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Abstract execution times (WCET) [5][17] and provides answers whether the tasks

) ) will meet or not all their deadlines. Such an approach is well suited for
~ This paper presents an approach to the analysis of task set§aricular critical applications. However, it leads to expensive and
implemented on multiprocessor systems, when the task execution timggfficient implementations in the case of many application classes like
are specified as generalized probability distributions. Because of theust real-time systems and multimedia applications.
extreme complexity of the problem, an exact solution is practically oyr work considers the case when the task execution times are of
impossible to be obtained even for toy examples. Therefore, OWtochastic nature and their probabilities are distributed according to given
methodology is based on approximating the generalized probabilityrhitrary time probability distribution functions. Because meeting a
distributions of execution times by Coxian distributions of exponentialsgeadiine in this case becomes also a stochastic event, our method
Thus, we transform the generalized semi-Markov process, correspondiqgenerates the probability of task deadline misses.
to the initial problem, into a continuous Markov chain (CTMC) which, * The variability of the task execution time may stem from several
however, is extremely large and, hence, most often is impossible to hgyrces: input data characteristics (especially in differently coded video
stored in memory. We have elaborated a solution which allows tGrames), hardware architecture hazards (caches and pipelines),
generate and analyze the CTMC in an efficient way, such that only a smadl,ironmental factors (network load), or insufficient knowledge

part has to be ;tored at a given time. Severallexp.eriments inve;tigate t'?égarding the design (a task running on a not yet manufactured processor,
impact of various parameters on complexity, in terms of time andgr example).

memory, as well as the trade-offs regarding the accuracy of generated | gyng and Whitehead [14] showed that the schedulability analysis is
results. an NP-complete problem in the case of fixed task execution times and
more than two processors. Obviously, the problem is much more
challenging in the case of stochastic task execution times.
The sequel of the paper is organized as follows: The next section
surveys some related approaches. Section 3 formulates the problem.
Systems controlled by embedded electronics become indispensablef¢ction 4 presents the approach outline while Section S introduces our
our lives and can be found in avionics, automotive industry, homéntermedlate representation basgd on Generallzeq Stqchastlc Petrl Nets.
appliances, medicine, telecommunication industry etc. [4]. Due to the€ction 6 presents the technique for approximation of arbitrary
application nature itself, as well as to the high demands in terms Orprobaplllty distributions and _Sectlon_ 7 details our anal)_/5|s method.
computation power and constraints, such as cost and energy dissipatida<Periments are presented in Section 8. The last section draws the
these systems are mainly custom designed heterogeneous multiprocesggpclusions.
platforms. Their high complexity makes the design process a challenging
activity. Hence, an accurate and efficient design process is the key to co
with the high time-to-market pressure. The enormous design spac%eReIated work
implies that accurate estimation and analysis tools in all design stages are
of capital importance for guiding the designer and reducing the design | ehoczky has pioneered the “heavy traffic” school of thought in the
iterations and cost. _ __area of real-time queueing [12][13]. The theory was later extended by
The present work focuses on an analytic approach to schedulabilifyarrison [7], williams [18] and others. The application is modelled as a
analysis of multiprocessor real-time systems. We consider applicationgyticlass queueing network. This network behaves as a reflected
modelled as sets of task graphs with the tasks statically mapped on a $§{ownian motion with drift under heavy traffic conditions, i.e. when the
of processors. Most of the previous work in this area considers worst cagfiocessor utilizations approach 1, and therefore it has a simple solution.

