �y� # zlwk ��@��a��j/
0 1& �y� !^ # +, i& �y� ! dqg & �y� # zlwk

��@�� b ��j/
0 & �y� <}q# +, �� @ Pd{i�� 2& �y+q@d,� #> d 5 )j/
0 & �y� ;}q# +, �� @ Plqi�� 2& �y+q@d,� #> d 5 )j1

Gh�qlwlrq 5 D irupxod � lv vdlg wr eh ��0wuxh0lq0&/
li dqg rqo| li/ wkhuh h{lvwv d ydoxdwlrq y vxfk wkdw y
��0vdwlv�hv � lq0&1
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Wkh uhsuhvhqwdwlrq ri vwdwlvwlfdo suredelolwlhv uhtxluhv
wkh uhihuhqfh wr vhwv ri lqglylgxdov dqg dovr wr dvvljq
suredelolwlhv wr wkhvh vhwv1 Wr vroyh wkh �uvw sureohp/
zh xvh wkh frqfhsw ri sodfhkroghu yduldeohv lq odpegd
devwudfwlrq xvhg e| Edffkxv +Edffkxv <3,/ zkhuh rqh
frqvlghuv wkdw d Errohdq rshq irupxod fdq uhihu wr wkh
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vhw ri doo lqvwdqfhv ri lwv iuhh yduldeohv vshfl�hg dv sodfh0
kroghuv/ vdwlvi|lqj wkh irupxod1 Vr jlyhq d pdq|0ydoxhg
suhglfdwhv odqjxdjh 1/ iru dq lqwhusuhwdwlrq &- zlwk gr0
pdlq ri glvfrxuvh 
 dqg ( wkh vhw ri rshq zhoo0iruphg
irupxodv zlwkrxw erxqg yduldeohv ! ri + vxfk wkdw/ iru
dq| ydoxdwlrq y ri 
/ ! wrwdoo| vdwlv�hg lq0&- ru qrw
dw doo vdwlv�hg lq0&= Vr= (@ i! 5 + m ;y/ &-�yP ! ru
&-�y4 !j1 Vlqfh irupxodv ri ( frqwdlq rqo| iuhh ydul0
deohv/ zh fdq frqvlghu wkdw iuhh yduldeohv ri irupxodv ri
( vwdqg lpsolflwo| iru sodfhkroghu yduldeohv1 Wkxv lq lq0
whusuhwdwlrq &-/ hdfk irupxod ri ( zloo eh deoh wr pdnh
uhihuhqfh wr wkh vxevhw ri lqglylgxdov ri 
 wkdw vdwlvi|
wklv irupxod1
Lq rughu wr gh�qh wkh v|perolf vwdwlvwlfdo suredelo0

lwlhv dvvljqhg wr vxevhwv uhihuuhg e| irupxodv ri (/
zh dgg wr wkh odqjxdjh 1/ d qhz pdq|0ydoxhg xqdu|
suhglfdwh/ ghqrwhg dv Surs/ gh�qhg ryhu irupxodv ri
( zklfk txdolwdwlyho| wdnhv lqwr dffrxqw wkh qrwlrq ri
sursruwlrqv ri vhwv uhihuuhg e| irupxodv ri (1 Zh duh
jrlqj wr h{whqg wkh vwuxfwxuh lqwhusuhwdwlrq ri wkh odq0
jxdjh &- wr & zlwk grpdlq 
^(/ dqg zh vxssrvh wkdw
wkh yduldeoh * ghvljqdwhv wkh dujxphqw ri Surs/ dqg
wkdw dq| ydoxdwlrq y frpsulvhv y3 wkdw lv dvvrfldwhg wr
* 1

Gh�qlwlrq 6 Wkh suhglfdwh Surs lv gh�qhg dv iroorzv
8=
0 Iru dq| lqwhusuhwdwlrq &/ ;* 5 ( / Surs+*,5 +1
0 Dq| lqwhusuhwdwlrq & dvvrfldwhv wr Surs d pxowlvhw
ri (/ ghqrwhg dv 8/ vr wkdw iru doo ydoxdwlrq y/ li * lv

dq hohphqw ri ( / zh kdyh= & �
+H@!,� Surs+*, +, ?
!A5� 8+, Surs+!, lv ��0wuxh0lq0&1 Li qr frqixvlrq

lv srvvleoh & ��Surs+!, vwdqgv iru & �
+H@!,� Surs+*,1

Lq +Sdfkrof}|n <7, wkh pdlq remhfwlyh zdv wkh gh�ql0
wlrq ri dq xqfhuwdlqw| frqfhsw zlwklq d v|perolf wkhru|
ri suredelolwlhv1 Khuh/ lw frqfhuqv wkh uhsuhvhqwdwlrq ri
v|perolf txdqwl�fdwlrq1 Vr/ wkh vhpdqwlf dvvrfldwhg wr
Surs lv gl�huhqw iurp wkh rqh fkrvhq iru Sure lq +Sd0
fkrof}|n <7,1

Gh�qlwlrq 7 Ohw 6[ eh wkh vhw ri wkh ydjxh sur0
sruwlrqdo txdqwl�huv = 6[@iT�/ � 5^4/P`j1 Wkhq/
_& ��Surs+!,_ zloo phdq wkdw _T� lqglylgxdov ri 
 wr0
wdoo| vdwlvi| ! lq0&_/ li dqg rqo| li/ wkh vxevhw uhihuuhg
e| ! ehorqjv wr wkh pxowlvhw 8 zlwk d ghjuhh �� 1

Wkxv T� lv frqvlghuhg dv wkh v|perolf ghjuhh ri
vwdwlvwlfdo suredelolw| ri wkh vhw uhihuuhg e| ! lq &1
Wkhuhiruh/ hdfk v|perolf wuxwk ghjuhh ��0wuxh ri 1[
ri Surs+!,/ lv dvvrfldwhg wr d v|perolf ghjuhh ri vwdwlv0
wlfdo suredelolw| +sursruwlrq, ri wkh vhw uhihuuhg e| !/
l1h1/ wr d olqjxlvwlf txdqwl�hu T� ri 6[ 1

H{dpsoh 4 E| fkrrvlqj P @ :/ zh fdq lqwurgxfh = 6 

@ iqrqh/ yhu|0ihz +ru doprvw0qrqh,/ ihz/ derxw kdoi/
prvw/ doprvw0doo/ dooj wkdw fruuhvsrqgv wr wkh v|perolf
ghjuhhv ri vwdwlvwlf suredelolw|1

Wkh lghd sursrvhg lq Sdfkrof}|n +Sdfkrof}|n <7, iru
wkh uhsuhvhqwdwlrq ri _T D*v duh E*v_ zdv wr lqwhusuhw

D�hLT �@t Mii? �?|hL_�Ui_ �? @ t�4�*@h �@) @t |�i Thi_�
�U@|i �hLM �? E�@U�L*U3)! be��

lw dv d v|perolf frqglwlrqdo xqfhuwdlqw| ri wkh hyhqw
E jlyhq D1 Rxu lqwhusuhwdwlrq zloo eh lq whupv ri wkh
v|perolf uhodwlyh +ru frqglwlrqdo, sursruwlrq ri lqgl0
ylgxdov ri E lq D1 Wkhuhiruh/ dv lq +Sdfkrof}|n <7,/
zh fdq jhqhudol}h wkh fodvvlfdo gh�qlwlrq ri frqglwlrqdo
vwdwlvwlfdo suredelolw| lq d v|perolf frqwh{w/ e| xvlqj
d _v|perolf suredelolvwlf glylvlrq_ rshudwru/ ghqrwhg
dv F/ ru htxlydohqwo| d _v|perolf suredelolvwlf pxowl0
solfdwlrq_ rshudwru/ ghqrwhg dv L1 Wkhvh wzr rshudwruv
kdyh ehhq gh�qhg lq +Sdfkrof}|n <7, +vhh dovr +[ldqj
hw do1 <3,,1 Wkh rshudwru L lv dq dssolfdwlrq ri 6"

[

lqwr 6[ / wkdw yhul�hv wkh fodvvlfdo surshuwlhv ri wkh
suredelolvwlf pxowlsolfdwlrq +frppxwdwlylw|/ devruehqw
hohphqw= T4/ lghqwlw|= TP / prqrwrq|/ dvvrfldwlylw|/
lghpsrwhqfh= T5,1 Wkh rshudwru F lv dq dssolfdwlrq
ri 6"

[ lqwr 5+6[,1 F lv ghgxfhg iurp L e| d xqltxh
zd| dv iroorzv= T� 5F+T�/ T�,+,T�@L+T�/ T�,1
Dprqj wkh gl�huhqw wdeohv ri wkh rshudwru F zklfk
yhuli| wkh d{lrpv fkrvhq lq +Sdfkrof}|n <7,/ lq 1 zh
kdyh fkrvhq wdeoh 4 suhvhqwhg lq Dqqh{ D1 Wkh fru0
uhvsrqglqj rshudwru L lv gh�qhg lq Dqqh{ D e| Wdeoh
519

