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|. Introduction - inspiration

AGH o PROBLEM:
approximation of time-dependent parameters (from real data)

o IDEA:

approximation task — optimization problem (maximum likelihood
approach)

@ We have good tools, because it fits into the deep learning
framework. We can find appropriate neural network, train it to fit our
data and obtain the closest possible values.
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|. Introduction - inspiration
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[1] O. Diirr, B. Sick, E. Murina, Probabilistic Deep Learning, Manning, 2020
Chapter 4 — Building loss functions with the likelihood approach

@ CASE 1: linear relationship between input and output

@ CASE 2: non-linear relationship between input and output, const. variance

n

1 2
loss = MSE = — i — Yi
oss S nZ(y Vi)

i=1

e
D

- Figure 411 Simple linear regression as an foNN
" without a hidden layer. Thi he

output directly from the input as out = a - X+ b.

Figure: Neural network architectures for case 1 and case 2. Source: [1].
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[1] O. Diirr, B. Sick, E. Murina, Probabilistic Deep Learing, Manning, 2020
Chapter 4 — Building loss functions with the likelihood approach

@ CASE 3: non-linear relationship between input and output, nonconstant variance

n _ ] P
loss = NLL = Z —log (s — i)

1
pary < V2702 ) 20x?

Figure 4.16  You can use an NN with two output
nodes to control the parameters 4, and oy of the
conditional outcome distribution N(x,, o) for

Input Hidden regression tasks with nonconstant variance.

Output

Figure: Neural network architectures for case 3. Source: [1].
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II. General setting - discrete Markov processes

o We have xq, x, ..., X, - observed realization of the sequence of
random variables X1, Xo, ..., X,

@ We assume (discrete) Markov property, i.e.:

P(Xkt1 € A| X1, Xk) = P(Xip1 € A | Xi),

for all Borel sets A and kK =0,1,...,n— 1, where
P(Xl cA | Xo) = P(Xl S A)
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II. General setting - discrete Markov processes
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@ We assume that for all k =0,1,...,n — 1 there exists conditional
density ka+1|Xk( . ’Xk), with fX1|X0( . |X0) = le(-) and
ka+1\Xk = ka+1|Xk( . |Xk,@), ka+1|Xk ZRd X Rd X B([O, T]) — R

@ Transition densities might depend on the parameter function

© : [0, T] — R® in the functional way, and this dependence might be
nonlinear.

@ By the Markov property:
n—1

(X0, X0,0 X)) (X1, X2, + 3 X0, ©) = H X, 11X (k1 Xk, ©)-
k=0
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MaxLike approach:

E(e) =—1In f(Xl,Xz,...,X,,)(Xla X2y« y Xny e)

n—1

= — Z In [ka+l‘xk(xk+1|xk, @)

k=0

©F = argmingc ([0, 77)£(©)

Problem: number of optimization parameters - in this setting the problem

is infinite dimensional.
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NN-MaxLike approach

n—1

£(w) = = 30| g, (b ©(0))]
k=0

@ O is modeled by artificial neural network
@ customized loss function £ is the crucial part

o weights w € RV and we assume that N is strictly smaller than n

(Better!) Aim

w* = argmin L(w)

Number of optimization parameters is O(N), which depends on architecture of NN
but is independent of n.
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[Il. Application 1 - multivariate regression

m ® X1,Xo,...,X, - realizations of the R?-valued random vectors
lu ]J X(te) = p(te) +e(te), k=1,2,...,n (1)

@ (2(tx))k — independent random variables ~ N(0, ¥ (tx)) with X(tx) € R¥*9,
,u(tk) e R9,

@ The symmetric covariance matrix X(tx) — strictly positive definite for all
k=1,2,...,n.

O(t) = [u(t), 2(1)];

(X(tx))x — independent and normally distributed, hence for x € RY.

o+ (K11, ©) = i (x10) = (27) /2 (det( (1)) /2
x exp (5 0 — (1)) TE () x — (1)) (2)
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NN-MaxLike approach

e We approximate the parameter function © = [y, X] via the neural
network

@ The loss function has the following form

L(w) = ;kz:l [In [(27r)d - det( )} +

(xk — )" (k= )],
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[Il. Application 1 - multivariate regression

m Step 1. Synthetic data generation - all parameters time-dependent.

GH @ We generate data according to the distribution:

where p(tx) = [p1(tk), p2(tk)], €(tk) are independent random variables with
the distribution A(0, £(t4)), and tx = k2, n = 3000.