1 Introduction



This approach, to our knowledge, fails yet to handle systems where atask by the designer, and CT5ft.4, ..., ty} represent communication

has more than one immediate successor task. Moreover, the heavy traffic activities. Graph edges capture data dependencies. A communica-
assumption implies an almost infinite queue in the case of input tion task is inserted on each node connecting tasks from the set T,
distributions with non-negligible variation. This leads to an unacceptably  that are mapped to different processors. In the paper, where we use
high deadline miss ratio and limits the applicability of such an approach  the term “task”, without any particular specification, we refer to

in real-time systems. both actual tasks from the set T and communication tasks;
In our earlier work, we considered the particular case ofe A set of processors P = {p po, ..., P}, and a set of buses
monoprocessor systems [15]. The analysis is based on solving a BU={l .y, ..., g

generalized semi-Markov process by means of the auxiliary variable  Two surjective mappings, MapP : & P, mapping tasks on proces-
method. Although we concurrently construct and analyse the process, sors, and MapB : CT- BU, mapping communication tasks on
saving a significant amount of memory, this method is of limited buses;
applicability to multiprocessor systems due to the exploding complexity. A set of continuous execution time probability distribution func-
Hu et al. [8] do not target individual task deadline miss probabilities, tions E = {g, ..., e}, € : [0:0) - [, statistically independent,
but rather assess the feasibility of the entire application, by defining and  where gis the execution time (communication time in the case of
computing a feasibility metric. However, their approach is limited to communication tasks) probability distribution function of tgsk t
Mmonoprocessor systems. A mapping that associates a static priority to each task,
Kalavade and Moghé [9] address the problem of individual task Prior : T - 0O; two tasks mapped on the same processor are not
deadline miss probabilities in the context of multiprocessors. Their  allowed to have the same prioﬂity
approach is based on solving the underlying generalized semi-Markov A set of periods, A ={g, & ..., 8}, where g is the period of task
process. In order to be able to manage such a complex problem, they graph ¢
restrict their approach to task execution times that assume values fromra Each task graph has an associated deadline which equals its period;
discrete set. « Ifall deadlines are satisfied, there exists at most one active instanti-
Other researchers, such as Kleinberg et al. [11] and Goel et al. [6], ation of a task graph in the system at a certain moment. If the exe-
apply approximate solutions to problems exhibiting stochastic behaviour  cution of any task graph; @xceeds its deadline, then and only then
but in the context of load balancing, bin packing and knapsack problems.  two or more instantiations of;gan be simultaneously active at a
Moreover, the probability distributions they consider are limited to a few time. A set of integers B={f ..., bg} is given by the designer,
very particular cases. where B indicates the maximum number of simultaneously active
Kim and Shin [10] modelled the application as a queueing network, instantiations of the task graphtpat are acceptable. If the number
but restricted the task execution times to exponentially distributed ones  of instantiations of gequals b when a new instantiation of;g
which reduces the complexity of the analysis. The tasks were considered arrives, then the new instantiation will be rejected and a new dead-

to be scheduled according to a particular policy, namely FIFO. The line miss will be noted.
underlying mathematical model is then the appealing continuous time The analysis outputs the deadline miss ratios of the task graphs, F =
Markov chain (CTMC). {f1, fo, ..., T},
In our approach we address the extremely complex problem of tasks Di(t)
running on multiprocessor systems and which have execution times with f, = t|immm

arbitrary probability distributions. Our approach is also based on a CTMC . . )
in order to keep the appealing character of the solution procedure and to Where B(f) denotes the number of missed deadlines of grapmt
avoid the time and memory consuming convolutions implied by solvingfiMe & and A) denotes the number of arrivals of graplorgil time t.
the otherwise generalized semi-Markov process (GSPM). Tasks are
scheduled according to a fixed priority non-preemptive policy. We4
overcome the limitation of the exponentially distributed execution time
probabilities by approximating arbitrary real-world distributions by

means of Coxian distributions, i.e. weighted sums of convoluted The underlying mathematical model of the application to be analysed
exponentials. The resulting CTMC is huge, but by exploiting certainis the stochastic process. The process has to be constructed and analysed
regularities in |tS StrUCtUre, we haVe elaborated a Solution SUCh that thﬁ order to extract the desired performance metrics_ When Considering
infinitesimal generator needs not to be stored explicitly. As agrpitrary execution time probability distribution functions (ETPDFs), the
consequence, the memory complexity, which is the most critical aspect 9sulting process is a generalized semi-Markov process, making the
the analysis, is drastically reduced. This makes the method applicable ghalysis extremely demanding in terms of memory and time. If the
real-world applications. execution time probabilities were exponentially distributed, as assumed
for instance by Kim and Shin [10], the process would be a CTMC which
is easier to solve.

