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Abstract. Biochemical pathways or networks are generic representations used
to model many different types of complex functional and physical interactions in
biological systems. Models based on experimental results are often incomplete,
e.g., reactions may be missing and only some products are observed. In such
cases, one would like to reason about incomplete network representations and
propose candidate hypotheses, which when represented as additional reactions,
substrates, products, would complete the network and provide causal explana-
tions for the existing observations.
In this paper, we provide a logical model of biochemical pathways and show
how abductive hypothesis generation may be used to provide additional informa-
tion about incomplete pathways. Hypothesis generation is achieved using weakest
and strongest necessary conditions which represent these incomplete biochemical
pathways and explain observations about the functional and physical interactions
being modeled. The techniques are demonstrated using metabolism and molecu-
lar synthesis examples.

Keywords: abduction, biochemical pathways, hypotheses generation, weakest suf-
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1 Introduction

Biochemical pathways or networks are generic representations used to model many
different types of complex functional and physical interactions in biological systems.
For example, metabolism can be viewed and modeled in terms of complex networks of
chemical reactions catalyzed by enzymes and consisting of reactive chains of substrates
and products (see, e.g., [1, 2]).

Often these models are incomplete. For example, reactions may be missing and only
some products are observed. In such cases, one would like to reason about incomplete
network representations and propose candidate hypotheses, which when represented as
additional reactions, substrates, products, or constraints on such, would complete the
network and provide causal explanations for the existing observations.

In this paper, we provide a logical model of biochemical pathways (Section 2) and
show how abductive hypothesis generation may be used to provide additional infor-
mation about incomplete pathways. Hypothesis generation is achieved using weakest
and strongest necessary conditions for restricted fragments of 1st-order theories which
represent these incomplete biochemical pathways and explain observations about the
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functional and physical interactions being modeled (see Section 3). Quantifier elimina-
tion techniques (see [3–5]) are used to automatically generate these hypotheses, using
the technique described in [6].

Part of the modeling process includes the use of approximate databases [7], where
when queries are viewed as inferences, questions can be asked about the generated
hypotheses (see Section 4).

These techniques are demonstrated in Section 5, using metabolism and molecular
synthesis examples.

Comparing to other approaches, e.g., that presented in [8, 9], we focus on model-
ing reactions in the classical first-order logic and then on hypotheses generation, using
approximations provided by strongest necessary and weakest sufficient conditions, and
on evaluation of queries using approximate databases, where queries are tractable.

This paper is an extended version of extended abstract [10].

2 Data Models for the Analysis of Biochemical Pathways

2.1 Preliminaries

The analysis of biochemical pathways has been considered in numerous papers (see,
e,g, [1, 2]). In this paper, a bipartite graph representation of chemical reactions will be
used (see, e.g., [2]).

It is assumed that any reaction is specified by:

n : c1 + . . .+ ck
α(n)−→ c′1 + . . .+ c′l,

where:

– n is a label (name) of the reaction
– c1, . . . , ck are reactants (inputs for n)
– c′1, . . . , c

′
l are products of n and α(n) is a formula that specifies additional condi-

tions necessary for the reaction, such as temperature, pressure, presence of catalyz-
ers, etc.

In a bipartite graph there are two types of nodes: compound nodes (depicted by
circles) and reaction nodes (depicted by rectangles). An edge from a compound node to
a reaction node denotes a substrate. An edge from a reaction node to a compound node
denotes a product of the reaction. We additionally allow conditions placed in the boxes,
if these are specified for particular reactions (see Figure 1).

2.2 Representing Reactions in Logic

The language In the paper, the classical first-order logic is used for specifying reac-
tions.

Reaction nodes will be represented explicitly, while information about available
compounds will be given via a suitable relation. Consequently, it is assumed that the
following symbols are available:
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Fig. 1. Examples of bipartite graphs.

