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Abstract. This paper deals with different chain graph interpretations
and the relations between them in terms of representable independence
models. Specifically, we study the Lauritzen-Wermuth-Frydenberg,
Andersson-Madigan-Pearlman and multivariate regression interpretations
and present the necessary and sufficient conditions for when a chain
graph of one interpretation can be perfectly translated into a chain graph
of another interpretation. Moreover, we also present a feasible split for
the Andersson-Madigan-Pearlman interpretation with similar features as
the feasible splits presented for the other two interpretations.
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1 Introduction

Today there exist mainly three interpretations of chain graphs (CGs). These
are the Lauritzen-Wermuth-Frydenberg (LWF) interpretation presented by Lau-
ritzen, Wermuth and Frydenberg in the late eighties [6, 7], the Andersson-Madigan-
Pearlman (AMP) interpretation presented by Anderson, Madigan and Pearlman
in 2001 [2] and the multivariate regression (MVR) interpretation presented by
Cox and Wermuth in the nineties [3,4]. A fourth interpretation of CGs can also
be found in a study by Drton [5] but this interpretation has not been further
studied and will not be discussed in this paper.

Each interpretation has a different separation criterion and do therefore rep-
resent different independence models. So far most papers have studied the dif-
ferent interpretations independently with a few exceptions such as the study of
discrete CG models by Drton [5] and the study of CGs representing Gaussian
distributions by Wermuth et al. [12]. Therefore it has not really been studied
what differences and similarities that exist between the different interpretations
in terms of representable independence models. Andersson et al. made a small
study of this when they presented their new (AMP) interpretation and managed
to show when the independence model of a CG of the AMP interpretation could
be represented perfectly by a CG of the LWF interpretation. They did however
not show when the opposite held and did no comparison with CGs of the MVR,
interpretation. Wermuth and Sadeghi did on the other hand present conditions
for when a CG of the MVR interpretation could be translated into a CG of the
LWF or AMP interpretation when they introduced regression graphs [11]. The



conditions were however only necessary and sufficient if the two CGs contained
the same connectivity components and not the more general case where the CGs
could take any form.

In this paper we hope to fill this gap and hence the main contribution of this
paper is a table where we show the necessary and sufficient conditions for when
a CG of one interpretation can be perfectly translated into a CG of another
interpretation. First we do however define a feasible split for the AMP inter-
pretation, with similar features as the feasible splits shown for the LWF [10]
and MVR [9] interpretation, that are used in these conditions. Hence this is our
second contribution. Finally we also show that there for all three CG interpre-
tations exists a minimal set of non-directed edges for each Markov equivalence
class and that the CG containing these, and only these, non-directed edges can
be reached through repeated feasible splits from any member of the class.

The remainder of the article is organized as follows. In the next section we
present the notation we will use throughout the article. This is followed by the
definitions of the feasible splits for each interpretation as well as the proof that
the feasible split for CGs of the AMP interpretation is sound. In section 4 we
start by presenting the conditions of when a CG of one interpretation can be
perfectly represented by a CG of another interpretation. This is then followed
by the proofs that these conditions are sound.

2 Notation

All graphs are defined over a finite set of variables V. If a graph G contains an
edge between two nodes V; and Vs, we denote with V1 —V5 a directed edge, with
Vi< V5 a bidirected edge and with V; -V, an undirected edge. By Vio—V5 we mean
that either V1—V5 or Vi<V, is in G. By Vi—V5 we mean that either V;—-V5 or
Vi - Vo is in G. By Vie—V, we mean that there exists an edge between V; and
V5 in G while we with V7 V5 mean that there might or might not exist an edge
between V7 and V5. By a non-directed edge we mean either a bidirected edge
or an undirected edge. A set of nodes is said to be complete if there exist edges
between all pairs of nodes in the set.

The parents of a set of nodes X of G is the set pag(X) = {V1|V1=V2 is in
G, Vi ¢ X and V5 € X}. The children of X is the set chg(X) = {V4|[Vo—>V] is in
G, V1 ¢ X and V5 € X}. The spouses of X is the set spg(X) = {V1|[V1<Vs is in
G, V1 ¢ X and V5 € X}. The neighbours of X is the set nbg(X) = {V1|V1-V4 is
in G, V] ¢ X and V, € X}. The boundary of X is the set bdg(X) = pag(X) U
nba(X) U spg(X). The adjacents of X is the set adg(X) = {V1|[V1->V5, Vi< Vs,
VieVoor Vi-Voisin G, Vi ¢ X and V5 € X }.