The outline of our approach is depicted in Figure 1. As a first step, we
generate a model of the application as a Generalized Stochastic Petri Net

Informally, the problem can be formulated as follows: given a set ofGSPN). We use this term in a broader sense than the one defined by
task graphs where the task execution time probabilities are distributega/P0 [1], allowing arbitrary probability distributions for the firing delays
according to given arbitrary continuous distributions, as well as the?f the timed transitions. This step is detailed in the next section.
mapping of the tasks to a set of processors, the analysis generates the tasd "€ Second step implies the approximation of the arbitrary real-world
deadline miss ratios. More formally, the input to the analysis procedur& TPDFs with Coxian distributions, i.e. weighted sums of convoluted
consists of:
e Asetoftask graphs TG ={g..., gg}. Graph nodes are tasks from

the seff=TOCT, where T={4, ..., ty;} are the actual tasks specified 1.We consider that bus conflicts are arbitrated based on priorities associated to
messages (as is the case, for example, with the popular CAN bus[2])

Approach outline

3 Problem formulation
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| Analysis of the CTMC |

Results exponentially distributed firing delay probabilities, as it is the case in the
(percentage of missed classical definition of the GSPN, then the underlying stochastic process
deadlines) isa CTMC.

We use the term GSPN in a broader sense, allowing arbitrary
exponential distributions. Some details regarding Coxian distribution®robability distributions of the transition firing delays. In this case, the
and the approximation process follow in Section 6. TRG of the net corresponds to a generalized semi-Markov process.

In the third step, the tangible reachability graph of the GSPN is We illustrate the construction of the GSPN based on an example. Let

obtained. Its nodes correspond to states in a generalized semi-Mark&§ consider the task graphs in Figure 2. Tagkiyand § form graph g
process (GSMP). Directly analysing this process is practically impossiblé/hile G consists of taskjt t; and p are mapped on processoy and &
(because of time and memory complexity) for even small toy examples i#nd & on processor p The task priorities are 1, 2, 2, 1 respectively. The
they are implemented on multiprocessor systems. Therefore, the statesi8fK 9raph ghas periody and g has periodt,. For simplicity, in this
this process are substituted by sets of states based on the approximatiG¥&mPple, we ignore the communication tasks. The GSPN corresponding
obtained in the second step. The transitions of the GSMP are substitut&® the €xample is depicted in Figure 3. Timed transitions are depicted as
by transitions with exponentially distributed firing interval probabilities SOlid rectangles. Immediate transitions appear as lines possibly annotated
from the Coxian distributions. What results is a CTMC, however muchPY the associated priority. Ifa timed transitiorieenabled, it means that
larger than the GSMP. The construction procedure of the CTMC i€ instantiation of the taskis running. The probability distribution of the
detailed in Section 7. firing delay of transition gis equal to the ETPDF of task As soon asie
As a last step, the obtained CTMC is solved and the performancfres. it means that the instantiation ptompleted execution and leaves
metrics extracted. the system._ The task priorities are modelled by prioritizing the immediate
transitions
The periodic arrival of graph instantiations is modelled by means of
5 Intermediate model generation the transition G with the deterministic delay T. G fires every T time units,
where T is the greatest common divisor of the graph periods. As soon as
G has firedt/T times, the transitionyfires and a new instantiation of task
As a first step, starting from the task graph model given by thegraph gdemands execution. (In our example, we considetgd=3 and
designer, an intermediate model based on Generalized Stochastic Pe#jT=2.) If there are already; lactive instantiations of;gn the system,
Nets (GSPN) [1] is generated. Such a model allows an efficient anghere bis the initial marking of place Bthen B is not marked, and the
elegant capturing of the characteristics of the application and of theransition d fires, meaning that the new graph instantiation is rejected.
scheduling policy. It constitutes also an appropriate starting point for th@therwise, wfires, a token from Bis consumed and the new instantiation
generation of the CTMC to be discussed in the following sections. is accepted in the system. The transitionsave a higher priority than
A classical GSPN, as introduced by Balbo [1], contains timedthe transitions d as indicated by the integers near the transitions, so an
transitions with exponentially distributed firing delay probabilities andinstantiation is always accepted if possible.
immediate transitions, with a deterministic zero firing delay. The The mutual exclusion of the execution of tasks mapped on the same
immediate transitions may have associated prioritimngible marking  processor is modelled by means of the placgsaRd B. The data
is one in which no immediate transitions are enabled. Such a marking cafependencies among the tasks are modelled by the arag €, - a3
be directly reached from another tangible marking by firing exactly oneand g - a;,. Once a task graph instantiation leaves the system (the sink
timed transition followed by a possibly empty sequence of immediatgodes in the task graph complete execution), a token is added to B
transition firings, until no more immediate transitions are enabled. The Consider two arbitrary tangible markings,Mnd M,, such that M is
tangible reachability graph (TRG) contains the tangible markings of thejirectly reachable from )by firing the timed transition U. The sets of
@ timed transitions jethat are enabled in Mand M, are W, and W.
Gk 1 Ci; ﬁ (Observe that Wand W, can be seen as sets of tasks, as each transition