1. constants and variables:
– constants representing (naming) reactions (denoted by n, n ′), compounds (de-

noted by c, c′, h2o, co2 etc.), and reaction nodes (denoted by r, r ′)
– variables representing reactions, denoted by N,N ′, compounds (C,C ′), and

reaction nodes (R,R′);
for constants and variables we also use indices, when necessary

2. relation symbols reflecting static information:
– in(C,N) meaning that compound C is needed for reaction N
– out(N,C) meaning that compoundC is a product of reaction N

3. relation symbols reflecting dynamic information:
– prec(R,R′) meaning that reaction node R precedes reaction node R ′

– notExcl(R,R′) meaning that precedence prec(R,R ′) is not excluded1

– chain(R,R′) meaning that there is a chain of reactionsR,R1, R2, . . . , Rk, R
′

such that prec(R,R1), prec(R1, R2), . . . ,prec(Rk−1, Rk), prec(Rk, R
′)

– react(N,R) meaning that reaction N actually happened in reaction node R
– av(C,R) meaning that compound C is available for reaction represented by

reaction node R.

Specifying Reactions in Logic Let e, t be any expressions and s any subexpression
of e. By e(s/t) we shall mean the expression obtained from e by substituting each
occurrence of s by t.

It is assumed that any formula is implicitly universally quantified over all its vari-
ables that are not bound by a quantifier.

Any reaction of the form

n : c1 + . . .+ ck
α(n)−→ c′1 + . . .+ c′l, (1)

is translated into the formula react(n,R), where the following integrity constraints are
assumed:

1 notExcl(R, R′) is useful for constraining the hypothesis generation process.



4 P. Doherty, S. Kertes, M. Magnusson, A. Szalas

– static information about reaction n:

in(c1, n) ∧ . . . ∧ in(ck, n)∧
out(n, c′1) ∧ . . . ∧ out(n, c′l)

– linking nodes in graphs with reactions

react(n,R) → (2)

α(n/R)∧
∀C. {in(C, n) → av(C,R)}∧
∀R′, C′. {[prec(R,R′) ∧ out(n,C′)] → av(C′, R′)}.

Observe that the above formula can be more efficiently expressed according to the
schema:

react(n,R) → (3)

α(n/R)∧
av(c1, R) ∧ . . . ∧ av(ck, R)∧
∀R′. {prec(R,R′) → av(c′1, R

′)}∧
. . .∧
∀R′. {prec(R,R′) → av(c′l, R

′)}.
However, in order to link to an existing biochemical database one would most prob-
ably have to use the previous version with suitable syntactic adjustments.

3 Strongest Necessary and Weakest Sufficient Conditions

3.1 Preliminaries

The strongest necessary and weakest sufficient conditions, as understood in this paper
and defined below, have been introduced in [11] and further developed in [6]. Observe
that the weakest sufficient condition corresponds to the weakest abduction expressed in
terms of a chosen vocabulary.

Definition 3.1. By a necessary condition of a formula α on the set of relation symbols
P under theory T we shall understand any formula φ containing only symbols in P such
that T |= α → φ. It is the strongest necessary condition, denoted by SNC(α;T ;P ) if,
additionally, for any necessary condition ψ of α on P under T , T |= φ→ ψ holds. �

Definition 3.2. By a sufficient condition of a formula α on the set of relation symbols
P under theory T we shall understand any formula φ containing only symbols in P
such that T |= φ→ α. It is the weakest sufficient condition, denoted by WSC(α;T ;P )
if, additionally, for any sufficient condition ψ of α on P under T , T |= ψ → φ holds. �

The set P in the definitions for wsc’s and snc’s is referred to as the target language.
The following lemma has been proven in [6].
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Lemma 3.3. For any formula α, any set of relation symbols P and theory T such that
the set of free variables of T is disjoint with the set of free variables of α:

SNC(α;T ;P ) ≡ ∃Φ̄. [T ∧ α] (4)

WSC(α;T ;P ) ≡ ∀Φ̄. [T → α], (5)

where Φ̄ consists of all relation symbols appearing in T and α but not in P . �

The above characterizations are second-order. However, for a large class of for-
mulas, one can obtain logically equivalent first-order formulas 2 (see, e.g., [3, 4]) or
fixpoint formulas3 (see, e.g., [5]) by applying techniques for eliminating second-order
quantifiers. The algorithms given in [3, 4] are implemented and are available online.
The algorithm based on [5] is implemented, as described in Section 4.