A route from a node V; to a node V,, in G is a sequence of nodes Vi,...,V,
such that V; € adg(Vi41) for all 1 <4 < n. A path is a route containing only distinct
nodes. The length of a path is the number of edges in the path. A path is called
a cycle if V,, = V1. A path is descending if V; € pag(Vii1) Uspa(Vie1) Unba (Vi)
forall 1 <i<n. A path 7m=V,...,V, is minimal if there exists no other path 7o
between V7 and V,, st mo ¢ 7 holds. The descendants of a set of nodes X of G is



the set deg(X) = {V,,| there is a descending path from V; to V,, in G, V; € X and
Vi ¢ X}. A path is strictly descending if V; € pag(Viy1) for all 1 <4 < n. The strict
descendants of a set of nodes X of G is the set sdeq(X) = {V,,| there is a strict
descending path from V; to V,, in G, V; € X and V,, ¢ X}. The ancestors (resp.
strict ancestors) of X is the set ang(X) = {V1|V,, € deg(V1), V1 ¢ X, V,, € X}
(resp. sang(X) = {V1|V,, € sdec(V1),V1 ¢ X,V,, € X}). A cycle is called a semi-
directed cycle if it is descending and V;—V;,1 is in G for some 1 <i<n. A CG
under the Lauritzen-Wermuth-Frydenberg (LWF) interpretation, denoted LWF
CG, contains only directed and undirected edges but no semi-directed cycles.
Likewise a CG under the Andersson-Madigan-Perlman (AMP) interpretation,
denoted AMP CG, is a graph containing only directed and undirected edges but
no semi-directed cycles. A CG under the multivariate regression (MVR) inter-
pretation, denoted MVR, CG, is a graph containing only directed and bidirected
edges but no semi-directed cycles. A connectivity component C of a LWF CG
or an AMP CG (resp. MVR CG) is a maximal (wrt set inclusion) set of nodes
such that there exists a path between every pair of nodes in C' containing only
undirected edges (resp. bidirected edges). We denote the set of all connectivity
components in a CG G by cc(G) and the component to which a set of nodes X
belong in G by cog(X). A subgraph of G is a subset of nodes and edges in G. A
subgraph of G induced by a set of its nodes X is the graph over X that has all
and only the edges in G whose both ends are in X. A bidirected flag is an induced
subgraph of the form X<Y<Z in a MVR CG. With the moral closure graph
of a component C' in a LWF CG G, denoted (Gycy)™, we mean the subgraph
of G induced by C U pag(C) where every edge have been made undirected and
every pair of nodes in pag(C) have been made adjacent with undirected edges.

Let X, Y and Z denote three disjoint subsets of V. We say that X separated
from Y given Z denoted as X 15Y|Z if the following criteria is met: If G is a
LWF CG then X and Y are separated given Z iff there exists no route between
X and Y such that every node in a non-collider section on the route is not in
Z and some node in every collider section on the route is in Z. A section of a
route is a maximal (wrt set inclusion) non-empty set of nodes Bj...B,, such that
the route contains the subpath Bi—Bs—...—B,. It is called a collider section if
Bj ... B, together with the two neighbouring nodes in the route, A and C, form
the subpath A-»Bj-By—...-B,<«C. For any other configuration the section is
a non-collider section. If G is an AMP CG then X and Y is separated given Z
iff there exists no S-open path between X and Y. A path is said to be S-open
iff every non-head-no-tail node on the path is not in Z and every head-no-tail
node on the path is in Z or sang(Z). A node B is said to be a head-no-tail in
an AMP CG G between two nodes A and C' on a path if one of the following
configurations exists in G: A-»B«C, A-»B-C or A-B«C. Moreover G is also
said to contain a triplex ({A,C}, B) iff one such configuration exists in G and
A and C are not adjacent in G. For any other configuration the node B is a
non-collider. If G is a MVR CG then X and Y are separated given Z iff there
exists no d-connecting path between X and Y. A path is said to be d-connecting
iff every non-collider on the path is not in Z and every collider on the path is



in Z or sang(Z). A node B is said to be a collider in a MVR CG G between
two nodes A and C on a path if one of the following configurations exists in
G: A»B<(C, A»B<(C,A<B<«C or A«-B<(C. For any other configuration the
node B is a non-collider.

The independence model M induced by a graph G, denoted as I(G) or
IpGr-class(G), is the set of separation statements X 1Y |Z that hold in G ac-
cording to the interpretation to which G belongs or the subscripted PGM-class.
We say that two graphs G and H are Markov equivalent (under the same inter-
pretation) or that they are in the same Markov equivalence class iff I(G) = I(H).

3 Feasible Splits

For the LWF and MVR interpretation, operations for altering a CG structure
without changing its Markov equivalence class have been presented [9, 10]. One
such operation is called feasible split and is in this article used to prove certain
theorems. Hence we repeat the definitions here. Moreover, we also present the
corresponding operation, called feasible split for AMP CGs, for the AMP CG
interpretation and prove that it is sound. Note that this is not the inverse op-
eration to a legal merging presented in the deflagging procedure for AMP CGs
by Roverto and Studeny [8]. Their operation was applied to so called strong
equivalence classes, not the more general Markov equivalence classes used here.