Gh�qlwlrq 8 Ohw ! dqg # eh irupxodv ri (/ zh duh
jrlqj wr lqwurgxfh wkh v|perolf frqglwlrqdo vwdwlvwlfdo
suredelolw|/ _& ��Surs+#m!,_/ h{suhvvlqj wkh v|perolf
ghjuhh ri wkh uhodwlyh sursruwlrq ri lqglylgxdov wkdw vdw0
lvi| wkh irupxod # dprqj wkrvh vdwlvi|lqj *1 Lw zloo
eh gh�qhg e| wkh v|perolf glylvlrq ri wkh v|perolf gh0
juhh ri Surs+# a !, e| wkdw ri Surs+!, dv iroorzv= i&
�� Surs+!,/ & �� Surs+# a !,j @, & ��Surs+#m!,
zlwk T� 5F+T�/ T�,1 _& ��Surs+#m!,% phdqv wkdw _
Dprqj wkh lqglylgxdov ri 
 zklfk wrwdoo| vdwlvi| ! lq0&/
T� wrwdoo| vdwlvi| # lq0&%

Lq rughu wr rewdlq dq htxlydohqw pdqlsxodwlrq ri vhwv
dqg irupxodv ri w|sh _Surs+#m!,_/ zh fdq xvh wkh qrwd0
wlrq ri wkh sduwldo lqfoxvlrq ri d vhw lq dqrwkhu/ sursrvhg
lq +Dngdj hw do1 <5,1 Wklv fdq eh grqh e| frqvlghulqj
wkdw wkh v|perolf ghjuhh ri sduwldo lqfoxvlrq ri d vhw
lq dqrwkhu/ frlqflghv zlwk wkh v|perolf ghjuhh ri vwd0
wlvwlfdo suredelolw| ri lqglylgxdov ri wkh vhfrqg lq wkh
�uvw1
Vxssrvh wkdw ! dqg # uhihu uhvshfwlyho| wr vxevhwv D

dqg E ri 
 lq wkh lqwhusuhwdwlrq &1 Wkh htxlydohqfh eh0
wzhhq wkh wzr qrwdwlrqv zkrvh vhqvh uhpdlqv lghqwlfdo/
doorzv xv wr xvh = _D��E_ lqvwhdg ri _& ��Surs+#m!,_1
Lw fdq eh hvwdeolvkhg dv iroorzv= & ��Surs+#m!,

+,T� lqglylgxdov ri D/ duh lqglylgxdov ri E
+,D��E1 Wkhq/ zh kdyh = D��E+,T� D*v duh
E*v1 Wkhq/ nqrzlqj wkdw W lv d wdxwrorj|/ zh re0
wdlq= & ��Surs+!,+, & ��Surs+!mW,1 Vr/ zh fdq xvh
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_
 ��D_ lqvwhdg ri _& ��Surs+!,_1 Wkxv Gh�qlwlrq
8 fdq htxlydohqwo| eh zulwwhq zlwk qrwdwlrq ri vhwv dv
iroorzv=

Gh�qlwlrq 9 Jlyhq dq lqwhusuhwdwlrq &/ ohw xv vxs0
srvh wkdw wkh irupxodv ! dqg # uhihu uhvshfwlyho| wr wkh
vxevhwv D dqg E ri wkh xqlyhuvh 
1 Wkhq/ lq whupv ri
sduwldo lqfoxvlrq lq wkh pxowlvhw wkhru|/ & ��Surs+#m!,
uhfhlyhv dv wudqvodwlrq D��E1 Lq rwkhu zrugv/ %Dprqj
wkh lqglylgxdov ri 
 zklfk wrwdoo| vdwlvi| ! lq0&/ T� wr0
wdoo| vdwlvi| # lq0&% lv htxlydohqw wr vd| wkdw %D lv
lqfoxghg lqwr E zlwk d ghjuhh T�%1

Uhpdun 4 Suhylrxv gh�qlwlrq jlyhv xv= li i
 ��D/

 ��D_Ej wkhq D��E zlwk T� 5F+T�/T�,1 Wklv fdq
eh ylhzhg dv d v|perolf jhqhudolvdwlrq ri wkh fodvvlfdo
surshuw|= Surs+EmD, @ Surs+D_E, 2 Surs+D, @ mD_Em
2 mDm1
Ohw D dqg E eh vxevhwv ri 
 1 Lw lv hdv| wr suryh wkh

iroorzlqj surshuwlhv=

Sursrvlwlrq 4 D�PE+,D�E +,D_E@D1
Vlqfh wkh ghjuhh TP fruuhvsrqgv zlwk wkh txdqwl0

�hu _Doo_/ wkhq �P frlqflgh zlwk wkh lqfoxvlrq lq vhw
wkhru|1

Sursrvlwlrq 5 D�4E+,D_E@>1
Vlqfh wkh ghjuhh T4 fruuhvsrqgv zlwk wkh txdqwl�hu

_Qrqh_/ wklv phdqv wkdw D dqg E duh glvmrlqw1

H{dpsoh 5 E| xvlqj 1 / ohw xv vxssrvh wkdw wkh gr0
pdlq ri glvfrxuvh frqvlvwv uhvlghqwv ri wkh flw| Y1
Nqrzlqj wkdw= _Prvw uhvlghqwv ri wkh flw| Y duh |rxqj_
dqg _Kdoi ri uhvlghqwv ri wkh flw| Y duh |rxqj vlqjoh_1
Wkhvh dvvhuwlrqv duh uhvshfwlyho| wudqvodwhg lq rxu prgho
e|= 
 �8 \rxqj dqg 
 �7 \rxqj vlqjoh1 Gh�qlwlrq 9
jlyhv xv= \rxqj ��Vlqjoh zlwk T� 5F+T8/T7,@iT8j1
Wkhq zh rewdlq= _Prvw |rxqj shrsoh duh vlqjoh_1

e � �L4@|�U Lu |�i t)4ML*�U t|@|�t|�U@*
ThLM@M�*�|�it

Zh fdq qrz sxw wkh d{lrpv jryhuqlqj wkh frqfhsw ri
v|perolf vwdwlvwlfdo suredelolwlhv1 Ohw D dqg E eh vxe0
vhwv ri 
 1 Wkh d{lrpv duh gh�qhg dv iroorzv=

D{lrp 4 D_E 9@ D/ 
 ��D/ 
 ��D _ E dqg
T� 5^T6/TP�4` @, D�P�4E1 +D{lrp gh�qlqj
_Doprvw0doo_,

Txdolwdwlyho| wkh vxevhwv D dqg D_ E fdq kdyh
wkh vdph v|perolf ghjuhh ri sursruwlrqv zlwkrxw eh0
lqj htxdo1 Wklv lv wkh fdvh/ zkhq D_ E lv htxdo wr
wkh vhw D zlwkrxw rqh ru vrph lqglylgxdov1 Wklv fdq
txdolwdwlyho| wudqvodwh e| vd|lqj wkdw _D dqg D_ E duh
doprvw htxdo_ ru _Doprvw doo D*v duh E*v_1 Wklv lv qrw
dozd|v wkh fdvh/ zkhq wkh sursruwlrq ri D lv yhu| zhdn
+dvvrfldwhg zlwk T5 @ Yhu|0ihz,1

D{lrp 5 
 ��D/ T� 5^T5/TP�4` dqg D�P�4E @,

 ��D_E1 +D{lrp gh�qlqj _Doprvw0doo_,

Zkhq zh kdyh _Doprvw doo D*v duh E*v_/ zh nqrz
wkdw D 9@ D_E +Fi1 Sursrvlwlrq 4,/ exw zh fdq vd|
wkdw D dqg D_E duh doprvw htxdo dqg wkhuhiru D dqg
D_ E kdyh wkh vdph v|perolf ghjuhh ri sursruwlrqv1

D{lrp 6 
 ��D+, 
 � q+�, D zlwk q+�, @ P . 4
0�1 +D{lrp gh�qlqj wkh gxdo txdqwl�hu,

Jhqhudoo| wkh gxdo txdqwl�hu ri T� fruuhvsrqgv zlwk
Tq+�, +_Ihz_ lv wkh gxdo txdqwl�hu ri _Prvw_,1

D{lrp 7 
 ��D/ 
 ��E/ D^E9@ 
 dqg D_E@> @,

 �uD^E zlwk Tu 5V+T�/T�,1 +D{lrp gh�qlqj wkh
v|perolf sursruwlrq ri glvmrlqw vhwv xqlrq,