3.2 Hypotheses Generation Using Snc’s and Wsc’s

Snc’s and Wsc’s provide a powerful means of generating hypotheses using abduction.
Suppose one is given a (incomplete) specification of a set of interacting reactions of the
form shown in equation (1). We would use this set of formulas as the background theory
T . Suppose additionally, that a number of observations are made referring to reactions
known to have occurred, or compounds known to be available for participation in a
reaction, etc. Let α denote the formula representing these observations. Generally, it
will not be the case that T |= α because T only provides an incomplete specification of
the reactions.

We would like to generate a formula ( candidate hypotheses) φ in a restricted subset
of the language of reactions P such that φ together with the background theory T does
entail the observationsα. It is important that we do not over commit otherwise we could
just as easily choose α itself as the hypothesis which wouldn’t do much good. In fact,
the WSC(α;T ;P ) does just the right thing since we know that T ∧WSC(α;T ;P ) |= α
and it is the weakest such formula by definition.

WSC(α;T ;P ) actually represents alternative hypotheses for explaining α. If it is
put in disjunctive normal form, each of the disjuncts makes WSC(α;T ;P ) true and
represents a weakest hypothesis. To reason about what each candidate hypothesis might
imply in terms of completing the reaction representation, one would simply add both
the background theory T and the candidate hypothesis α ′ to the approximate database
described in Section 4 and query the database as desired.

Technically, if the wsc/sns in question can be expressed using the classical first-
order logic,4 one would then perform the following steps:

1. replace any quantifier ∀X.α(X) by the conjunction α(X/a1) ∧ . . . ∧ α(X/ak),
where a1, . . . , ak are all constants occurring in the database of the type compatible
with the type of X

2 The class of formulas includes, e.g., all non-recursive semi-Horn formulas - see, e.g., [12].
3 Fixpoint formulas are obtained for semi-Horn formulas, a formalism substantially more ex-

pressive than the Horn fragment of first-order logic.
4 E.g., second-order quantifier elimination results in a first-order formula.
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2. replace any quantifier ∃X.α(X) by the disjunction α(X/a1) ∨ . . . ∨ α(X/ak),
where a1, . . . , ak are as above

3. transform the resulting formula into prenex normal for with the quantifier-free part
transformed into the disjunctive normal form.

Observe that two first steps are of linear complexity wrt size of the database. However,
the third step might be of exponential complexity wrt the size of the formula obtained
in previous steps. One can, however, generate suitable disjuncts one at a time, not all of
them at once.

Each disjunct is a conjunction of literals and represents a possible set of facts mak-
ing a given snc or wsc true. It could then be used to update the database containing
the background theory. One could then query database, using the language outlined in
Section 4 in order to verify certain properties of the generated hypotheses (e.g., whether
the obtained chain of reactions is cycle-free or is acceptable by experts).

In the case when the wsc and snc are fixpoint formulas, one can use the standard
characterization of fixpoints as disjunctions/conjunctions of iterations of fixpoint oper-
ators. However, the complexity of the resulting formula might in this case be unaccept-
able.

3.3 Applications of Snc’s and Wsc’s in the Analysis of Biochemical Pathways

Observe that:

– wsc corresponds to a weakest abduction expressed in a given target language. For
example, consider

WSC(av(fin, so3);Th;L),

where Th is the theory expressing properties of given reactions, as constructed in
Section 2.2. Then
• if the target language L consists of av only, the resulting wsc expresses what

compounds availability makes the required output of reaction node fin feasible
• if the target language consists of react, then the resulting wsc expresses reac-

tions necessary to make the required output of fin feasible
– snc allows to infer facts from a negative information. In fact, snc expresses what

would be possible under a given set of hypotheses. For example, if a certain side
product has not been observed, a reaction can be excluded from the set of hypothe-
ses.

