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F-intervals

F = E ∪ {−∞,∞}, E ⊂ <, E �nite

F-interval : (a, b), {a, b} ⊆ F

F is the set of all F-intervals
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Approximations

If ρ is a subset of <n then apx(ρ) is the smallest F-interval
containing ρ.

apx(X2 + Y 2 ≤ 1) = ([−1, 1], [−1, 1])
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Constraint systems

V is a set of variables

• A constraint is an expression ρ(x1, . . . , xn), where
ρ ⊆ <n and every xi ∈ V ∪E

• A system Σ = (i, S), where i : V ∪ E → F and S is
a �nite set of constraints

• A solution σ : V ∪E → < of a system Σ satis�es

� ∀x ∈ E, σ(x) = x
� ∀x ∈ V, σ(x) ∈ i(x)
� ∀ρ(x1, . . . , xn) ∈ S, (σ(x1), . . . , σ(xn)) ∈ ρ
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Narrowing

For every F-block u, the narrowing function −→ρ : Fn →
Fn of ρ satis�es −→ρ (u) = apx(u ∩ ρ)

(i)

(ii)

(iii)

(iv)

(i)-(iv) : u, ρ, u ∩ ρ, −→ρ

Contractance −→ρ (u) ⊆ u

Correctness u ∩ ρ = −→ρ (u) ∩ ρ

Monotonicity u ⊆ v ⇒ −→ρ (u) ⊆ −→ρ (v)

Idempotence −→ρ (−→ρ (u)) = −→ρ (u)
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Narrowing algorithm

Intuition: Calculate narrowing �x point. Whenever an
interval (denotedX) becomes narrower, re-evaluate all
constraints containing X .

Terminating!
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Interval convexity

A constraint ρ is interval convex if for every F-block u and
every i ∈ {1, . . . , n}, πi(ρ ∩ u) is an F-interval.

add = {(x, y, z) ∈ <3 | x+ y = z}

is interval convex, but

mult = {(x, y, z) ∈ <3 | xy = z}

is not.

Example: Assume u = ([−2, 3], [−4, 5], [1, 1]), then
mult ∩ u = ([−2, 3], [−3,−1

2] ∪ [13, 5], [1, 1]) and
apx(mult ∩ u) = u.
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Choice points

Assume ρ = ρ1 ∪ ρ2, i.e. c = c1 ∨ c2

1. −→ρ (u) = apx(u ∩ ρ1) ∨ −→ρ (u) = apx(u ∩ ρ2),
disjunction implemented by choice point.

2. −→ρ (u) = apx(u∩(ρ1∪ρ2)), splitting after propagation
(similar to labeling) creates choice point.

Example: mult = mult+ ∪mult−, where

mult+ = {(x, y, z) ∈ <3 | x ≥ 0, xy = z}

and

mult− = {(x, y, z) ∈ <3 | x < 0, xy = z}

Both are interval convex.
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Newton

Extending Prolog, Newton combines constraints over reals,
integers and booleans.

Newton uses a relaxed implementation of narrowing called
box consistency.
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Arc consistency revisited

A constraint c is arc-consistent wrt (D1, . . . , Dn) and an
integer i, 1 ≤ i ≤ n i�

Di ⊆ {ri | ∃r1 ∈ D1, . . . , ri−1 ∈ Di−1,

ri+1 ∈ Dr+1, . . . , rn ∈ Dn : c(r)}

Arc consistency for systems is de�ned in the natural way.

Generalized to intervals, a constraint ρ is arc consistent wrt
(F1, . . . , Fn) and an integer i , 1 ≤ i ≤ n i�

Fi = apx(Fi ∩ {ri | ∃r1 ∈ F1, . . . , ri−1 ∈ Fi−1,

ri+1 ∈ Fr+1, . . . , rn ∈ Fn : r ∈ ρ})

This is the �x point criteria for narrowing, i.e.

u = −→ρ (u) = apx(u ∩ ρ)
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Box consistency

Box consistency is a relaxed version of arc consistency
that is less expensive to calculate. An interval constraint

ρ′ = C(F1, . . . , Fn) is box consistent wrt (F1, . . . , Fn)
and an integer i i�

C(F1, . . . , Fi−1, [l, l+], Fi+1, . . . , Fn)

∧
C(F1, . . . , Fi−1, [u−, u], Fi+1, . . . , Fn)

where l = left(Fi) and u = right(Fi).

This is equivalent to

Fi = apx({ri ∈ Fi | C(F1, . . . , Fi−1,

apx({ri}), Fi+1, . . . , Fn)})

Box consistency di�ers from arc consistency when ρ′

contains multiple instances of the same variable.
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Box consistency example

x1−x1 +x2 = 0 is not arc consistent wrt ([−1, 1], [0, 2])
because assigning x2 6= 0 makes the constraint
unsatis�able. I.e. the intervals should be narrowed to
([−1, 1], [0, 0]).

X1−X1 +X2 = 0 is box consistent wrt ([−1, 1], [0, 2]),
because

[−1,−1]− [−1,−1] + [0, 2] .= [0, 0]

[1, 1]− [1, 1] + [0, 2] .= [0, 0]

[−1, 1]− [−1, 1] + [0, 0] .= [0, 0]

[−1, 1]− [−1, 1] + [2, 2] .= [0, 0]
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Summary

Interval constraints allows for a coherent handling of multiple simultaneous variable

domain types.

Result: ∃b ∈ Benchmarks(∃S ∈ OtherSolvers(betterb(Newton, S)))
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