Definition 1. Feasible split for LWF CGs [10]

A connectivity component C of CG G under the LWF interpretation can be
feasibly split into two disjoint sets U and L st U u L = C by replacing every
undirected edge between U and L with a directed edge orientated towards L iff:
1. YAeneg(L)nU,pac(L) € pac(A)

2. neqg(L) nU is complete

Definition 2. Feasible split for AMP CGs

A connectivity component C of CG G under the AMP interpretation can be
feasibly split into two disjoint sets U and L st U u L = C by replacing every
undirected edge between U and L with a directed edge orientated towards L iff:
1.VYAeneg(L)nU,Lcneg(A)

2. neg(L) nU is complete

3. VB e L,pac(neg(L)nU) ¢ pac(B)

Definition 3. Feasible split for MVR CGs [9]

A connectivity component C' of CG G under the MVR interpretation can be
feasible split into two disjoint sets U and L st U u L = C by replacing every
bidirected edge between U and L with a directed edge orientated towards L iff:
1.VAespg(U)nL, U< spg(A) holds

2. VYAespa(U)nL, pag(U) € pag(A) holds

3. VB espa(L)nU, spa(B)n L is a complete set




Definition 4. Maximally orientated CG
A CG G (under any interpretation) is maximally orientated iff no feasible splits
can be performed on G.

Lemma 1. A CG G of the AMP interpretation is in the same Markov equiva-
lence class before and after a feasible split.

Proof. Assume the contrary. Let G be a CG under the AMP interpretations
and G’ a graph st G’ is G with a feasible split performed upon it. G and G’
are in different Markov equivalence classes or G’ is not a CG under the AMP
interpretation iff (1) G and G’ does not have the same adjacencies, (2) G and
G’ does not have the same triplexes or (3) G’ contains semi-directed cycles.

First it is clear that G and G’ contains the same adjacencies since a feasible
split does not change the adjacencies of any node in GG. Secondly let us assume
G and G’ does not have the same triplexes. First let us assume that G’ contains
a triplex ({X,Y}, Z that does not exist in G. It is clear that such a triplex can
only occur if Z € L since the only difference between G and G’ is that G’ contains
some directed edges orientated towards L where G contains undirected edges. It
is clear that if the triplex is a flag then the one of the node X or Y, let’s say X,
must be in U and the other one, let’s say Y, must be in L. However, according to
condition 1 Y must be adjacent to X which causes a contradiction. If the triplex
is not a flag both X and Y must be in U. They also have to be in neg(L),
which, together with condition 2, contradicts that they are not adjacent. Hence
we have a contradiction for that G’ contains a triplex that does not exist in G.

Secondly assume G contains a triplex ({X,Y}, Z) that does not exist in G'.
It is clear that this new triplex cannot be over a node in L since these nodes only
have edges orientated towards them. Instead assume Z € U. This gives that one
of the nodes X or Y, let’s say X, must be a parent of Z and the other, let’s say
Y, must be in L. This does however contradict condition 3, since every parent
of Z also must be a parent of Y, and hence X and Y must be adjacent. This
gives us a contradiction.

Finally assume G’ contain a semi-directed cycle. This means there exists
two nodes X and Y st X € pag/(Y) but X € deq/(Y) U coe (V). It is clear
that VA € V deg/(A) ¢ deg(A) and cog(A) <€ cog(A) hold. Hence we must
have that X € deg(Y) U cog(Y) also hold which, together with VB € V N\ L
pag(B) = pac(B), means that Y isin L and since VD € L pag/ (D) = pag(D)uU
holds X must be in U. However, at the same time cog/(Y) = cogY ~ U and
dec:(Y) € decY must hold and hence we have a contradiction.

A maximally orientated CG can be obtained from any member of its Markov
equivalence class by performing feasible splits until no more feasible splits can
be performed.

Theorem 1. A CG (under any interpretation) has the minimal set of non-
directed edges for its Markov equivalence class if no feasible split is possible.

The following theorem shows that there may exist several maximally orien-
tated CGs in a given Markov equivalence class but all of them share the same
non-directed edges.



Theorem 2. For any Markov equivalence class of CGs (under any interpreta-
tion), there exists a unique minimal (wrt inclusion) set of non-directed edges
that is shared by all members of the class.

The proofs of the Theorem 1 and 2 for the MVR interpretation can be found
in the article by Sonntag and Pena [9]. These proofs can easily be adapted for
the LWF and AMP interpretations.

4 Translations between Interpretations

In this section the main result of this paper is presented, namely what the
conditions are for a CG of one interpretation to be possible to translate into a CG
of another interpretation. With translate we mean that the induced independence
model of a CG of one interpretation can be represented perfectly by a CG of
another interpretation. A summary of these results is presented in Table 1.

| | LWF \ AMP \ MVR |

(Geyry)™ is chordal for
all K € cc(G).
G’ does not contain any

LWF - Unidentified

G contains no k-biflag

AMP - induced subgraph of the
where k > 2 [2] form X—Y -7
MVR G .contalns no G‘ §onta1ns no )
bidirected edge bidirected flag

Table 1: Given a CG G of the interpretation denoted in the row, and a maximally
oriented CG G’ in the Markov equivalence class of G, there exists a CG H of
the interpretation denoted in the column st G and H are Markov equivalent iff
the condition in the intersecting cell is fulfilled.

From the table two things can be noted. First that the conditions given in
the table may include a maximally oriented CG G’ in the same equivalence
class as G. This is done for several reasons. First, such a graph is easy and
computationally simple to find. Secondly, this allows the proofs to be based on
the idea that no feasible split is possible for the interpretation in mind. Third
and last, the search space of CGs is smaller and more assumptions can be made
on the CG. This in turn allows for more efficient algorithms when calculating
if the condition holds for some CG. The second note that can be made is that
there still does not exist any necessary and sufficient condition for when a perfect
translation of a LWF CG G into an AMP CG H is possible. Andersson et al.
gave a necessary condition but also showed that this condition was not sufficient
[2]. We have managed to prove the necessity of more elaborate conditions but
still been unable to prove sufficiency for these. Hence this condition is left for
future work.