g corresponds to a task)tAn important property that is easily detected

Figure 1. Approach outline

Figure 2. Task graphs



from the Petri Net is that the net does not contain competitively enableda with subnets of the type depicted in Figure 4b the GSMP underlying
timed transitions. This means that no transition i ¥én be disabled the Petri Net becomes a CTMC. It is obvious that the introduced
when firing U, except possibly U itself (MU} OW,). In other words, if ~ additional places trigger an explosion in the TRG and implicitly in the
the cardinality of W\W, is greater than 1, then we are guaranteed that M resulted CTMC. The next section details on how to efficiently handle
is not directly reachable from M In the underlying stochastic process, such a complexity increase.
this implies that there can be no edge from a state in which a geifW
tasks is running to a state in which a set, \Wf tasks is running, if ) .
IW,\W,|>1. This property is used in Section 7 to determine the states of CTMC construction and analysis
the underlying stochastic process that might be directly connected with an
edge labelled with a given transition. . .

The underlying GSMP is extracted from the Petri Net by building itsM_Let”Sbbe the set of sta_tes fof_the GSME und§:jly|ng thehPetrl Net. Let
TRG. The GSMP is then approximated with a CTMC by replacing the =[my;] be a square matrix of size {$| where m denotes the average

arbitrary probability distributions of the task execution times (firing delaytranSItlon rate fr_o_m state i to state j in the GS.MP’. L€ the average f|r_|ng
o T . o . - rate of the transition that labels the edge from i to j in the GSMP. We first
probability distributions of the timed transitions) ewith Coxian

distributions. This is further discussed in Section 6 and Section 7. partition th? setof states S in Cl.USterS such that states i.n.the same Clus.ter
have outgoing edges labelled with the same set of transitions. A cluster is
identified by a binary combination that indicates the set of transitions that

6 Coxian distribution approximation are enabled in the particular cluster. The clusters are sorted according to
their corresponding binary combination and the states in the same cluster
are consecutively numbered.

Coxian distributions were introduced by Cox [3] in the context of Consider an example application with four independent tasks, each
queueing theory. A Coxian distribution of r stages is a weighted sum ofmapped on a different processor. In this case, 16 clusters can be formed,
convoluted exponential distributions. The Laplace transform of thesach corresponding to a possible combination of simultaneously running
probability density of a Coxian distribution with r stages is given belowitasks. Note that if the tasks were not independent, the number of

r i-1 i Hy combinations of simultaneously running tasks, and implicitly of clusters,
Xs) = Z o; O] (X-a) O[] s would be smaller. Figure 5 depicts the matrix M corresponding to the
i=1 k=1 k=1 Hi GSMP of this example application. The rows and columns in the figure