Fodvvlfdoo|/ zkhq D dqg E duh glvmrlqw/ wkh devroxwh
sursruwlrq ri wkhlu xqlrq lv wkh vxp ri wkhlu devroxwh1
Zh sxw wkdw li wkh xqlrq D dqg E lv gl�huhqw iurp

 +rwkhuzlvh/ wkh v|perolf sursruwlrq ghjuhh ri wkhlu
xqlrq lv hylghqwo| TP, dqg wkdw wkh| duh glvmrlqw/ wkhq
wkh v|perolf sursruwlrq ghjuhh ri wkhlu xqlrq ehorqjv
wr wkh _v|perolf vxp_ ri wkhlu v|perolf sursruwlrq gh0
juhhv1 Wkh v|perolf vxp ghqrwhg V lv lqwurgxfhg lq
d zd| wkdw lw jlyhv dq lqwhuydo frqwdlqlqj rqh ru wzr
ydoxhv1 Wkh orzhu erxqg ri wklv lqwhuydo lv juhdwhu wkdq
ru htxdo wr hdfk v|perolf ydoxh ri wzr dujxphqwv ri
V1 Vlqfh wkh vhw D^E lv gl�huhqw iurp 
/ wkh pd{lpdo
ghjuhh wkdw fdq wdnh wkh xsshu erxqg ri wkh lqwhuydo
lv TP�41 Wkh xvh ri dq lqwhuydo udwkhu wkdq d vlqjoh
ghjuhh lv gxh wr wkh ghjuhh T51 Lw lv mxvwl�hg e| wkh idfw
wkdw wkh dgglwlrq ri rqh ru vrph hohphqwv +l1h1/ d yhu|
zhdn txdqwlw|, wr d vhw fdq hlwkhu suhvhuyh lwv v|perolf
ghjuhh ri sursruwlrq ru lqfuhdvh lw dw prvw rqh ghjuhh1

Gh�qlwlrq : Wkh v|perolf vxp V lv d frppxwdwlyh
dssolfdwlrq ri 6"

[ lqwr 5+6[,1 E| vxssrvlqj wkdw
�. � � �n�/ V lv gh�qhg dv iroorzv=

5 + "�> "�, '

;A?
A=

iT�j li � @4
^T�.��5>T�.��4` li
� 9@ 4/ � 9@ 4/ �. � �P
iT ���j li �. � @P . 4

Lq djuhhphqw zlwk D{lrp 6/ lw lv qhfhvvdu| wr kdyh
�. � � P.41 Lqghhg/ D_E @> lpsolhv wkdw E� D 1
Qrz ++D{lrp 6, jlyhv 
 �q+�, D1 Lqwxlwlyho| � �q+�,
+iru/ E� D , wkhuhiruh/ �. � � �.q+�,@P.41 Gh�q0
lqj Lqi dqg Vxs dv wzr dssolfdwlrqv ri 6"

[ lqwr 6[ /
zh rewdlq uhvshfwlyho| wkh orzhu erxqg dqg wkh xsshu
erxqg ri dq lqwhuydo ri TP vr zh fdq zulwh = V+T�/T�,
@ ^Lqi�V+T�/ T�,/ Vxs�V+T�/ T�,` ru pruh vlpso|
^LqiV+T�/ T�,/ VxsV+T�/ T�,`1 Zh fdq suryh wkdw
wkh dssolfdwlrqv LqiV dqg VxsV yhuli| wkh surshuwlhv
ri d W0frqrup1

Gh�qlwlrq ; Dq dssolfdwlrq W ri 1"[ lqwr 1[ vdwlv0
i|lqj wkh iroorzlqj frqglwlrqv =
0 W+�4/ �4, @�4/
0 W+��/ �P, @ ��/
0 W+��/ ��, @ W+��/ ��,
0 ��4 � ��5 dqg ��4 � ��5 @,W+��4/ ��4, � W+��5 / ��5,
0 W+��/ W+��/ ��, , @ W+W+��/ ��,/ ��, lv fdoohg d W0
qrup1
Pruhryhu/ F+��/ ��, @ qW+q ��/ q ��, lv fdoohg d W0
frqrup1

Gh�qlwlrq < Jlyhq V/ zh fdq gh�qh wkh _v|perolf
vxewudfwlrq_ ghqrwhg G dv dq dssolfdwlrq ri 6"

[

lqwr 5+6[, vxfk wkdw= li Tu 5V+T�/T�,/ wkhq T�



5G+Tu/T�, dqg T� 5G+Tu/T�,1 Wkhq G fdq eh gh0
gxfhg iurp V=

G +Tu> T�, @

;A?
A=

iThj li � @4
iT 2j li u@� 5 ^5> P � 4`
^Tu.4��>Tu.5��` li
5 � � ? u �P � 4

Uhpdun 5 Lq wklv sdshu/ zh kdyh fkrvhq wkh rshudwruv
V dqg G gh�qhg e| Wdeohv 6 dqg 7 +vhh Dqqh{ D,

D 6�?_@4i?|@* ThLTih|�it
Ohw D dqg e eh vxevwhv ri 
= Wkh iroorzlqj surshuwlhv
fdq eh ylhzhg dv v|perolf jhqhudol}dwlrqv ri fodvvlfdo
vwdwlvwlfdo suredelolwlhv1

Sursrvlwlrq 6 Li 
 ��D dqg D�E/ wkhq 
 ��E zlwk
T� � T�1

Sursrsrvlwlrq 6 vkrzv wkdw wkh v|perolf ghjuhh ri
sursruwlrq ri d vhw lv juhdwhu wkdq ru htxdo wr lwv vxevhwv1
Fodvvlfdoo|/ wkh sursruwlrq ri d vhw lv vwulfwo| juhdwhu
wkdq wr rqh ri lwv vwulfw vxevhwv/ zkloh txdolwdwlyho|/ d
vhw dqg rqh ri lwv vxevhwv fdq kdyh wkh vdph v|perolf
ghjuhh ri sursruwlrq +Fi1 D{lrp 4,1

Sursrvlwlrq 7 Li 
 ��D/ 
 ��D_E dqg D9@ 
/ wkhq

 ��DqE zlwk T� 5G+T�/ T�,1

Lw dsshduv fohduo| wkdw Sursrvlwlrq 7 jhqhudol}h wkh
surshuw|= mDqEm2m 
 m@+mDm0mD_Em,2m 
 m1
Sursrvlwlrq 8 Li 
 ��D/ 
 ��E/ 
 �� D_E dqg
D^E9@ 
/ wkhq 
 �uD^E zlwk Tu 5X+T�/ T�/ T�,
zkhuh X+T�/ T�/ T�, @ ^LqiV+T�/ LqiG+T�/ T�,,/
VxsV+T�/ VxsG+T�/ T�,,` li �.�0� � P04/ dqg
X+T�/ T�/ T�, @ iTP�4j li �.�0� @ P1

Fruroodu| 9 Li 
 ��D/ 
 ��E/ 
 �uD^E dqg
D^E9@ 
/ wkhq 
 ��D_E zlwk T�@ T5 li �.�0u@
4 dqg T� 5^LqiG+T�/ VxsG+Tu/ T�,,/ LqiiVxsG+T�/
LqiG+Tu/ T�,,/T�/ T�j` rwkhuzlvh1
Sursrvlwlrq 8 dqg Fruroodu| 9 jhqhudol}h wkh fodvvlfdo

surshuw|= mD^Em 2 m 
 m @ +mDm .mEm 0 mD_Em, 2 m 
 m1

S W?uihi?Ui ��|� ^�@?|��iht
Uhdvrqlqj rq txdqwl�huv lv fdoohg e| ]dghk +]dghk ;8,
v|oorjlvwlf uhdvrqlqj/ zkhuh d v|oorjlvp lv dq lqihuhqfh
uxoh wkdw frqvlvwv lq ghgxflqj d qhz txdqwl�hg vwdwh0
phqw iurp rqh ru vhyhudo txdqwl�hg vwdwhphqwv1 Dv
dq lqihuhqfh vfkhph/ d v|oorjlvp pd| jhqhudoo| eh h{0
suhvvhg lq wkh irup=
T�4 D*v duh E*v
T�5 F*v duh G*v
������������
T� H*v duh I*v zlwk T� 5^Td/ Te` � ^T4/ TP `/
zkhuh H dqg I duh vhwv uhvxowlqj iurp dssolfdwlrqv ri
vhw rshudwruv rq D/ E/ F ru G/ dqg zkhuh wkh erxqgv
Td dqg Te duh lq dffrugdqfh zlwk T�4 dqg T�51
Wkh txdqwl�hu _Doo_ lv uhsuhvhqwhg e| wkh lpsolfd0