The rest of this section contains the theorems stating the conditions shown
in Table 1 together with their proofs.

4.1 Translation of MVR CGs to AMP CGs

Theorem 3. Given a MVR CG G, and a mazimally oriented MVR CG G’ in
the Markov equivalence class of G, there exists an AMP CG H st Ipvr(G) =
Tapp(H) iff G' contains no bidirected flag.

Proof. Sufficiency follows from from Lemmas 4 and 5 and necessity follows from
Lemma 2.

Lemma 2. A MVR CG G and an AMP CG H with the same structure, except
that every bidirected edge in G is replaced by a undirected edge in H and where
G contains no bidirected flag, represent the same independence model.

Proof. Assume to contrary that there exists two CGs, G under the MVR in-
terpretation and H under the AMP interpretation, st G does not contain any
bidirected flag, i.e induced subgraph of the form X<Y <27, G and H contain the
same directed edges, and for every bidirected edge in G H has an undirected edge
instead (and only contains those undirected edges) but Injyr(G) # Tapp(H).
Clearly we must have Vg = Vi and that adjg(X) = adjp(X),pag(X) = pap(X)
and cog(X) = cog(X) holds for all X € V. Given the definition of strict de-
scendants sang(X) = sang(X) must also hold. Moreover note that H cannot
contain any induced subgraph of the form X-Y-Z. Finally note that both G
and H contains the same paths between X and Y.

For I(G) # I(H) to hold there has to exist a path 7 in G (resp. H) that is
d-connecting (resp. S-open) st there exist no path in H (resp. G) that is S-open
(resp. d-connecting). Let m be a minimal d-connecting (resp. S-open) path in
G (resp. H). Note that 7 cannot contain any contain any subpath of the form
VieVaoVs (resp. Vi-V2-V3) since the edge Vi< Vs (resp. V1-V3) must exist
in G (resp. H) or G contains a bidirected flag or semi-directed cycle. This in
turn would mean that 7 is not minimal since the path 7w \ V5 also must be d-
connecting and shorter than 7. For 7w to be both d-connecting and S-open for
any set of nodes Z it must contain the same colliders and head-no-tail nodes.
A node W € m is a collider if it is part of the following configurations of edges
inm (1) >W+<, (2) W<, (3) >W< and (4) «We. Clearly the fourth case
cannot occur. Case 1-3 would be translated into (1) =W, (2) -W+, (3)-W-
in H which are all (and the only) head-no-tail configurations. Hence 7 must be
d-connecting in G iff 7 is S-open in H which contradicts the assumption.

Lemma 3. If a maximally oriented CG G of the MVR interpretation contains
a bidirected flag X <Y < Z then G also contains an induced subgraph of the form
shown in (1) Figure 1a or (2) 1b or (3) P—Q<Y <Z or (4) P~QoWwZ st
bda(Q) cbdg(YYUY and Y € spg(Q) hold.



Proof. Assume the contrary, that no such induced subgraph exists in G even
though G contains a bidirected flag and G is maximally orientated. Let C' be
the component of which X,Y and Z belongs. Let A be the set of nodes Ay st
Ay € spa(Y) but Ay ¢ spc(Z). We know that X fulfills these criteria and hence
|A] > 1.

First note that if there exists a node Ay € A st bdg(Ag) ¢ bdg(Y)uY
then there exists an induced subgraph Po>Ap<Y < Z P in G for some node
P ebdg(Ar)Nbde(Y)\Y. Hence we have a contradiction since G either contains
an induced subgraph of the form shown in Figure 1b (P € bdg(Z)) or of the form
P—>Q<Y<Z (P ¢bdg(Z)). Therefore we must have that bdg(Ax) € Yubdg(Y)
holds for all Ag € A, i.e. that bdg(A) €Y ubdg(Y') holds.

Secondly note that we can let B be a subset of A st B consists of the nodes
in one connected subgraph in the subgraph of G induced by A (any connected
subgraph will do). Let D be the set of nodes st D = spg(Y) nspa(Z) nspa(B).
With these sets we know that the spouses of Y can be either adjacent of Z or
not, hence spg(Y) = DU A must hold. This in turn gives that spg(4) =DuY
and bdg(A) € DuY Upag(Y) since YA, € A bdg(Ar) € Y ubdg(Y) holds.
Moreover spg(B) = DUY and bdg(B) € DuY Upag(Y') must also hold. Hence,
if D is empty then spg(B) = {Y} and bdg(B) € Y U pag(Y') must hold. This
does however lead to a contradiction because a split then is possible st U consists
of B and L consists of C' \ U. Hence there has to exists at least one node in D.

Thirdly note that D uY must be complete or the induced subpath By« DY;
< Z<DYj<Bi+...< B« By, | >0, exists in G for some nodes By, By, ...,B; € B
and DY;, DY; e DuY. This means that G contains an induced subgraph of the
form shown in either Figure la (I > 0) or 1b (I =0).