X(s) is a strictly proper rational transform, implying that the Coxian do not correspond to individual rows and columns in M. Each row and
distribution may approximate a fairly large class of arbitrary distributionscolumn in Figure 5 corresponds to one cluster of states. Thus, each cell in
with an arbitrary accuracy provided a sufficiently large r. the figure does not correspond to a matrix element but to a submatrix. The

Figure 4 illustrates the way we are using Coxian distributions in ourow labelled with 1101, for example, as well as the column labelled with
approach. Let us consider the timed transition with a certain probabilitghe same binary number, indicate that the tasks 1, 2, and 4 are running in
distribution of its firing delay in Figure 4a. This transition can be replacedhe states belonging to the cluster labelled with 1101. The shaded cells of
by the Petri Net in Figure 4b, where hollow rectangles represent timei indicate those submatrices that may contain non-zero elements. The
transitions with exponential firing delay probability distribution. The blank ones are null submatrices. For example, one such null submatrix
annotations near those transitions indicate their average firing rate. In thigppears at the intersection of row 1101 and column 1000. Due to the non-
example, three stages have been used for approximation. preemption assumption, a task arrival or departure event may not stop the

Practically, the approximation problem can be formulated as followsrunning of another task. If the submatrix (1101, 1000) had non-zero
given an arbitrary probability distribution, fing, i=1,r, anda;, i=1,-1 elements it would indicate that an event in a state where the tasks 1, 2, and
(a,=1) such that the quality of approximation of the given distribution by 4 are running, triggers a transition to a state where only the task 1 is
the Coxian distribution with r stages is maximized. This is usually donerunning, andtwo of the previously running tasks are not running
in the complex space by minimizing the distance between the Fourieainymore. This is not possible in the case of non-preemption. The
transform X(j) of the Coxian distribution and the computed Fourier submatrix (1000, 0000) may contain non-zero elements, because, if the
transform of the distribution to be approximated. The minimization is atask 1 completes execution, the stochastic process may transit to a state in
typical interpolation problem and can be solved by various numericalhich no task is running.
methods [16]. We use a simulated annealing approach that minimizes the Once we have the matrix M corresponding to the underlying GSMP,
difference of only a few most significant harmonics of the Fourierthe next step is the generation of the CTMC using the Coxian distribution
transforms which is very fast, if provided with a good initial solution. We for approximation of arbitrary probability distributions of transition
choose the initial solution in such way that the first moment of the reatlelays. When using the Coxian approximation, a set of new states is
and approximated distribution coincide. introduced for each state in S resulting an expanded state space S’, the

By replacing all generalized transitions of the type depicted in Figure
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Figure 4. Coxian approximation with 3 stages Figure 5. The matrix corresponding to a GSMP




Figure 6. Part of a GSMP
state space of the approximating CTMC. We have to construct a matrix Q
of size |S’k|S’|, the so called infinitesimal generator of the approximating
CTMC. The construction of Q is done cell-wise: for each cell of matrix
M, a corresponding cell of matrix Q will be generated. Furthermore,
blank cells (null submatrices) of M will result in null submatrices of Q,
while shaded cells will result in submatrices that contain at least one non-
zero element. A cell (U, V) of Q will be of sizexX, where

X =|uUlO r: Y =|VDO r;

i i
iJEnU iEnV

and U and V are clusters of states, EnU={k : transitipis €nabled in
U}, EnV={k : transition { is enabled in V}, andyis the number of stages
we use in the Coxian approximation of the ETPDF of task t