4 Approximate Databases

4.1 Introduction

An approximate database is based on the standard concept of a deductive database but
with a number of modifications that enable reasoning about incomplete and approxi-
mate knowledge.

The basis for the representation of data are approximate relations. An approximate
relation, say R, is given by:
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– a lower approximation, denoted by R+ , containing objects known to satisfy the
relation

– an upper approximation, denoted by R⊕ , containing objects that may satisfy the
relation.

We also allow in the language R− , consisting of tuples which are known not to satisfy
R, R� consisting of tuples that may not satisfy R and R± , called the boundary of
R, consisting of tuples for which it is unknown whether they satisfy R. Of course,
R⊕ = R+ ∪R± and R� = R− ∪R± .

Queries to the database are approximate formulas, where all relations are approx-
imate. In the case of a query containing free variables, the result of the query is a list
of substitutions for those variables that satisfy the query. In the case of a query without
free variables, the result is true, false or unknown.

A prototype implementation of the approximate database management system that
functions as a front-end to the POSTGRESQL database has been developed. The archi-
tecture of implemented layers is depicted in Figure 2.

CCQ Database

DLS∗

Inference
mechanism

Query
compiler

Intensional database

Extensional database

�

POSTGRESQL

SQL

Circum-
scription

Minimization policy
Semi-Horn theory

Atomic formula query �

Semi-Horn rules
�

Approximate
fixpoint query

�

�

Fig. 2. The architecture of the knowledge database.

An extensional database layer (EDB) defines object constants and relations, includ-
ing information about argument types, and explicitly stores positive (R +) and negative
(R−) information for each relation R. The Boundaries of any approximate relation can
be generated by combining its explicit information with all possible tuples of constants
constrained by the argument types. A query compilation mechanism translates any ap-
proximate fixpoint formula into standard SQL and returns bindings of free variables
using results from the POSTGRESQL database.
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An intensional database layer (IDB) contains deductive rules in the form of approx-
imate formula implications and infers new positive or negative information by applying
the inference mechanism on data in the EDB.

Finally, a contextually closed query layer (the CCQ layer) provides functionality
for local closed world assumptions by circumscribing a definition of the query in the
context of a minimization/variation policy (see, [7]). The circumscription generates a
second order formula, which can often be reduced into a logically equivalent fixpoint
formula that can be evaluated by the EDB. This is achieved through application of the
DLS∗ algorithm (described, e.g., in [13]).

4.2 Using Approximate Databases for Representing Biochemical Pathways

Bipartite graphs describing chemical reactions can be represented and reasoned about
using queries to an approximate database with the language presented in Section 4.1.
As is often the case, the reaction graph may be incomplete, in which case querying may
be insufficient to draw any conclusions at all. In this case we propose the application of
Wsc’s and Snc’s in order to hypothesize additional reaction pathways before querying.

According to the definitions of Wsc’s and Snc’s they are equivalent to second order
formulas. Using the DLS∗ algorithm, which is part of the CCQ layer, these can often be
reduced into equivalent first order of fixpoint formulas.

When a hypothesis has been generated, as described in Section 3.2, it can be added
to the database together with the background theory and initial conditions regarding the
availability of compounds. Any consequences of the hypothesis can then be investigated
by querying the database.

For example one might want to find compounds that are available as a result of the
reactions in the hypothesis by performing the query:

∃N,R [react+(N,R) ∧ out+(N,C)].

The compound variable C is unbound and the query will return any compounds that
resulted from any reaction that actually took place. If one of these compounds could
not be found after performing the experiment, this might be a reason to exclude the
hypothesis.

Consider now relations described in Section 2.2.
We assume that relations in and out are in the knowledge database or, alternatively,

that the database contains definitions of reactions prepared according to schema (2) or
(3) (see Section 2.2). In what follows we assume for simplicity that schema (3) is used
whenever possible.