@ X; =0.5+sin(t), Xp = cos(t), o1 =0.1, 0, =0.15, o = 0.5

@ The covariance matrix is as follows

[ R 00r02la (1)) - (1)
2= | g ala (1) Jual2)] o3 (1)
o o1(t) = o1 /1a(D), 0a() = 02/ E), o) = o3/ O/ a(E)] with

o= 0.5.

@ So the modelled parameter

O(t) = [pa(1), pa(t), 01(t), 02(2), 0(2)]

Martyna Wiacek (AGH University of Krakow)
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X(t) = u(te) +e(te), k=0,1,2,...,n (3)
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[Il. Application 1 - multivariate regression

i

Step 2. Creating and training the neural network model.

Custom loss function - the accurate formula or d = 2:
n

Lw)=>" [m <27r01(t,-, w)or (i, w)y/1 — 02(t;, W)>

i=1 x-(l)— Lt w2 X§2)_ o (t, W)\ 2
+2(1—£;(t,-, W))<( ' al(/;,(wt’)’ )) +(* 0—2(5-,(;')7 ))

PN C i U GEU)) (Gt TR w)>)] .

0’1(1’,‘, W)O'Q(t,', W)
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— e vaues 15

Xt
X2

Figure: Fitted values of u1 and p» for Xi and X;,respectively, together with 68% and
95% prediction intervals

sigmal

sigmaz
02 Rl — real
/F N\ Predicted 0150 v N Predicted

do 02 o4 as os o

Figure: Parameters reproduced by neural network
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IV. Application 2 - SDEs parameters estimation

@ SDEs are used for multiple modeling applications - finances, energy
consumption, etc.

@ We typically don't have access to the SDEs coefficients but just a
single observed trajectory

@ The typical modeling of real phenomena has two crucial parts - one is

choosing the right model, and the second is estimating its parameters
(calibration).

@ Proposed approach enables us to approximate the underlying SDE
based on the single trajectory by using deep learning framework. We
only need to assume the type of the SDE, e.g. Black - Scholes.
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}ll”]]y! Calibration of SDEs

(Qa 2, (Zt)tzovp)v T >0, (W(t))tEOv

dX(t) = a(t, X(t),O(t))dt + b(t, X(t),O(t))dW(t), t € [0, T],
{ X(0) = x *)
0

Having discrete observations xp, x1,

..., xpof X at t; =iT/n,
i=0,1,...,n, estimate the parameter function © : [0, T| — R*.
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IV. Application 2 - SDEs parameters estimation

Euler scheme: h= T/n, tx = kh, AW, = W(tx+1) — W(tk)
XE(to) = X0
XE(tk+1) = XE(tk) + a(tk,XE(tk),G(tk))h + b(t’k,XE(tk), 9(tk))AWk,
k=0,1,...,n—1

(X(tk))k=0.1,....n: (XE(tk))k:0717,_,,n - discrete Markov processes

www.agh.edu.pl
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AGH fXE(tkH)\XE(tk)(X'Xk’ @) = (27r)_d/2 det(h(b' bT)(tk’Xk’ @(tk))>
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IV. Application 2 - SDEs parameters estimation

@ For k=0,1,...,n— 1 we have the transition density for Euler scheme:

Nl

Xexp [—ﬂ(x—xk—a(tk, Xk s @(tk))h)T(bbT)_l(tk, X @(tk))(x—xk—a(tk, Xk s @(tk))h)

for x = [x},...,x9 € RY, x, = [x},...,xd] € R.
@ Quasi-MaxLike:

n

1
In [fxf (1) | XE (1) (X1 Xk, © )] =
1

n—

N[ — OM

[In[(QW) det(h(b-b )(tk,Xk,@(tk))>]

k=0

Jr%(AXk*a(tk, X @(tk))h)T(b-bT)’l

(tk, Xk o G)(tk))(Axk—a(tk, Xk O(tk))h)] .

Number of unknown parameters is O(n), so use NN!
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IV. Application 2 - SDEs parameters estimation
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NN-Quasi-MaxLike approach:
The loss function for the neural network:

£(w) —%i [m[zﬁ) det(h(b b ) (e, i, ))}

—&—%(Axk—a(tk,xk, )h) (b-bT) " (th, i, )(Axk—a(tk,xk, )h)],

where Axy = Xy+1 — Xk-

w* = argmin L(w)
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IV. Application 2 - SDEs parameters estimation

m EXAMPLE - Ornstein-Uhlenbeck proces with constant 61 and varying
lu IJJ 02 = 02(t)
A

GH dX(t) = =01 X(t)dt + 6»(t) dW(t), (5)
where 61 > 0 and 65 : [O, T] — [0, +OO), 0= [91,92].