Fourth and finally note that there must exist a node P st P € bdg(B)uB but
P ¢ bdg(D;) for some D; € DUY or a split is feasible where U consists of B and L
consists of C\U. Note that D; # Y must hold since bdg (B)uB ¢ bde (Y )uY . This
means that there must exist 2 nodes B;, D; st P € bdg(B;), P ¢ bda(D;), B; € B,
B; € sp(D;) and D; € D st the induced subgraph PosB;<D;<Z P exist in
G. This is a contradiction either because G contains an induced subgraph of the
form shown in Figure 1b (P € bdg(Z)) or Po»B;<D;<Z (P ¢ bdg(Z)) where
bde(B;) €bda(Y)uY and Y € spg(B;) holds.

%)
>

(a) (b) (c)
Fig.1: MVR subgraph forms



Lemma 4. If a mazimally oriented CG G of the MVR interpretation contains
a bidirected flag then G at least one of the induced subgraphs shown in Figure 1
exists in G.

Proof. Assume the contrary, that no such induced subgraph exists in G even
though G contains a bidirected flag and G is maximally orientated. Since G con-
tains a bidirected flag we do with Lemma 3 get that G must contain an induced
subgraph X<Y & Z<«oW or a contradiction directly follows. If we now apply
Lemma 3 to XY < Z we get that, since for GG to contain any induced subgraph
of the form shown in Figure la or 1b is a contradiction, there exist a set of
nodes (that can be renamed to) ¢, ¢2, ¢3 st the induced subgraph ¢je>coc3Z
exists in G and ¢3 =Y holds or bdg(c2) € bdg(Y)uY and Y € spg(ce) hold.
If ¢c3 =Y, G must contain the subgraph ¢jo>co<Y & Z W where ¢ ¢ adjg(Y)
and W ¢ adje(Y) must hold and ¢; = W might hold. Clearly this subgraph takes
the form of either Figure la (¢ # W) or 1b (¢; = W) which is a contradiction.
Hence c3 # Y, bdg(c2) Cbdg(Y)UY and Y € spg(c2) must hold.

Since W ¢ adje(Y) holds and bdg(c2) € bdg(Y) uY it is clear that ¢1,c3 €
bdg(Y) must hold. Hence W # ¢5 holds since W ¢ adje(Y) uY. This in turn
means that W ¢ bdg(cz) holds since bdg(c2) € bdg(Y)UY and W ¢ bdg(Y)uY.
Finally we can see that W € bd/(c3) holds or the induced subgraph ¢jo>coec3<Z
<oV takes the form shown in Figure la (¢; # W) or 1b (¢; = W). However, if
W € bdg(c3) holds G contains an induced subgraph of the form shown in Figure
lc (where § = W, A=¢1, p=c3, y=c2, B =Y and a = Z) and we have a a
contradiction.

Lemma 5. The independence model of a CG G of the MVR interpretation
which contains an induced subgraph of one of the forms shown in Figure 1 cannot
be perfectly represented as a CG H of the AMP interpretation.

Proof. Assume the contrary, that there exists a CG H under the AMP interpre-
tation that can represent these independence models.

First assume that the independence model of the graph shown in Figure 1la
can be represented in a CG H of the AMP interpretation. It is clear that H must
have the same skeleton, or clearly some separations or non-separations that hold
in G would not hold in H. The following independence statements holds in G:
dLaBlpac(B), algylpac(a) and BLgAlpac(B). dLaBlpac(B) gives us that a
triplex ({9, 8},a) must exist in H, since « ¢ pag(B) i.e. that (1) d—a-p, (2)
d—a<f or (3) d—a<pf exists in H. algy|pag(a) does however also state that a
triplex ({«, v}, 8) must exist in H, since 3 ¢ pag(«). For this to happen the edge
between o and [ cannot be orientated towards « hence the subgraph §—a—-g<~y
must exist in H. The orientation of the edge between § and 7 does however
contradict the third independence statement 51gA|pag(B) which implies that
the triplex ({8,A},v) must exist in H, since v ¢ pag(B). Hence we have a
contradiction if G contains the induced subgraph shown in Figure 1a.

Secondly assume that the independence model of the graph shown in Figure
1b can be represented in a CG H of the AMP interpretation. It is clear that
H must have the same skeleton, or clearly some separations or non-separations



that hold in G would not hold in H. The following independence statements
must then hold in G: § Lgf|pac(B) and algylpag(a). d Laflpac(B) gives us
that two triplexes must exist in H, first ({d, 8}, @) and secondly ({3, 3},7), since
a,y ¢ pacg(B). ({4,B8},a) gives that one of the following configurations must
occure in H: (1) §—a<p, (2) 6—a-p or (3) 6—>a< . However, the independence
statement algy|pag(a) implies that the triplex ({«,~}, 8) must exist in H since
B ¢ pag(«). If the triplex ({«,~},8) should hold in H the edge between o and
B cannot be orientated towards « hence the subgraph d—a—f«vy must exist in
H. The orientation of the edge between [ and v does however contradict the
triplex ({4, 3},7) and hence we have a contradiction for the G shown in Figure
1b.