We will illustrate the construction of a cell in Q from a cell in M using
an example. We consider a cell on the main diagonal, as it is the most
complex case. Let us consider three states in the GSMP as depicted in
Figure 6. Two tasks, u and v, are running in the states X and Y. These two
states belong to the same cluster, labelled with 11. Only task v is running
in state Z. State Z belongs to cluster labelled with 10. If task v finishes Figure 8. Expanded Markov chain
running in state X, a transition to state Y occurs in the GSMP. This and
corresponds to the situation when a new instantiation of v becomes active 1, (1-ay) 0
immediately after the completion of a previous one. When task u finishes Ha V1
running in state X, a transition to state Z occurs in the GSMP. This A=10 —Hy  (1-ap)y, &, = [1 0 (j
corresponds to the situation when a new instantiation of u is not 0 0 -
) X . . . , 3
immediately activated after the completion of a previous one. Consider
that the probability distribution of the execution time of task v is |11] denotes the size of the cluster labelled with 11 the identity
approximated with the three stage Coxian distribution depicted in Figurgnatrix of size ki, r; indicates the number of stages of the Coxian
4b and that of u is approximated with the two stage Coxian distributiordistribution that approximates the ETPDF of tagkt and O are the
depicted in Figure 7. The resulting CTMC corresponding to the GSMP ifiKronecker sum and product of matrices, respectively.
Figure 6 is depicted in Figure 8. The edges between the states are labelledIn general, a matrix g=[a;] is a fxr, matrix, and is defined as
with the average firing rates of the transitions of the Coxian distributionsfollows:

Let us construct the cell @) (17)0n the main diagonal of Q, situated O(1 = ) Ky if j=i+1
at the intersection of the row and column corresponding to the cluster a; = E i ifj=i
labelled with 11. The cell is depicted in Figure 9. The matri{§Q(11) ) otherwise
contains the average transition rates between the stgtasXy; of the u 0

CTMC in Figure 8 (only states X and Y belong to the cluster labelled with  wherea,; andp,; characterize théh stage of the Coxian distribution
11). The observed regularity in the structure of stochastic process iapproximating transitiort
Figure 8 is reflected in the expression qf § (11)as shown in Figure 9.

Because Q is a generator matrix (sum of row elements equals 0), there Xo0 Yoo Xo1 Yo1 Xo2 Yoz X10 Y10 X11 Y11 X12 Y12
appear some negative elements on the main diagonal that do not Xy « [ c | a f
correspond to transitions in the chain depicted in Figure 8. The expression Yoo . a f a=(1-ap
of Qu1),(11yis given below: X g 5 : !
_ 01 .
Qun.ay = ATA) Ty +1, 0B, 06 DDy Yor D 7 b=(1-a )y
where Xoo e . :
o u C=01Hy
L Y . f
_ | (=B - _ 101 02
Ay = By = |a,u, D, = X e|cl|a
0 -\, 00 10 d=oH
O3M3 Y10 . a
X11 dje. b e=0giy
Y11 . b
Xip s T F@-Bn
Y1z .

O (O Boho . — _
\I:I/ * = a negative number such that the matrix is a generator matrix

(1A, Figure 9. The cell Q (11),11) corresponding
Figure 7. Coxian approximation with 2 stages to the example in Figure 8



A matrix B=[bj] is a <1 matrix and =0yl A matrix g,=[e;] is
a Ixr, matrix and ¢;=1, g;=0, 1<k&ry. A matrix D,=[d;] corresponding
to a cluster U of size |U| is a ¥lJ)| matrix defined as follows:

dictated by the number of processors and the number of stages used for
the approximation of the probability distribution (which means the degree
of expected accuracy). The number N of tasks does not directly induce

M if an edge labelled with transition k connects any growth in terms of the CTMC. However, the structure of the initial
d. = the i-th state of the cluster with the i-th state GSMP also depends on the number of tasks. The GSMP is reflected in the
i =g _ J matrix M and, thus, has an influence on the dimension of the resulted
Ep otherwise CTMC.

The dimension of matrix Q, as shown above, grows quickly with the
number of processing elements and the number of stages used for
approximation of the probability distributions. Apparently, the analysis of

In general, considering a label U, the ce(, @ on the main diagonal
of Q is obtained as follows:

E E E E applications of realistic complexity would be impossible. Fortunately,
Quu = E@ AED o * ;J [@ I,00B,0Oe O [@ I, 00 D, this is not the case. As can be seen from the expressiong g@d Q; v,
i i E’ E ' % E the matrix Q is completely specified by means of the matrices A, B, and
j>i j<i