Transition density:

tet1
-1/2
X (tern) 1 X (20) (X[ Xk, ©) = (27T' / 9%(“)6_291'(%1_”)(1“)
ti
(x — e 0uh. xk)2
ki1 } ’ (6)
2 [ 63(u) e 20r(ta—u)dy

ty

X exp [—

www.agh.edu.pl
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IV. Application 2 - SDEs parameters estimation

GH { X(t,w) = a(t,X(t),O(t))dt + b(t, X(t),O(t))dW(t), t € [0, T],
X(0,w) = xo
(7)
a:[0, T] x RY x R® — R
b: [0, T] x RY x RS — RY*m
©:[0,T] = R®

@ By | - || we mean the Euclidean norm in R? or R®, or the Frobenius
norm in RY*™ (the meaning is clear from the context).

@ For o > 0 we denote by B(0,0) = {x € RY | ||x| < o}.
e For H € R we take Hy = max{H,0}.

We impose the following Krylov-type conditions.
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IV. Application 2 - SDEs parameters estimation

GH (A0) xo € RY,

(A1) ais Borel measurable and for all (t,z) € [0, T] x R® the function
a(t,-,z) : R — R? is continuous,

(A2) there exists H € R such that for all t € [0, T],x € R,y € R, z € R® it holds
<x—y,a(t,x,z) —a(t,y, z) >< H(1 + [|z]]) | x _Y||27
(A3) for all ¢ € [0, +00) it holds

sup lla(t, x,0)|| < +oo,
(t,x)€[0,T]x B(0,0)

(A4) there exist a1 € (0,1],q € [1,+00), L € [0, +00) such that for all
t €0, T],x €R? z € R*, z € R the following holds

lla(t, x, 21) — a(t, x, 2)|| < L1+ [|x[|*) ]|z — 2],

www.agh.edu.pl
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IV. Application 2 - SDEs parameters estimation

mmIJJ (B1) b is a Borel measurable function,

(B2) there exists L € [0, +00) such that for all t € [0, T],x € R?,y € RY, z € R® it holds

b6(t, x,2) — b(t,y, z)|| < L(1 + [|z]]) - [Ix — y I,
(B3)
sup_[|b(t,0,0)f < +oo,
0<t<T
(B4) there exist as € (0,1], L € [0, +00) such that t € [0, T],x € R?,z; € R®, z € R®

16(t, x, 21) — b(t, x, 2)|| < L(L + [Ix]]) - |z — z2[|**,

and finally we assume that

(T1) © is Borel measurable and

sup_[|©(t)]| < +oc.
0<t<T

www.agh.edu.pl
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IV. Application 2 - SDEs parameters estimation

Let us assume that ©; : [0, T] — R®, i = 1,2, satisfy the assumption (T1),
a: [0, T] x RY x RY — R satisfies the assumptions (A1)-(A4), and
b: [0, T] x R? x RY — R¥*™ satisfies the assumptions (B1)-(B4). Then

)\ 1/2
sup_(E[IXi(t) = Xe(t)]2) < C(I161 — Ol + 1 — €212,
T

(8)
0<t<
where X; = X(xo, a, b, ©;), i = 1,2, is the unique strong solution of
dXi(t) = a(t’Xi(t)a el(t)) dt + b(ta Xi(t)a e,(t))dW(t), te [Oa T]7 (9)
XI(O) = X0,
and C = max{ G, G }. )
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IV. Application 2 - SDEs parameters estimation

We have the following result on existence and uniqueness of strong solution
to (7).

Fact 1

Under the assumptions (A0)-(A4), (B1)-(B4), (T1) the SDE (7) has
unique strong solution X = X(xo, a, b, ©), such that for all p € [2,+00)

IE( sup ||X(t)||p> < +oo. (10)
0<t<T

y
-
3
@
"O_ﬂ
5
Z
S
2
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IV. Application 2 - SDEs parameters estimation
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We stress that C in Theorem 1. does not depend on Xj. Therefore, if
|©1 — ©2]lcc — 0 (i.e. ©1 — ©2 uniformly on [0, T]) then

sup_(E|IX(x0.2. b, ©1)(t) ~ X(x0.3.b, @2)(1“)“2)1/2 S0, (11)

0<t<T

and, in particular, X(xo, a, b,©1)(T) — X(x0,a, b,©2)(T) in law.
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IV. Application 2 - SDEs parameters estimation