Third and last assume that the independence model of the graph shown
in Figure 1c can be represented in a CG H of the AMP interpretation. From
the Figure we can read the following independence statements: A1 qulpac(p),
a1 gvlpac(a), B L gdlpag(B). Tt is clear that H must have the same skele-
ton, or clearly some separations or non-separations that hold in G would not
hold in H. ALgplpag(p) and algy|pac(a) gives that the triplexes ({\, u},5)
and ({«,7v}, 1) must exists in H since 8 ¢ pag(p) and u ¢ pag(a). As seen
above this gives that A—>vy—p<a must exist in H. Similarly 8Lgd|pac(8) and
Maplpac(p) gives that A—fS-p<«d must exist in H. Finally algvy|pag(a) and
BLlgdlpac(B) gives that the triplexes ({«a,~},8) and ({8,d}, @) must hold in H,
since S8 ¢ pag(«) and « ¢ pag(8), which in turn gives that y—B-a<«§ must exist
in H. This does however contradict that H is a CG since the semi-directed cycle
y—p—-pu—y exists in H. Hence we have a contradiction.

4.2 Translation of AMP CGs to MVR CGs

Theorem 4. Given an AMP CG G, and a maximally oriented AMP CG G’ in
the Markov equivalence class of G, there exists a CG H st Iapp(G) = Iy r(H)
iff G' does not contain any induced subgraph of the form X-Y -Z.

Proof. Sufficiency follows from Lemma 2 while necessity follows from 6.

Lemma 6. If a mazimally orientated CG G of the AMP interpretation contains
an induced subgraph of the form X-Y -Z then G there exists no CG H of the
MVR interpretation st Iapp(G) = Injvr(H).

Proof. Assume to the contrary that the lemma does not hold. Clearly G and
H must have the same skeleton or some separations in H do not hold in G or
vice versa. Let H have a component ordering ord for its components ¢y, ...cx st
ord(c;) < ord(c;) if ¢; is a parent of ¢;. Let C be the component of X in G. From
the assumption we know that X 15Z|nbe(X) U pag(X unbg(X)) holds, where
Y e nbg(X), and hence that H must contain one of the following induced sub-
graphs: Xo—»Y 7, X<Y<«oZ or X«<Y—Z. For any other configuration of edges
X1gZnbe(X) Upag(X unbg(X)) does not hold. Moreover we can generalize
the configurations to Xo=Y -7 and X<«Y —Z simply by choosing the nodes to
represent X and Z accordingly. Both these structures are included in Xo—oY -7



and we will now show that this structure leads to a contradiction if a split is not
feasible in G.

The proof is iterative and when a restart is noted this is where the proof
restarts. For each restart it will be shown that there must exist a triplet of nodes
X, Y, Z st an induced subgraph of the form X-Y -7 exists in G and Xo—-Y 27
in H. Apart from this we also know that T4y p(G) = Inyvr(H) holds and that
no split is feasible in G. Let the set U consist of Y and every node connected
by a path to Y in the subgraph of G induced by C' \ Z and the set L consist
of C'\U. This separation of sets gives that nbg(U) = Z. For a split not to be
feasible with these sets one of the conditions in Definition 2 must fail:

Case 1, condition 1 or 2 fails. This means that there exist two nodes W € C' and
P € C st the induced subgraph P-Z-W exists in G. Note that one of the nodes
might be Y. This means that P1W|nbg (W) Upag(W unbg(W)) holds, where
Z € nbg(W) and hence that Pe>Z—->W, P<Z«W or P<Z—-W must exist in H
as described above. Without losing generality we can say that either P—Z->W
or P« Z—-W exists in H and that W # Y by choosing P and W appropriately.
This means that we can restart the proof with the structure Po—oZ—->W in H
(and P-Z-W in G). The number of restarts is bounded since (1) the number
of nodes in V is bounded and that ord(cog(Z)) > ord(cor(Y)).

Case 2, condition 1 and 2 hold but condition 3 fails. This means that there
exists two nodes W e U and P ¢ C' st the induced subgraph Z-W <« P exists in
G. First let us cover the case where W =Y. This means that Z L ¢ Plpac(Z)
holds. Since H have the same skeleton as G this means that H must contain
an induced subgraph of the form Po>Y <«oZ since Y ¢ pag(Z). At the same
time we know that H contains the edge Y —Z which causes a contradiction and
hence Y # W must hold. Therefore, P ¢ pag(Y') holds which generalized means
that that pac(Y') € pag(Z) must hold. For Z1¢Plpac(Z) to hold in H there
must exist an unshielded collider between Z and P over W and hence that the
induced subgraph Zo>W «oP exists in H. Similarly we have that Y 1 Plpac(Y)
gives that H contains an induced subgraph of the form Yo>W<«oP. Note that
Y € adjc(W) must hold since condition 2 holds. Moreover for H not to contain
a semi directed cycle over Y —Zo>W <Y we can see that Y -W <P must exist
in H. Finally note that X # W must hold since X ¢ adjg(Z) holds.