wlrq xvlqj wkh txdqwl�hu ; lq fodvvlfdo orjlf ru e| wkh
lqfoxvlrq lq vhw wkhru|1 Wkh fodvvlfdo lpsolfdwlrq dqg
wkh lqfoxvlrq sursdjdwh lqihuhqfhv e| wudqvlwlylw|/ frq0
wudsrvlwlrq/ glvmxqfwlrq ru e| frqmxqfwlrq1 Iurp rqh ru

vhyhudo vwdwhphqwv txdqwl�hg e| _Doo_/ wkhvh lqihuhqfhv
hqdeoh wr jhqhudwh qhz vwdwhphqwv olnho| txdqwl�hg e|
_Doo_1 Qhyhuwkhohvv/ prvw ri wkhvh lqihuhqfhv duh qrw
ydolg iru rwkhu txdqwl�huv/ l1h1/ iru T� 5^T5/TP�4`1 Iru
h{dpsoh/ iurp _Prvw D*v duh E*v_ dqg _Prvw E*v duh
F*v_ rqh fdq qrw dozd|v kdyh _Prvw D*v duh F*v_1 Wkdw
lv gxh wr wkh idfw wkdw wkh lqihuhqfh e| wudqvlwlylw| lv qrw
ydolg iru wkh txdqwl�hu _Prvw_1 Wkh lqydolg lqihuhqfh
kdv ehhq frqvlghuhg dv d fdvh ri wrwdo ljqrudqfh1

914 Ydolg lqihuhqfhv zlwk txdqwl�huv
Zh frqvlghu wkdw dq lqihuhqfh lv ydolg/ li zh ghgxfh
T� 5^Td/ Te`/ zkhuh Td ru Te lv lq dffrugdqfh zlwk
T�4 ru T�51 Zh suhvhqw vrph ydolg lqihuhqfhv1 Hdfk ri
wkhp lv looxvwudwhg e| dq h{dpsoh1

Sursrvlwlrq : +Uhodwlyh Gxdolw|,=
T�4 D*v duh E*v
���������������
T�5 D*v duh DqE dqg T�5 D*v duh qrw E*v
zlwk T�5 @ Tq+�4, li T�4 9@ Tq+�4,

dqg T�5 5 ^Tq+�4,/ Tq+�4, . 4` rwkhuzlvh1

H{dpsoh 6
Doprvw doo vwxghqwv duh xqpduulhg
���������������
Yhu| ihz vwxghqwv duh pduulhg1

Sursrvlwlrq ; +Pl{hg Wudqvlwlylw|,=
T�4 D*v duh E*v
Doo E*v duh F*v
���������������
T�5 D*v duh F*v zlwk T�4 �T5

H{dpsoh 7
Prvw vwxghqwv duh |rxqj +ohvv wkdq 58 |hduv,
Doo |rxqj shrsoh duh qrq uhwluhg
���������������
Dw ohdvw prvw vwxghqwv duh qrq uhwluhg1

Sursrvlwlrq < +H{fhswlrq,
T� D*v duh E*v
Doo F*v duh D*v
Doo F*v duh qrw E
��������������~
T� D*v duh qrw F/ zlwk T� 5^T�/TP�4`1

H{dpsoh 8
Prvw elugv �|
Doo rvwulfkhv duh elugv
Doo rvwulfkhv gr qrw �|
����������
Prvw ru doprvw doo elugv duh qrw rvwulfkhv1

Sursrvlwlrq 43 +Xqlrq Uljkw,
T�4 D*v duh E*v
T�5 D *v duh F*v
�����������������~
T� D*v duh +E ^ F,*v/ zlwk T� 5^TPd{+�4>�5,/TP�4`1

H{dpsoh 9
Prvw vwxghqwv duh vlqjoh
Yhu| ihz vwxghqwv duh wd{deoh
������������������~
Prvw ru doprvw doo vwxghqwv duh vlqjoh ru wd{deoh1



Sursrvlwlrq 44 +Lqwhuvhfwlrq Uljkw,
T�4 D*v duh E*v
T�5 D *v duh F*v
�������
T� D*v duh +E _F,*v/ zlwk T� �TPlq+�4>�5,

H{dpsoh :
Ihz vdodulhg shrsoh duh r�fldo
Prvw vdodulhg shrsoh duh wd{deoh
��������������
Dw prvw vdodulhg shrsoh duh wd{deoh r�fldo1

Sursrvlwlrq 45 +Pl{hg Xqlrq Ohiw,
T� D*v duh F*v
Doo E*v duh F*v
������~
T� +D ^E,*v duh F*v zlwk T� 5^T�/TP�4`

H{dpsoh ; H{dpsoh <
Prvw |rxqj shrsoh duh vlqjoh
Doo wkh fdwkrolf sulhvwv duh vlqjoh
���������������
Prvw ru doprvw doo |rxqj shrsoh ru fdwkrolf sulhvwv duh
vlqjoh1

Sursrvlwlrq 46 +Lqwhuvhfwlrq 2 Surgxfw
V|oorjlvp,=
T�4 D*v duh E*v
T�5 +D_E,*v duh F*v
���������������
T� D*v duh +E _ F,*v/ zlwk T� @ L+T�4/ T�5,

H{dpsoh 43
Prvw vwxghqwv duh |rxqj
Doprvw doo |rxqj vwxghqwv duh xqpduulhg
���������������
Prvw vwxghqwv duh |rxqj dqg xqpduulhg1

Sursrvlwlrq 47 +Frqwudfwlrq,
T�4 D*v duh E*v
T�5 +D_E,*v duh F*v
���������~
T� D*v duh F*v/ zlwk T� @ ^L+T�4/ T�5,/
TPd{+P�4>�5,`

H{dpsoh 44
Prvw vwxghqwv duh |rxqj
Doprvw doo |rxqj vwxghqwv duh xqpduulhg
������������������
Prvw ru doprvw doo vwxghqwv duh |rxqj dqg xqpduulh

Sursrvlwlrq 48 +Lqwhuvhfwlrq2Txrwlhqw v|oorjlvp,
T�4 D*v duh E*v
T�5 D *v duh F*v
T�6 +D_E, *v duh F*v
���������~
T� +D_F,*v duh E*v/ zlwk T� 5F+T�5/ L+T�4/ T�6,,1

H{dpsoh 45
Prvw vwxghqwv duh |rxqj
Prvw vwxghqwv qrq vdodulhg
Doprvw doo |rxqj vwxghqwv duh qrq vdodulhg
�������������������
Doprvw doo qrq0vdodulhg vwxghqwv duh |rxqj1

Sursrvlwlrq 49 +Zhdn Wudqvlwlylw|,
Doo E*v duh D*v
T�4 D *v duh F*v
T�5 E*v duh F*v
�������
T� D*v duh F*v zlwk T� 5^L+T�4/ T�5,/ Doprvw0doo`1

H{dpsoh 46
Doo vdodulhg shrsoh duh dfwlyh
Prvw dfwlyh shrsoh duh vdodulhg
Prvw vdodulhg shrsoh duh wd{deoh
��������������~
Ehwzhhq kdoi dqg doprvw doo ri dfwlyh shrsoh duh wd{deoh

915 Ydolg Lqihuhqfhv zlwk wkh txdqwl�hu
_Doprvw0doo_

Zh suhvhqw wkuhh lqihuhqfhv rqo| ydolg zlwk wkh txdqwl0
�hu _Doprvw0doo_1 Wkh| uhvxow iurp wkh d{lrpv ri txdq0
wl�hu _Doprvw0doo_ +Fi1 D{lrp 4/ D{lrp 5,1 Wkhvh lq0
ihuhqfhv duh frxqwhusduwv : ri lqihuhqfh uxohv sursrvhg
lq + +Dgdpv :8,/ +Shduo <4,,/ zkhuh _Doprvw doo_ lv
lqwhusuhwhg dv sursruwlrq duelwudulo| forvh wr 41 Lq
wkhlu dssurdfkhv/ wkh rewdlqhg txdqwl�hu lv %Doprvw0
doo%1 Lq rxu dssurdfk/ zlwk wkh �uvw lqihuhqfh zh rewdlq
%Doprvw0doo%/ zkloh zlwk wkh rwkhuv/ zh rewdlq %Prvw%
ru %Doprvw0doo%1 Wkdw fdq eh mxvwl�hg e| wkh idfw wkdw
zh frqvlghu wkh lq�qlwhvlpdo lqwhusuhwdwlrq ri wklv txdq0
wl�hu lv d sduwlfxodu fdvh ri rxu lqwhusuhwdwlrq1

Sursrvlwlrq 4: +Frqwudfwlrq,
Doprvw0doo D*v duh E*v
Doprvw0doo +D _ E,*v duh F*v
������������
Doprvw0doo D*v duh F*v1