D;, hence it needs not be stored explicitly in memory, but its elements are
A cell situated at the intersection of the row corresponding to label Ugenerated on-the-fly during the numerical solving of the CTMC. This
with the column corresponding to label VAY) is obtained as follows: leads to a significant saving in memory demand for analysis. Even for
Q - 0 r.00p. large applications, the matrices A, B, an¢gde of negligible size. The
uv - ;J O @ _ip= i limiting factor in terms of memory is only, the steady-state probability
. ! 10 { . o vector, which has to be stored in memory. In the worst case, the vector has
The matrices F are given by the following expression:

0 S D|D‘L f

H i if joudj#i [

o &, if jOu elements, where |S| is the size of the GSMP. It is easy to observe that
Fij=10 e Ttis as large as a row (column) of Q. The effect of the complexity increase

O B; if j=i0jOv . ) ) L

0 I, induced by the approximation in terms of analysis time can be attenuated

5Bi Oe if j =i0j0v by deploying intelligent numerical algorithms for matrix-vector

computation. Such algorithms rely on factorizations that exploit the
The solution of the CTMC implies solving far in the following particular structure of Q.
equation:
nmw =0
whererttis the steady-state probability vector and Q the infinitesimal
generator of the CTMC.

As explained in Section 5, if there are alreadyaBtive instantiations We performed four sets of experiments. All were run on an Athlon at
of a task graph;gn the system, a new arrival is rejected and a deadline; 533 MHz. The first set of experiments investigates the dependency of the
miss is noted. In the Petri Net model (see Figure 3), this evenjnalysis time on the number of tasks in the system. Sets of random task
corresponds to the sequence of firings of the timed transition G, followegraphS were generated, with 9 up to 60 tasks per set. Ten different sets
by the immediate transitions;vand d. This sequence of firings \yere generated and analysed for each number of tasks per set. The
corresponds to one transition in the stochastic process. Let us CO”Sid@ﬁderlying architecture consists of two processors. The dependency
that X—Z (Figure 6) is such a transition. The deadline miate is  petween the needed analysis time and the number of tasks is depicted in
approximated based on the rates of the transition$-2o, X10~Zo.  Figure 10. The analysis time depends on the size of the stochastic process
Xo1~Z1, X11-2Z;3, and X,-Z; and is given by the expression to pe analysed as well as on the convergence rate of the numerical
(Moot Tho1t ko) BiAr + (ThaotThy1+ ) [BoAo, Where Ty is the  sojution of the CTMC. The latter explains some non-linearities exhibited

probability of the CTMC being in state ij after an infinite (very long) time. in Figure 10. The dependency of the stochastic process size as a function

These probabilities are the result of the numerical solution of the CTMCef the number of tasks is plotted in Figure 11.

The deadline misgatio is obtained by multiplying theate with the task

graph period. 5000
We conclude this section with a discussion on the size of Q and its

implications on analysis time and memory. Consider the cluster labelled

11...1 of S, i.e. the one that contains the largest number of enabled 4000 _

transitions. The largest Q is obtained if the cluster labelled.11 3500

dominates all the other clusters of S, in the sense that it contains by faf 2000 0

more states than all the other clusters, and that the cgi My 11..1 E

contains by far more non-zero entries than all the other cells of M. Thus, 2%

a pessimistic upper bound for the number of non-zero elements of Q i€ 5000

given by the expression: g

8 Experimental results
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where E={i : { enabled in the dominant cluster} and |M| denotes the 500
number of non-zero elements of M, the matrix corresponding to the 0
GSMP. In the context of multiprocessor scheduling, E may have at most 10 20 30 40 50 60
s elements (s=number of processors). The above formula shows that the Number of tasks
increase in the size of the CTMC, relative to the initial GSMP, is mainly Figure 10. Analysis time vs. no. of tasks
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Figure 11. Stochastic process size vs. no. of tasks