Now assume X € nbg(W). For X 1y Z|nbg(X) Upag(X unbg(X)) to hold,
together with W € nbg(X) and Z—~W, it is easy to see that the induced sub-
graph Zo—W X must be in H. We can now see that P € pag(X) must hold
or the induced subgraph X<« W<«eP in H contradicts that X 1¢P|pag(X) holds
in H. Moreover, for Xo—-Y —>W—X not to form a semi-directed cycle in H the
edge between X and Y must be orientated to X<Y. We can therefore restart
the proof by replacing X with Z, i.e. with the induced subgraph X<« Yo—oZ in H
(and X-Y-Z) in G. Since we know that Ze—W X exists in H we know that
ord(cog (X)) > ord(cog(Z)). Hence we cannot get back to this subcase again
(or we would have that ord(cop (X)) < ord(cop(Z)) which is a contradiction).
This, together with that Y is kept the same and that |V is finite gives that the
number of restarts is bounded. Hence X ¢ nbg (W) must hold.



Now assume that pag(Z) < pag(W). We can now restart the proof with
Xo—oY —»W. The number of iterations is then bounded since |V] is finite and case
2 cannot occur with Z as W again, or pag(Z) ¢ pag(W) would have to hold
which is a contradiction. Hence pag(Z) ¢ pac(W) must hold. Let @ be the
parent of Z not shared by W. Since W LgQ|pac (W) holds, and we know that
H contains the induced subgraph Qo—Zo>W «oP, we can draw the conclusion
that H must contain the induced subgraph Qo—Z<W <P since Z ¢ pag(W).
Note that if there exist two different nodes W7 and W5 such that both have the
properties described for W in case 2 W; and Wy must be adjacent. If this were
not the case we would have that both Wi 1gWa|nbg(W1) Upag (W1 unbg(W1))
and Wy LgWo|nbg(W1) U pag (W1 unbg(W1)) would hold, since Z € nbg(Wh).
Also note that since Wy« Z and Wy« Z exists in H and the edge between W,
and W5 must be bidirected or H contains a semi-directed cycle. Let D be a set
of nodes containg Z as well as all nodes that have the properties described for
W. From the description above we can see that D must be complete and that
the subgraph induced by D in H must only contain bidirected edges. We will
now show that a split must be feasible in G with D as L and C'\ D as U. For a
split not to be feasible one of the constraints in Definition 2 must fail.

Assume condition (1) or (2) fails. Then there exists three nodes R € C,
T e C and Dj; € D st the induced subgraph T-D;-R exists in G. Since T'1L
¢ R|nbg (R)upac (Runbg(R)) holds we must, without losing generalization, have
that H contains the induced subgraph Te—D,—R, since D; € nbg(R). If this is
the case we can however restart the proof with this induced subgraph and know
that the number of iterations is bounded since |V| is finite and ord(coy(D;)) >
ord(cog(Y)).

Assume condition (1) and (2) holds but (3) fails. Then there exists two
nodes R € U and T ¢ C st the induced subgraph D;,—-R<T exists in G for
some D; € D. First note that R must be adjacent of all nodes in D or con-
dition 1 would have failed in this split. Secondly note that R-Y must exist
in G or condition 2 would fail if we restart the proof with Xo—-Y—D, and a
contradiction follows from there. Thirdly note that R ¢ adjz(X) must hold
or the proof could be restarted with Xo—Y —-D,, for which condition 3 would
fail with R as W and a contradiction would follow as shown above. Finally
note that pag(R) € pag(Z) must hold or R would be in D. This means that
pag(W) ¢ pac(R), and hence that P ¢ pag(R), holds. Moreover we know that
the edge D;<W exists in G. For D;16T|pac(D;) to hold in H it is clear that H
must contain the induced subgraph D;o>R<T since R ¢ pag(D;). Similarly we
have that for RLg Plpag(R) to hold H must contain an induced subgraph of the
form Re>W <P since W ¢ pag(R). This means that for Re—W < D;>R not to
form a semi-directed cycle in H the edge R<>D; must exist in H. Moreover, since
VD,, € DN D; R ¢ adjc(Dy,), RoD; and D;<D,, hold, clearly R<D,,, must
also hold or G contains a semi-directed cycle. Hence the subgraph of H induced
by D u R is complete and contains only bidirected edges. This in turn means
that for Y- D; < Re—Y to not form a semi-directed cycle Y- R must exist in H.



Hence we can move R into D and redo do the last split again. The number of
restarts are bounded since |V is finite.
Hence each condition in Definition 2 must hold and we have a contradiction.

4.3 Translation of MVR CGs to LWF CGs

Theorem 5. Given a MVR CG G, and a mazimally oriented MVR CG G’
that is in the same Markov equivalence class as G, there exist a LWF CG H st
Invr(G) = Iowr(H) iff G contains no bidirected edge, i.e. can be represented
as a BN.

Proof. From Lemma 7 it follows that a maximally oriented CG G’ of the MVR
interpretation with a bidirected edge must have a subgraph of the form shown
in Figure 2. If it does not contain any bidirected edge in the maximally oriented
model it trivially follows that it is a BN (and hence it can be represented as a
CG of the LWF interpretation). From Lemma 8 it then follows that no CG G of
the MVR interpretation which contains a subgraph of the form shown in Figure
2 can be represented as a CG of the LWF interpretation.