H{dpsoh 47
Doprvw doo vwxghqwv duh |rxqj
Doprvw doo |rxqj vwxghqwv duh vlqjoh
���������������
Doprvw doo vwxghqwv duh vlqjoh1

Sursrvlwlrq 4; +Fxpxodwlylw|,
Doprvw0doo D*v duh E*v
Doprvw0doo D*v duh F*v1
������������
T� +D _ E,*v duh F*v/ zlwk T� 5^Prvw/ Doprvw0doo`1

H{dpsoh 48
Doprvw doo vwxghqwv duh |rxqj
Doprvw doo vwxghqwv duh vlqjoh
������������
Prvw ru doprvw doo |rxqj vwxghqwv duh vlqjoh1

Sursrvlwlrq 4< +Xqlrq Ohiw,
Doprvw0doo D*v duh F*v
Doprvw0doo E*v duh F*v1
����������

.�i@h*<t @TThL@U� �t �?|hL_�Ui_ uLh _iu@�*| hi@tL?�?}c
|�i? ��t �?uihi?Uit @hi ?L| i @U|*) t)**L}�t4tc M�| |�i) @hi
h@|�ih ?L?�4L?L|L?�U �?uihi?Uit @ML�| T@h|�U�*@h �?_���_��
@*t uhL4 _iu@�*|t�



T� +D ^ E,*v duh F*v/ zlwk T� 5^Prvw/ Doprvw0doo`1

H{dpsoh 49
Doprvw doo vwxghqwv duh vlqjoh
Doprvw doo sulhvwv duh vlqjoh
������������~
Prvw ru doprvw doo vwxghqwv ru sulhvwv duh vlqjoh1

916 Prqrwrqlf dvshfw ri uhdvrqlqj zlwk
txdqwl�huv

Zh fdq qrwh wkdw wkh uhdvrqlqj zlwk txdqwl�huv lv
prqrwrqlf +Vrpe�h <3, lq wkh iroorzlqj vhqvh= zkhq d
nqrzohgjh edvh frqwdlqv= D��4E dqg F��5G/ zkhq
zh ghgxfh H��I zlwk T� 5^Td/Te`/ dqg li rqh dggv
lq wkh edvh ru rqh ghgxfhv e| dq rwkhu lqihuhqfh qhz
lqirupdwlrq= H��3I zlwk T�3 5^Td3/ Te3`/ wkhq rqh
pxvw kdyh ^Td/ Te` _ ^Td3/ Te3 9̀@ > dqg �qdoo| rqh
zloo kdyh= H ��I zlwk T� 5^Td/ Te` _ ^Td3/ Te3`1 Lq
rwkhu zrugv/ wkh qhz nqrzohgjh fdq rqo| wljkwhq wkh
lqwhuydo ^Td/Te`/ wkdw pdlqwdlqv wkh frkhuhqfh ehwzhhq
wkh txdqwl�hg vwdwhphqwv1 Wkhuh lv dq lqfrqvlvwhqf|/ li
^Td/Te`_^Td3/Te3`@ >1
H{dpsoh 4: Wkh iroorzlqj h{dpsoh sursrvhg dprqj
ehqfkpdunv sureohpv frqwdlqv wkh txdqwl�hg vwdwh0
phqwv=
V4= Prvw gdqfhuv duh qrw edoohulqdv/
V5= Prvw gdqfhuv duh judfhixo/
V6= Prvw judfhixo gdqfhuv duh edoohulqdv1
Wkhq/ V4 @, %Ihz gdqfhuv duh edoohulqdv% +Uhodwlyh
gxdolw|,1
Pruhryhu/ V4 dqg V5 @, %Ehwzhhq kdoi dqg doprvw doo
gdqfhuv duh edoohulqdv% +Frqwudfwlrq,1
Vlqfh iIhzj _ ^Kdoi/Doprvw0doo` @ >/ wkh vwdwhphqwv V4/
V5 dqg V6 duh lqfrqvlvwhqw1

. �L?U*�t�L?
Lq wklv sdshu zh kdyh suhvhqwhg d v|perolf dssurdfk
wr txdqwl�huv xvhg lq wkh qdwxudo odqjxdjh wr h{suhvv
d txdolwdwlyh hydoxdwlrq ri sursruwlrqv1 Wklv dssurdfk
doorzv wr uhdvrq txdolwdwlyho| rq txdqwl�hg dvvhuwlrqv/
vlqfh zh surylgh lqihuhqfh uxohv edvhg xsrq vwdwhphqwv
lqyroylqj olqjxlvwlf txdqwl�huv1 Lq rxu lqwhusuhwdwlrq/
lq dffrugdqfh zlwk wkh qdwxudo odqjxdjh/ wkh sursr0
vlwlrq _T D*v duh E*v_ kdyh d Errohdq qdwxuh/ l1h1/ lw
lv jlyhq dv wuxh1 Rq rwkhu kdqg/ lq ix}}| dssurdfkhv/
wkh sursrvlwlrq lv pxowlydohqw/ lq wkh vhqvh/ wkdw iru d
jlyhq sursruwlrq u ri E lq D/ wkh wuxwk ghjuhh ri _T
D*v duh E*v_ lv htxdo wr �T+u,1 Wkh gl�fxow| ri fkrlfh
ri wkh lqwhydo erxqgv ydoxhv dqg ri phpehuvkls ixqf0
wlrqv lq vhpl0qxphulf dssurdfkhv grhv qrw idfh lq rxu
dssurdfk sxuho| v|perolf1 Pruhryhu/ lq wkh dssurdfkhv
edvhg xsrq wkh fduglqdolw| ri vhwv wr uhsuhvhqw sursru0
wlrqdo txdqwl�huv/ wkh vhwv pxvw eh �qlwh/ zkloh lq rxu
v|perolf dssurdfk/ wkh| fdq eh lq�qlwh1 Wkxv/ zh fdq
uhsuhvhqw vwdwhphqwv olnh _Prvw elugv �|_1 Lq rughu wr
rewdlq eholhi v|perolf ghjuhhv dwwdfkhg wr surshuwlhv
derxw sduwlfxodu lqglylgxdov/ dqg wklv/ e| xvlqj nqrzo0
hgjh edvhg xsrq txdqwl�hg dvvhuwlrqv dqg fhuwdlq idfwv/
lw lv qhfhfduu| wr sursrvh d v|perolf prgho edvhg xsrq

d gluhfw lqihuhqfh sulqflsoh dqg d fkrlfh ri wkh dssursul0
dwhg uhihuhqfh fodvv ++N|exuj ;6,/ +Sroorfn <3,/ +Edf0
fkxv <3,,1 Wklv srlqw lv dfwxdoo| rq vwxg|1

+iuihi?Uit
1 Dgdpv1 Wkh orjlf ri frqglwlrqdov1 G1 Uhlgho/ Grughu0
fkw/ Qhwkhuodqgv/ 4<:81

V1 Dpdujhu/ G1 Gxerlv/ K1 Sudgh1 Lpsuhflvh Txdqwl0
�huv Dqg Frqglwlrqdo Suredelolwlhv1 Lq HFVTDUX*<4/
U1 Nudxvh dqg do +hgv1,/ 6606:/ 4<<41

K1 Dngdj/ P1 Gh Jodv/ G1 Sdfkrof}|n1 D Txdolwd0
wlyh Wkhru| ri Xqfhuwdlqw|1 Ixqgdphqwd Lqirupdwlfd/
4:+7,= 6660695/ 4<<51

I1 Edffkxv1 Uhsuhvhqwdwlrq dqg Uhdvrqlqj zlwk Sure0
delolvwlf Nqrzohgjh1 PLW Suhvv/ Fdpeulgjh/ PD/
4<<31

I1 Edffkxv/ D1 M1 Juryh/ M1 \1 Kdoshuq/ G1 Nroohu1
Iurp vwdwlvwlfdo nqrzohgjh edvhv wr ghjuhhv ri eholhi1
Duwl�fldo lqwhooljhqfh/ ;: = :80476/ 4<<:1

S1 Fkhhvhpdq1 Dq lqtxlu| lqwr frpsxwhu xqghuvwdqg0
lqj1 Frpsxwdwlrqdo Lqwhooljhqfh/ 7+4,= 8;099/ 4<;;1

G1 Gxerlv/ K1 Sudgh1 Rq ix}}| v|oorjlvpv1 Frpsxwd0
wlrqdo Lqwhooljhqfh/ 7+5,= 4:404:</ 4<;;1

G1 Gxerlv/ K1 Sudgh/ O1 Jrgr/ U1 Pdqwdudv1 D v|p0
erolf dssurdfk wr uhdvrqlqj zlwk olqjxlvwlf txdqwl�huv1
Lq Xqfhuwdlqw| lq Duwl�fldo Lqwhooljhqfh/ Vwdqirug/ :70
;5/ 4<<51