In the second set of experiments, we investigated the dependenégctor of the number of stages used for approximation. This is an
between the analysis time and the number of processors. Ten differeffPortant aspect in deciding on a proper trade-off between quality of the
sets of random task graphs were generated. For each of the ten set2#lysis and cost in terms of time and memory. For comparison, we used
experiments were performed, by allocating the 18 tasks of the task grapR§@lysis results obtained with our approach presented in previous work
to 2 up to 6 processors. ETPDFs were approximated by using CoxiaH-S]'. As mentioned in Sectlon 2, that approach is an exact one based on
distributions with 4 stages. The results are plotted in Figure 12. solving the underlying GSMP. However, it can handle only

In the third set of experiments, we investigated the increase in th810noprocessor systems. Therefore, we applied the approach presented in
stochastic process size induced by using different number of stages f8HS Paper to a monoprocessor example, which has been analysed in four
approximating the arbitrary ETPDFs. We constructed 98 sets of randoiffiants using approximations with 2, 3, 4, and 5 stages. The relative error
task graphs ranging from 10 to 50 tasks mapped on 2 to 4 processors. THgWeen missed deadline ratios resulted from the analysis using the
ETPDFs were approximated with Coxian distributions using 2 to aPProximate CTMC and the ones obtained from the exact solution is
stages. The results for each type of approximation were averaged over tREeSented in Table 1. The generalized ETPDF used in this experiment
98 sets of graphs and the results are plotted in Figure 13. Recall that |S|§"€ created by drawing Bezier curves that interpolated randomly
the size of the GSMP and |S'| is the much larger size of the CTMcJenerated control points.
obtained after approximation. As more stages are used for approximation,
as larger the CTMC becomes compared to the original GSMP. As shown
in Section 7, in the worst case, the growth factor is

with number of stages

Table 1 Accuracy vs. no. of stages

2 stages| 3stages 4stages 5 stages

r.I
iI;L Relative error| 8.467% 3.518% 1.071% -0.4%
As can be seen from Figure 13, the real growth factor is smaller thahk

the theoretical upper bound. It is important to emphasize that the matrix It can be observed that good quality results can be already be obtained
Q corresponding to the CTMC needs not to be stored, but only a vectqf, 5 relatively small number of stages

with the length corresponding to a column of Q. The growth of the vector  rin4yy e considered an example from the mobile communication
length with the number of Coxian stages used for approximation can bge, A set of 8 tasks co-operate in order to decode the digital bursts
easily derived from Figure 13. The same is the case with the growth O(t,orresponding to the GSM 900 signalling channel. The 8 tasks are

analysis time, which follows that of the CTMC. mapped on three processors, one for modulation, one for control and one
The fourth set of experiments investigates the accuracy of results asg; gjgital signal processing. The variability in task execution times has

8000 e — two causes: variability in input data and pipeline hazards in the deeply
mean—— pipelined DSPs. In the case of 8 tasks, the analysis reported a miss
7000 1 deadline ratio of 0.11% and the analysis took 3 seconds. The ETPDFs
6000 were approximated by Coxian distributions with 6 stages. If we attempt
- to perform the baseband processing of another channel on the same DSP
o 5000 processor, three more tasks are added to the task graph. As a result of the
-g analysis, in this case 10.05% of the deadlines are missed, which is
é 4000 | T unacceptable according to the application specification.
'S 3000 g
< 7 0 )
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1000 E
% : We presented an approach to schedulability analysis of tasks with
0 = L L . . -
1 > 3 2 5 6 7 probabilistically ~ distributed execution times, implemented on
Number of processors multiprocessor systems. The arbitrary probability distributions of the

Figure 12. Analysis time vs. no of processors execution times are approximated with Coxian distributions, and the



expanded underlying Markov chain is constructed in a memory efficient
manner exploiting the structural regularities of the chain. In this way we
have practically pushed the solution of an extremely complex problems
to its limits. Our approach also allows to trade-off between time and
memory complexity on one side and solution accuracy on the other. Itis
worth to be mentioned that certain assumptions regarding the analysed
systems could be, in principle, further relaxed. Such are, for example, the
assumption regarding non-preemptability of tasks, or deadlines equal to
the period. Such relaxations, however, seriously increase the complexity
of the analysis and, thus, strongly reduce the size of tractable
applications.
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