Lemma 7. If a bidirected edge exists in a mazximally oriented CG G of the MVR
interpretation then G must contain an induced subgraph of the form shown in

Figure 2.
B
D

Fig. 2: Included subgraph in Lemma 7 and 8.
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Proof. Assume to the contrary that a CG G of the MVR interpretation exists
where (1) no induced subgraph of the form shown in Figure 2 exists, (2) no split
is feasible and (3) at least one bidirected edge exists. From this assumption we
can see that there has to exist at least two nodes X and Y st X<V exists in G.
Let C be the connectivity component to which X and Y belongs. Separate the
nodes of C' into two sets U and L st X and every node connected by a path to
X in the subgraph of G induced by C' \Y belongs to L and C' \ L belongs to U.
This separation of nodes allows us to know that spg (L) only contains Y. For a
split not to be feasible at least one condition in Definition 3 has to fail.

Case 1. Assume constraint 1 fails. This means a node Z € L exist st Z<Y <X
occurs in G where Z ¢ adje(X) must hold, or Z would be in U. Now remove
Y from U and add it to L as well as all nodes not connected by a path with
Z in the subgraph of G induced by U \Y and attempt another split. This



separation of nodes allows us, since we previously had nbg(L) =Y and Y now
have changed sets, to say that spe(U) =Y must hold and hence that constraint
3 cannot fail. However, if constraint 1 or 2 fails we know there exists a node W
st Wo>Z<Y <X is a subgraph of G but where W ¢ adjc(Y), and Z ¢ adjc(X)
and W ¢ adjg(X) by definition of the initial split, which implies a contradictory
induced subgraph. Hence constraint 1 cannot fail in the initial split.
Case 2. If constraint 2 or 3 fails in the initial split we know there exists two nodes
V1 and Py st Pyo—Y < V] exists in G but where V; ¢ adjg(P1) (note that V7 might
be X). Now let L consist of every node connected by a path to Y in the subgraph
of G induced by C \ V7 and the nodes C' \ L belong to U. This separation of
nodes allows us to know that spg(L) only contains V;. If constraint 1 fails when
performing a split with these sets it is clear from case 1 that a contradiction
occurs. If constraint 2 or 3 fails we know there exists two new nodes V5 and Ps
st P>V <V, exists in G but where P ¢ adje(V2). Note that V2 or P; cannot
be P; since P, ¢ adjg(Py). We now get that V5 cannot be Y or an induced
subgraph like that in Figure 2 occurs. V5 € adj(Y) and Py € adj(Y) must also
hold or the induced subgraph V5 (resp. Pp)o>V; <Y «oP; occurs. By replacing V3
with V5, setting the proper U and L as described above it we can now repeat this
procedure iteratively. Moreover, for every repetition ¢ we must have that V; and
P; must be adjacent of every V;(j < i) as well as Y or a contradiction occurs. This
means that any nodes V; and P; already used in a previous repetition cannot be
used in a later one, or both P; € adj(V;) and P; ¢ adj(V;) would have to hold.
This in turn means that the number of repetitions is bounded since |C| is finite
and hence we have a contradiction that condition 2 or 3 can fail.

This means that all three conditions in Definition 3 must hold and hence a
split must be feasible if the induced subgraph shown in Figure 2 does not occur.

Lemma 8. If a CG G of the MVR interpretation contains an induced subgraph
of the form shown in Figure 2 then G cannot be translated into a CG H of the
LWF interpretation.

Proof. Assume to the contrary that there exists a CG H, of the LWF interpre-
tation, with the same independence model as G while G contains an induced
subgraph of the form shown in Figure 2. Clearly H and G must contain the
same nodes and adjacencies or some separations or non-separations must exist
in G but not in H.

From Figure 2 we can read that AlgD|pag(D) and C 1gB|pac(C) hold.
For AlgDlpag(D) to hold in H C must be a collider between A and D and
hence H must contain the induced subgraph A—C<«D. Similarly C'LgB|pac(C)
gives that H must contain the induced subgraph C—D<«B and hence we have
a contradiction.

4.4 Translation of LWF CGs to MVR CGs

Theorem 6. Given a LWF CG G there exists a CG H st Ipwr(G) = Inyvr(H)
iff (Gayxy)™ is chordal for all K € cc(G).



Proof. To prove the “if” part, note that if (Gy(x))™ is chordal for all K € cc(G),
then there is a DAG D st ILwr(G) = Ipn(D) [1, Proposition 4.2] and, thus, it
suffices to take H = D.

To prove the “only if” part, assume to the contrary that Vi—...-V, is a
chordless undirected cycle in (G k)™ for some K € cc(G). Note that H has
the same adjacencies as G. Therefore, V;_1<V; and/or V;-V;,; must be in H
because, otherwise, Vi1 L ¢Vi+1|Z € Iowr(G) for some Z st V; € Z whereas
‘/;_1LH‘/Z'+1‘Z ¢ IMVR(H)a which contradicts that ILWF(G) = IMVR(H) As-
sume without loss of generality that V;—V;, is in H. Then, V;,1—V;,2 must be
in H too, by an argument similar to the previous one. Repeated application of

this reasoning implies that H has a semi-directed cycle, which contradicts the
definition of CG.
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