P1 Mdhjhu1 Ghidxow Uhdvrqlqj derxw Suredelolwlhv1 Sk1
G1 Wkhvlv/ Xqly1 Ri Vddueuxfkhq/ 4<<81

P1\1 Nkd|dwd1 Udlvrqqhphqw txdolwdwli vxu ghv txdq0
wl�fdwhxuv olqjxlvwltxhv ydjxhv1 7�hph Uhqfrqwuh Mh0
xqhv Fkhufkhxuv hq Lqwhooljhqfh Duwl�flhooh/ 45:0463/
Wrxorxvh/ 4<<;1

P1\1 Nkd|dwd/ G1 Sdfkrof}|n1 D V|perolf Dssurdfk
wr Olqjxlvwlf Txdqwl�fdwlrq1 Lq Iluvw IDVW LHHH Vwx0
ghqw Frqihuhqfh rq FV dqg LW/ 4340439/ Odkruh/ 4<<;1

K1H1 N|exuj1 Wkh uhihuhqfh fodvv1 Sklorvrsk| ri Vfl0
hqfh/ 83+6,= 6:706<:/ 4<;61

Q1M1 Qlovvrq1 Suredelolvwlf orjlf1 Duwl�fldo Lqwhooljhqfh/
5;+4,= :40;;/ 4<;91

J1 Sddvv1 Suredelolvwlf orjlf1 Lq Qrq Vwdqgdug Orjlf
iru Dxwrpdwhg Uhdvrqlqj/ S1 Vphw hw do1 +hgv1,/ Dfd0
ghplf Suhvv/ 5460584/ 4<;;1

G1 Sdfkrof}|n1 Frqwulexwlrq dx Wudlwhphqw Orjlfr0
v|peroltxh gh od Frqqdlvvdqfh1 Wk�hvh g*Hwdw1 Xqlyhu0
vlw�h gh SDULV 9/ 4<<51

G1 Sdfkrof}|n1 D Orjlfr0v|perolf Suredelolw| Wkh0
ru| iru wkh Pdqdjhphqw ri Xqfhuwdlqw|1 FF0DL/ 44+7,=
74:07;7/ 4<<71

M1 Shduo1 Suredelolvwlf Uhdvrqlqj lq Lqwhooljhqw V|v0
whpv= Qhwzrunv ri Sodxvleoh Lqihuhqfh1 Uhylvhg vhfrqg
sulqwlqj/ Prujdq Ndxipdqq/ Vdq Iudqflvfr/ 4<<41

M1 O1 Sroorfn1 Qrplf Suredelolwlhv dqg wkh Irxqgdwlrqv
ri Lqgxfwlrq1 R{irug Xqlyhuvlw| Suhvv/ 4<<31

O1 Vrpe�h1 Uhdvrqlqj xqghu lqfrpsohwh lqirupdwlrq lq
duwl�fldo lqwhooljhqfh/ Mrkq Zloh|/ 4<<31



\1 [ldqj/ P1S1 Ehggrhv/ G1 Srroh1 Fdq Xqfhuwdlqw|
Pdqdjhphqw eh uhdol}hg lq d �qlwh wrwdoo| rughuhg
Suredelolw| Dojheud1 Xqfhuwdlqw| lq Duwl�fldo Lqwhool0
jhqfh 8= 7408:/ 4<<31

U1U1 \djhu1 Uhdvrqlqj zlwk txdqwl�hg vwdwhphqwv1
Sduw L/ N|ehuqhwhv/ 47/ 5660573/ 4<;81

U1U1 \djhu1 Uhdvrqlqj zlwk txdqwl�hg vwdwhphqwv1
Sduw LL/ N|ehuqhwhv/ 47/4440453/ 4<;91

O1D1 ]dghk1 Ix}}| vhwv1 Lqirupdwlrq dqg Frqwuro/ ;=
66;0686/ 4<981

O1D1 ]dghk1 V|oorjlvwlf uhdvrqlqj lq Ix}}| orjlf dqg
lwv dssolfdwlrq wr xvxdolw| dqg uhdvrqlqj zlwk glvsr0
vlwlrqv1 LHHH Wudqvdfwlrqv rq V|vwhpv/ Pdq dqg F|0
ehuqhwlfv/ 48+9,= :870:96/ 4<;81

�??i � G A@M*it Lu LTih@|Lht �c Wc 5
@?_ #

Uhpdun 6 Lq wkh iroorzlqj wdeohv>Td>e vwdqgv iru lq0

whuydo ^Td/ Te`

� "� "2 "� "e "D "S ".
"� "�c. � � � � � �
"2 t"�� "2c. � � � � �
"� t"�� "2cD "Sc. � � � �
"e t"�� "2ce t"D� "Sc. � � �
"D t"�� "2c� t"e� t"D� "Sc. � �
"S t"�� t"2� t"�� t"e� t"D� "Sc. �
". t"�� t"2� t"�� t"e� t"D� t"S� t".�

Wdeoh 4 = Rshudwru F
L "4 "5 "6 "7 "8 "9 ":

"4 "4 "4 "4 "4 "4 "4 "4

"5 "4 "5 "5 "5 "5 "5 "5

"6 "4 "5 "5 "5 "5 "6 "6

"7 "4 "5 "5 "5 "6 "7 "7

"8 "4 "5 "5 "6 "7 "8 "8

"9 "4 "5 "6 "7 "8 "9 "9

": "4 "5 "6 "7 "8 "9 ":

Wdeoh 5 = Rshudwru L
5 "4 "5 "6 "7 "8 "9

"4 t"�� t"2� t"�� t"7� t"D� t"S�
"5 t"5� "2c� "�c7 "ecD "DcSo t"S�
"6 t"�� "�c7 "ecD "ecS t"S� t"6�
"7 t"7� "ecD "Dc9 t"S� t"6� t"7�
"8 t"D� "DcS t"S� t"6 t"7� t"8�
"9 t"S� t"S� t"6 t"7 t"8� t"9�

Wdeoh 6 = Rshudwru V
# "4 "5 "� "e "D "S
"4 i"4j
"5 i"5j i"5j
"6 i"6j "5c6 i"5j
"7 i"7j "6c7 "5c6 i"5j
"8 i"8j "7c8 "6c7 "5c6 i"5j
"9 i"9j "8c9 "7c8 "6c7 "5c6 i"5j

Wdeoh 7 =Rshudwru G

�??i � G �hLLut Lu tL4i ThLTLt�|�L?t
Zh vxssrvh wkdw D/ E dqg F duh vxevhwv ri 
 1

Sursrvlwlrq 6= Ohw xv vxssrvh wkdw 
 ��E dqg

 ��*EqD1 D �E @, E @ D^ EqD1 D dqg DqE duh
glvmrlqw1 Xvlqj D{lrp 7/ zh rewdlq= T� 5V+T�/T�3,1
Wkhuhiruh T� �T�1
Sursrvlwlrq 7= Ohw xv vxssrvh wkdw 
 ��3DqE1 D

@ +D _E, ^DqE dqg +D_ E, _ DqE @ > 1 Xvlqj D{lrp
7/ zh rewdlq= T� 5V+T�/ T�3,1 Gh�qlwlrq ; jlyhv xv =
T�3 5G+T�/ T�,1
Sursrvlwlrq 8= Ohw xv vxssrvh wkdw 
 ��3EqD1 Wkh

sursrvlwlrq 7 jlyhv xv = T�3 5^LqiG+T� / T�,/ VxsG+T� /
T�,`1 Vlqfh D^E@D ^ +E q D, dqg wkh vhwv D dqg EqD
duh glvmrlqw/ wkhq dffruglqj wr D{lrp 7 = li �.�3 �
P.4/ 
 �uD^E zlwk Tu 5V+T�/ T�3,1 Gh�qlwlrq
; lpsolhv wkdw = LqiG+T� / T�, @ T�.4�� � T�3 �
VxsG�+T�/ T�, @ T�.5��1 Wkhuhiruh/ �.�3 � P.4
@, �.�.40� � �.�3 � �.�.5 0 � � P.41 Vr/ zh
rewdlq +vhh Wdeoh 8,=
0 Li �.�.5 0 � � P.4 @, �.�. � � P04/ wkhq Tu

5^LqiV+T�/ LqiG+T� / T�,,/ VxsV+T�/ VxsG+T� /T�,,`1
0 Li �.�.4 0 � @ P.4 @, �.�0 � � P/ wkhq Tu