Relations prec, chain, react and av are often known only partially on the basis of
observations. In such a case, in order to find the missing information, we will project
out those relation symbols using the methodology of approximations based on weak-
est sufficient and strongest necessary conditions (see Section 3). We will assume the
following set of formulas, reflecting the partial knowledge:

– if it is known that react(n, r) holds, where n and r are constants, and n is specified
by (1), then one adds to the database formula

[N = n ∧R = r] → react+(N,R)
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– if prec(r, r′) is known, then one adds formula

[R = r ∧R′ = r′] → prec+(R,R′),

and similarly for chain
– if av(c, r) is known, then one adds formula

[C = c ∧R = r] → av+(C,R).

If some reaction nodes are missing then one has to make sure that database domain
has some extra constants for such nodes. These constants can eventually be used in
hypothesis generation (see Section 3.2).

One also adds the following formulas:

– sufficient condition for prec:

∃C,N. [react+(N,R) ∧ out+(N,C)∧ (6)

av+(C,R′) ∧ notExcl⊕(R,R′)] → prec+(R,R′)

– necessary condition for prec

prec+(R,R′) → (7)

∃C,N. [react+(N,R) ∧ out+(N,C) ∧ av+(C,R′)].

Remark 4.1. All the formulas considered so far allow one to compute weakest suffi-
cient and strongest necessary conditions as classical first order formulas, provided that
additional conditions expressed by formula α in all reactions (see Equation (1)) are
non-recursive. �

The following formulas are sometimes5 required, but should be avoided whenever
possible, since computing weakest sufficient and strongest necessary conditions in their
presence results in fixpoint formulas which are much more complex to handle during
the hypothesis generation stage.6

– definition of chain:

chain+(R,R′)
def≡

prec+(R,R′)∨
∃R1. [prec+(R,R1) ∧ chain+(R1, R

′)].

– no cycles:
∀R. [¬chain+(R,R)] (or, alternatively, ∀R. [chain�(R,R)]).

One can also describe the availability of certain compounds and some other condi-
tions. For example, ∀R. [av+(h2so4, R)] specifies that H2SO4 is known to be avail-
able for any reaction node.

5 When the reasoning concerns chains of reactions of not bounded a priori length .
6 In fact, from the point of view of complexity, it is better to use these formulas as integrity

constraints to rule out certain hypotheses (see discussion in Section 3.2).
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5 Examples

5.1 A Metabolism Example

Consider a fragment of the aromatic amino acid pathway of yeast, shown in Figure 3
(this is a fragment of a larger structure used in [1]). Rectangles are labelled with enzyme
names, meaning that a respective enzyme is to be available for reaction, i.e., that av
holds. For example, av(ydr127w, r) is necessary, when the label of r is “YDR127W”.

YDR127W
�

�

C02652

C00005

YDR127W

�
C00006

C00493
�

C00002

�
�

YDR127WYGL148W

�

�

�

	

C00008
C03175

C00074C00009 C00251
C00009

C01269




�
� �

Fig. 3. A fragment of the aromatic amino acid pathway of yeast.

Figure 3 depicts the following reactions:

n1 : C02652 + C00005 YDR127W−→ C00006 + C00493
n3 : C03175 + C00074 YDR127W−→ C01269 + C00009
n4 : C01269 YGL148W−→ C00009 + C00251.

It is assumed that reaction

n2 : C00493 + C00002 YDR127W−→ C03175 + C00008

depicted by the dashed box is, in fact, missing.
The above set of reactions is expressed by formulas as defined in Section 2.2. For

example, the first reaction is expressed by:

react(n1, R) →
av(ydr127w,R)∧
av(c02652, R)∧ av(c00005, R)∧
∀R′. [prec(R,R′) → av(c00006, R′)]∧
∀R′. [prec(R,R′) → av(c00493, R′)].
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The missing reaction is also present, among many other reactions, in the database, and
is expressed by:

react(n2, R) →
av(ydr127w,R)∧
av(c00493, R)∧ av(c00002, R)∧
∀R′. [prec(R,R′) → av(c03175, R′)]∧
∀R′. [prec(R,R′) → av(c00008, R′)].