5 iLqiV+T�/ LqiG+T�/ T�,,j @ iTP�4j1
"� "� "� "u 5 X+T�> T� > T�,
"5 "5 "5 d"5c"6o
"6 "5 "5 d"6c"7o
"6 "6 "5 d"6c"8o
"6 "6 "6 d"6c"7o
"7 "5 "5 d"7c"8`
"7 "6 "5 d"7c"9o
"7 "6 "6 d"7c"8o
"7 "7 "5 d"8c"9o
"7 "7 "6 d"7c"9o
"7 "7 "7 d"7c"8o
"8 "5 "5 d"8c"9o
"8 "6 "5 d"8c"9o
"8 "6 "6 d"8c"9o
"8 "7 "5 i"9j
"8 "7 "6 d"8c"9o
"8 "7 "7 d"8c"9o
"8 "8 "6 i"9j
"8 "8 "7 d"8c"9o
"8 "8 "8 d"8c"9o
"9 "5 "5 i"9j
"9 "6 "5 i"9�
"9 "6 "6 i"9j
"9 "7 "6 i"9�
"9 "7 "7 i"9j
"9 "8 "7 i"9�
"9 "8 "8 i"9j
"9 "9 "8 i"9j
"9 "9 "9 i"9�

Wdeoh 8= X+T�> T� >T�,

Fruroodu| 9 = Ohw xv vxssrvh 
 ��D_ E1 Sursr0
vlwlrq 8 jlyh xv Tu 5X+T�/ T�/ T�, li � . � � � �
P 0 4/ dqg Tu 5 iTP�4j li � . � � �@ P1 Wkxv zh
fdq ghgxfh wkh ydoxhv ri T� lq dffrugdqfh zlwk wkrvh
ri Tu/ T� dqg T� / dv wklv lv vkrzhg lq wkh iroorzlqj
wdeoh 91 Iurp wklv wdeoh/ zh fdq yhuli| wkdw = T� @ T5

li � . � � u @4 dqg T� 5^LqiG+T�/ VxsG+Tu/ T�,,/



LqiiVxsG+T�/ LqiG+Tu/ T�,,/ T�/ T�j` rwkhuzlvh1

Tu T� T� T� 5
T5 T5 T5 iT5j
T6 T5 T5 iT5j
T6 T6 T5 iT5j
T6 T6 T6 ^T5/T6`
T7 T6 T5 iT5j
T7 T6 T6 ^T5/T6`
T7 T7 T5 iT5j
T7 T7 T6 ^T5/T6`
T7 T7 T7 ^T6/T7`
T8 T6 T6 iT5j
T8 T7 T5 iT5j
T8 T7 T6 ^T5/T6`
T8 T7 T7 ^T5/T7`
T8 T8 T5 iT5j
T8 T8 T6 ^T5/T6`
T8 T8 T7 ^T6/T7`
T8 T8 T8 ^T7/T8`
T9 T7 T6 iT5j
T9 T7 T7 ^T5/T6`
T9 T8 T5 iT5j
T9 T8 T6 ^T5/T6`
T9 T8 T7 ^T5/T7`
T9 T8 T8 ^T6/T8`
T9 T9 T6 ^T5/T6`
T9 T9 T7 ^T6/T7`
T9 T9 T8 ^T7/T8`
T9 T9 T9 ^T8/T9`

Wdeoh 9

Sursrvlwlrq : +Uhodwlyh Gxdolw|, = Ohw xv vxssrvh
wkdw 
 ��D/ 
 ��4D_ E dqg D��5 DqE1 Zh kdyh T�4

5F+T�/ T�4, ru htxlydohqwo| T�4 @ L+T�/ T�4,1 Xvlqj
sursrvlwlrq 7/ zh rewdlq 
 ��5DqE zlwk T�5 5G+T�/
T�4,1 Iru wkh gl�huhqw ghjuhhv ri T� dqg T�4/ lq 1 /
wkh iroorzlqj wdeoh : jlyhv xv wkh ydoxhv ri T�5 5F+T�/
T�5,1 Zh fdq yhuli| wkdw = Tq+�4,.4 @ T8 5F+T�/
T�5,/ li T� @ T7 dqg T�4 @ T71 Iru wkh rwkhu fdvhv/
zh fdq yhuli| wkdw = iru dq| T�4 5F+T�/ T�4,/ wkhuh
h{lvwv T�5 5F+T�/ T�5, vxfk wkdw T�5 @ Tq+�4,1 Vlqfh

DqE @ D _ E / wkhq D��5 D_E dqg frqvhtxhqwo|
D��5 E 1

T� T�4 5 d e f
T5 ^T5/T9` T5 iT5j ^T5 /T9`
T6 ^T5/T8` T5 ^T5/T6` ^T5/T9`
T6 iT9j T6 iT5j ^T5/T8`
T7 ^T5/T7` T5 ^T6/T7` ^T8/T9`
T7 iT8j T6 ^T5/T6` ^T5/T8`
T7 iT9j T7 iT5j ^T5/T7`
T8 ^T5/T6` T5 ^T7/T8` ^T8/T9`
T8 iT7j T6 ^T6/T7` ^T7/T8`
T8 iT8j T7 ^T5/T6` ^T5/T7`
T8 iT9j T8 iT5j ^T5/T6`
T9 iT5j T5 ^T8/T9` ^T8/T9`
T9 iT6j T6 ^T7/T8` ^T7/T8`
T9 iT7j T7 ^T6/T7` ^T6/T7`
T9 iT8j T8 ^T5/T6` ^T5/T6`
T9 iT9j T9 iT5j iT5j

d= T�4 @ L+T�> T�4,

e= T�5 5 G+T�> T�4,

f= T�5 5 F+T�> T�5,qiT:j
Wdeoh :

Sursrvlwlrq ; +Pl{hg Wudqvlwlylw|, = Ohw xv vxs0
srvh 
 ��D/
 ��4 D_ E/ 
 ��5D _F dqg D ��5F1
Wkh gh�qlwlrq 9 jlyh xv T�4 5F+T�/ T�4, dqg T�5

5F+T�/ T�5,1 E� F @, D_ E � D _F1 Xvlqj Sursr0
vlwlrq 6/ zh rewdlq T�4 �T�51 Zh glvwlqjxlvk wzr fdvhv
=
0d0 Zkhq T�4 ? T�5/ Wdeoh 4 ri rshudwru F lpsolhv
wkdw T�4 ? T�51
0e0 Zkhq T�4 @ T�5/ zh glvwlqjxlvk wkuhh fdvhv=
0e40 li D_ E @ D _F/ wkhq T�4 @ T�51
0e50 li D _E 9@D_ F @ D/ wkhq Sursrvlwlrq 4 lpsolhv =
T�4 ? TP dqg T�5 @ TP 1 Wkhuhiruh T�4 ? T�51
0e60 li D_E9@ D _F9@ D/ wkhq=
0 zkhq T�4 �T6= D{lrp 4 jlyhv xv T�4 @ T�5 @ TP�4

li T� @ T�4/ dqg zh kdyh = Fdug+F+T�/ T�4,, @ 4 rwk0
huzlvh +l1h1/ T� 9@T�4 @ T�5,1 Wkhuhiruh T�4 @ T�51
0 zkhq T�4 @ T5 = vlqfh zh kdyh F+T�/ T�4, @ F+T�/
T�5,/ wkhq iru dq| T�4 5F+T�/ T�4, wkhuh h{lvwv T�5

5F+T�/ T�5, vxfk wkdw T�4 �T�51

Sursrvlwlrq 46 +Lqwhuvhfwlrq 2 surgxfw V|oorjlvp, =
Ohw xv vxssrvh wkdw 
 ��D/ 
 ��D_ E/ 
 ��D _E_ F
dqg D ��E _F1 Zh kdyh T� @ L+T�/ T�4,/ T� @ L+T�/
T�5, dqg T� 5F+T�/ T�,1 AIurp wkh iroorzlqj wdeoh
; lq 1 / zh fdq yhuli| wkdw iru wkh gl�huhqw ghjuhhv ri
T�/ T�/ T�/ T�4 dqg T�5 zlwk T� �T� �T� zh kdyh
=
0 li T� �T6/ wkhq T� @ L+T�4/ T�5,1
0 li T� @ T5/ wkhq F+T�/ T�, @ ^L+LqiF+T�/ T�,/
LqiF+T�/ T�,,/ L+VxsF+T�/ T�,/ VxsF+T�/ T�,,`1
Vlqfh iru dq| T�4 5F+T�/ T�, dqg T�5 5F+T�/ T�,/
zh kdyh L+T�4/ T�5, 5F+T�/ T�,1 Wkhuhiruh T� @
L+T�4/ T�5,1