We assume that the underlying database contains partial information about the observed
chain of reactions:

react(n1, r1) ∧ react(n3, r3) ∧ react(n4, r4)

together with a description of reactions n1, n3, n4 and many other reactions, including
n3. Let the considered knowledge base be denoted by KDB. We assume, for simplicity,
that no precedence of reactions is excluded, ∀R,R ′. notExcl⊕(R,R′).

We can now consider, e.g., WSC(α; KDB; av), where

α
def≡ ∃N.[react(N, r2) ∧ prec(r1, r2) ∧ prec(r2, r3)],

providing one with the weakest requirement expressed in terms of av only, making α
true, provided that the background theory given by KDB holds.

In our case, the generated hypotheses will contain the disjunct av+(c00002, r2),
reflecting, among others, sufficient conditions for prec, expressed by (6).

The SNC(α; KDB;{out}) will contain the disjunct

out+(N, c03175) ∧ out+(N, c00008),

reflecting, among others, necessary conditions for prec, expressed by (7). If one of the
compounds c03175, c00008 has not been observed during the reaction chain, one can
reject the hypothesis that reaction N in node r2 was n2.

5.2 Synthesis of 3-bromo-4propylphenol from Benzene

This example shows how to express additional conditions on reactions.
Consider the following reactions for synthesis of 3-bromo-4propylphenol from ben-

zene (see [14]):7

n1: C6H6 + C3H5OCl + AlCl3 −→ C9H10O
n2: C9H10O + Zn(H5) + HCl −→ C8H12
n3: C9H12 + HNO3 + H2SO4 −→ C9H11NO2
n4: C9H11NO2 + Br2 + FeBr3 −→ C9H10NO2Br
n5: C9H10NO2Br + Sn + HCl −→ C9H12NBr

n6: C9H12NBr+NaNO2+H2SO4+H2O 0oC+heat−→ C9H11OBr

In order to express the condition “0oC + heat”, one has to extend the language by
adding the following relations:

7 The condition in reaction n6 is intended to mean that the reaction has to start at a temperature
of 0oC and then the reactants are to be heated.
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– temp(R, T ) meaning that the temperature in node R is initially T
– heat(R) meaning that compounds in node R are heated.

Now “0oC + heat” is expressed by temp(R, 0) ∧ heat(R) and the reaction n6 is ex-
pressed by:

react(n6, R) →
temp(R, 0) ∧ heat(R)∧
av(c9h12nbr,R) ∧ av(nano2, R)∧
av(h2so4, R) ∧ av(h2o,R)∧
∀R′. [prec(R,R′) → av(c9h11obr,R′)].

The hypotheses generated here might also have to be expressed in terms of a richer
language. For example, the weakest sufficient condition for reaction n 6 to react in node
r would involve temp(r, 0) ∧ heat(R). In fact, no condition expressed in terms of
relations introduced in Section 2.2 would make n6 feasible, since none of them implies
temp(r, 0) or heat(R).

6 Conclusions

In the paper we have presented a logical model of biochemical pathways and have
shown how abductive hypothesis generation may be used to provide additional infor-
mation about incomplete pathways. Hypothesis generation is achieved using weakest
and strongest necessary conditions which explain observations about the functional and
physical interactions being modeled.

The language for expressing knowledge about biochemical pathways that permits
second-order quantifier elimination is quite broad and includes semi-Horn formulas
(see [12]), a formalism substantially more expressive than the Horn fragment of the
first-order logic. However, if one uses non-recursive semi-Horn formulas, the resulting
formalism is much more efficient.

One can extend the approach in various directions. In particular, one can model
much more complicated conditions required for reactions as well as time dependencies.

The approximate database implementation as well as our earlier work on snc’s and
wsc’s has been supported in part by the WITAS project grant under the Wallenberg
Foundation, Sweden.
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