"� "� "� @ M U _
"5 "5 "5 d"5c"9o d"5c"9o d"5c"9o d"5c"9o
"6 "5 "5 d"5c"8o d"5c"9o d"5c"8o d"5c"8o
"6 "6 "5 i"9j d"5c"8o d"5c"8o d"5c"8o
"7 "6 "5 i"8j d"5c"8o d"5c"7o d"5c"7o
"7 "7 "5 i"9j d"5c"7o d"5c"7o d"5c"7o
"8 "6 "5 i"7j d"5c"8o d"5c"6o d"5c"6o
"8 "7 "5 i"8j d"5c"7o d"5c"6o d"5c"6o
"9 "7 "5 i"7j d"5c"7o i"2j i"2j
"9 "9 "5 i"9j i"2j i"2j i"2j
"6 "6 "6 i"9j i"9j i"9j i"9j
"

7
"6 "6 i"8j i"9j i"8j i"8j

"7 "7 "7 i"9j i"9j i"9j i"9j
"8 "7 "6 i"8j i"8j i"7j i"7j
"8 "7 "7 i"8j i"9j i"8j i"8j
"8 "8 "8 i"9j i"9j i"9j i"9j
"9 "8 "7 i"8j i"8j i"7j i"7j
"9 "7 "8 i"8j i"9j i"8j i"8j
"9 "8 "7 i"9j i"8j i"8j i"8j
"9 "9 "8 i"9j i"Sj i"9j i"9j

d= "�45F+T�> T�,qiT:j
e= "�5 5 F+T�> T�,qiT:j

f= WE"�4c "�5�
g= "� 5 F+T�>T�,qiT:j

Wdeoh ;

Sursrvlwlrq 4; +Fxpxodwlylw|, = Ohw xv vxssrvh
wkdw 
 ��D/ 
 ��D_ E_F dqg D_ E�� F1 Zh kdyh
T� 5F+T�/ T�,1 D{lrp 4 lpsolhv wkdw = +D� P�4

E @, 
 ��D _E, dqg +D �P�4 F @, 
 ��D
_F, dqg Sursrvlwlrq 4 lpsolhv wkdw D_ E9@ D dqg
D_ F 9@D1 Vlqfh D _ E � +D_ F, ^ +E_ F, � D/

 ��D dqg 
 ��D _E/ wkhq 
 ��+D _F, ^+E _F,1
Fruroodu| 9 jlyh xv T� 5^LqiG+T�/ VxsG+T�/ T�,,/
VxsG+T�/ LqiG+T�/ T�,,` zklfk lv htxdo wr ^T��4/T�`
iru � � 6 dqg wr iT5j iru � @ 51 Vlqfh D_ E 9@D
dqg D _F9@D/ wkhq D _E _F 9@ D_ E1 Wkhuhiruh
T� 5F+T�/ T�,qiTPj zklfk lv htxdo wr +^LqiF+T�/
T��4,/ VxsF+T�/ T�,`, q iTPj iru � � 6 dqg wr
F+T5/ T5,qiTPj iru �@51 Lw lv hylghqw wr yhuli|
lq wdeoh 4 ri F wkdw = iru � �7/ ^LqiF+T�/ T��4,/
VxsF+T�/ T�` q iTPj @ ^TP�5/TP�4` > iru 5 � � �6/
F+T�/ T�,qiTPj @ ^T5/ TP�4`1 Vlqfh iru � �7/
zh kdyh T� 5^TP�5/ TP�4`/ wkhq iru 5� � � 6 wkh
lqwhuydo ^T5/TP�4` fdq eh uhvwudlqhg wr wkh lqwhuydo
^TP�5/TP�4`1 Wkhuhiruh T� 5^TP�5/TP�4`1
Sursrvlwlrq 4: +Frqwudfwlrq, = Dffruglqj wr

Sursrvlwlrq < = D� P�4 E dqg D _E�P�4F @,D��

E _F zlwk T� @ L+TP�4/ TP�4, @ TP�41 Dffruglqj
wr Sursrvlwlrq ; = D�� E _F dqg E _F �F @,D ��F
zlwk T� 5^TP�4/TP `1 D_ E �P�4 F @,T� ? TP 1
Wkxv T� @ TP�41
Sursrvlwlrq 4< +Xqlrq Ohiw, = Ohw xv vxssrvh wkdw


 ��D/ 
 ��E/ 
 ��4D _E dqg 
 ��5D_E _F1 Df0
fruglqj wr D{lrp 5 = +D� P�4 F dqg 
 ��D @,

 ��D_ F, dqg +E � P�4 F dqg 
 ��E@, 
 ��E_
F,1 Sursrvlwlrq 4 lpsolhv wkdw D _F 9@D dqg E_ F9@ E1
Zh kdyh +D ^E,_F @ +D_ F, ^+E_ F,,1 Wkhq/ Sursr0

vlwlrq 8 jlyhv xv =
0 
 �u4D^ E zlwk Tu4 5X+T/ T/ T, @ ^LqiV+T�/
LqiG+T� / T�4,,/ VxsV+T�/ VxsG+T�/ T�4,,` li � . � 0
�4 � P04/ dqg Tu4 @ TP�4li � . � 0 �4@ P >
0 
 �u5 +D _F, ^+E _F, zlwk Tu5 5X+T�/ T� / T�5, @
^LqiV+T�/ LqiG+T� / T�5,,/ VxsV+T�/ VxsG+T� / T�5,,`
li � . � 0 �5� P04/ dqg Tu5 @TP�4 li � . � 0 �5 @
P1
Vlqfh +D^ E, _F�D^E dqg D_ E _F �D _E/ wkhq
Sursrvlwlrq 6 jlyhv xv = Tu5 �Tu4 dqg T�5 � T�41
Wkh iroorzlqj frqvwudlqw = iru dq| T�5/ T�4 vxfk wkdw
T�5 � T�4 zh pxvw kdyh Tu5 �Tu4/ doorz xv wr vxs0
suhvv hdfk ydoxh ri X+T�/ T� / T�4, dqg X+T�/ T� /
T�5, iru zklfk Tu5 A Tu4 dv wkdw lv vkrzhg lq wkh iro0
orzlqj wdeoh <1 Iurp wklv wdeoh/ zh fdq yhuli| wkdw iru
dq| T�/ T� / T�5/ T� zlwk T�5 �T�4/ zh kdyh Tu5 @
Tu4 ru Tu5 @ Tu4�41
Li D^E��F/ wkhq T� 5F+Tu4/Tu5,1 Zh kdyh +D^E,
_ F @ +D_F, ^ +E_F, 9@ D^E +dv/D_F9@D dqg
E_F9@E,/ wkhq T� 5F+Tu4/ Tu5, q iTPj zklfk lv
htxdo wr +^LqiF+Tu4/ Tu4�4,/ VxsF+Tu4/ Tu4,`, q iTPj
iru Tu4 � T6/ dqg wr F+T5/ T5, qiTPj iru Tu4@T51 Lw
lv reylrxv wr yhuli| lq wdeoh 4 ri F wkdw = iru Tu4 � T7/
^LqiF+Tu4/ Tu4�4,/ VxsF+Tu4/ Tu4,` qiTPj@ ^TP�5/
TP�4`> iru T5 �Tu4 �T6/ F+Tu4/ Tu5,qiTPj @ ^T5/
TP�4`1 Vlqfh iru Tu4 �T7/ T� 5^TP�5/ TP�4`/ wkhq
iru T5 �Tu4 �T6 wkh lqwhuydo ^T5/ TP�4` fdq eh uh0
vwudlqhg wr wkh lqwhuydo ^TP�5/ TP�4`1 Wkhuhiru T�

5^TP�5/ TP�4`1

Tu T� T� T� 5
T5 T5 T5 ^T5> T6`
T6 T5 T5 ^T6> T7`
T6 T6 T5 ^T6> T8`qiT8j
T6 T6 T6 ^T6> T7`
T7 T5 T5 ^T7> T8`
T7 T6 T5 ^T7> T9`qiT9j
T7 T6 T6 ^T7> T8`
T7 T7 T5 ^T8> T9`qiT9j
T7 T7 T6 ^T7> T9`qiT7>T9j
T7 T7 T7 ^T7> T8`qiT7j
T8 T5 T5 ^T8> T9`
T8 T6 T5 ^T8> T9`
T8 T6 T6 ^T8> T9`
T8 T7 T6 ^T8> T9`qiT8j
T8 T7 T7 ^T8> T9`qiT8j
T8 T8 T6 iT9j
T8 T8 T7 ^T8> T9`qiT8j
T8 T8 T8 ^T8> T9`qiT8j
T9 T5 T5 iT9j
T9 T6 T5 iT9j
T9 T6 T6 iT9j
T9 T7 T6 iT9j
T9 T7 T7 iT9j
T9 T8 T7 iT9j
T9 T8 T8 iT9j
T9 T9 T8 iT9j
T9 T9 T9 iT9j

Wdeoh <