(Gronwall’s lemma with quadratic term, [5]) Let ¢ : [0, T] — [0, +00) be a
bounded Borel measurable function and let there exist a, o, § € [0, +00)
such that for all t € [0, T]

t t
2 2
e(t) <a+2a | ¢(s)ds+28 | ¢°(s)ds. (12)
0/ o/
Then for all t € [0, T]
Bt _
Pt < Var ¥ b S (13
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PROOF
i

Let us denote by &(t,x) = a(t, x, ©;(t)), bi(t,x) = b(t,x,0;(t)), i = 1,2. Then
AGH for all t € [0, T]

Z(t) = X(1) /F ds+/G(s )AW(s (14)
0

where F(s) = 31(s, X1(s)) — da2(s, Xa(s)), G(s) = bi(s, X1(s)) — ba(s, Xa(5)).
From the 1t6 formula (version from [5], Corollary 2.18) we get that

t t

1217 = [ (202().F(s) + 16(6)) ds+ 2 [ (2(5), 6(5)aW(s),  (15)

0

pl

where

www.agh.edu
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We can show that

.
JE1Z@IE - 16(01] ar < 27e0 + 0aR) - Ell 2]
0

FATL(|@1]loc + €20 - (EIIZIZ] + Bl - 1Z]2]) < +oc,

using:
@ Assumptions (B2), (B4)

@ Auxiliary inequality (based on Fact 1 and Holder's inequality)

Bl - 1212) < (Blxls)) - (B1Z14) " < 40 ()
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IV. Application 2 - SDEs parameters estimation
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t
Hence, for all t € [0, T] E [(Z(s), G(s) dW(s)) = 0 and thus
0

t t

E|Z(t)|]? = 2E/(Z(s),F(s)> ds—l—/E||G(s)H2ds. (18)
0 0
For all t € [0, T]
GO < L1+ [©1]) - 1Z()] + L1+ Xl ) - 101~ OslZ,  (19)

and hence

t t

/EIIG(S)szS <201+ ”91“00)2'/]E||Z(S)H2d5

0 0

+HAL (1 + B[ Xall3]) - [1©1 — 2327 (20)

A«4O0» «Fr» «Z» « >
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IV. Application 2 - SDEs parameters estimation

mmIJJ Moreover, for all t € [0, T], by the assumptions (A2), (A4) and
AGH Cauchy-Schwarz inequality

(2(t), F(1)) = (Xa(t) — Xa(1), a(t, Xa(t), ©1(t)) — a(t, Xa(t), ©2(1)))
= (Xa(t) = Xa(1), a(t, Xa(t), ©1(1)) — a(t, Xa(1), ©1(2)))
+(Xu(8) = Xa(t), a(t, Xa(t), ©1(1)) — a(t, Xa(t), ©2(t)))
< HL+[02(1)]]) - X0 () = Xa(1)[1?
+H(Xi(t) = Xa(1), a(t, Xa(t), ©1(2)) — a(t, Xa(2), ©Oa(t)))]
< Hi(1+[192lloo) - IZ()IIZ + I Z(8)I] - lla(e, Xao(2), ©1(t)) — a(t, Xa(t), O2(1))]
< Hi(1+[1©2]l00) - [IZ()I7 + L1+ [1X2]| L) - 01 — @212 - 1Z(2)]]- (21)

pl
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IV. Application 2 - SDEs parameters estimation

lumlJJ Therefore, by the Holder inequality we have for all t € [0, T]

t
AGH

2
IE/<Z(S),F(5)>ds < H((1+ Hez\loo)‘o/EHZ(S)H ds

0

t
+Ljey -l - [E[IZ()]- (1 + xal%)] ds
0

t

< Hy(1+ [©2]lo0) - / £ Z(s)|2 ds
0

1/2 1/2
101 — 0512 - (E(L+ X[ / £ 2(s)|?) " age2)
0

www.agh.edu.pl
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IV. Application 2 - SDEs parameters estimation

Combining (20), (18), (22) we get for all t € [0, T] that
l

t t

©?(t) < a+2a [ ¢(s)ds +28 [ ©*(s)ds,
o]

0

1/2
where ¢(t) = (EHZ(t)Hz> is bounded Borel measuarable function while

a=4TLA(1 + E[||X|2]) - ©1 — ©]2

(23)
o= L]6: - Ol - (Bt + el 2)?) (24)
8= Hy(1+ [©alloc) + L2(1L+ €)% (25)

Applying Lemma 2 (Gronwall with quadratic term) we get the thesis. [
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IV. Application 2 - SDEs parameters estimation

l

GH
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Assumptions - discontinuous drift

In the following scalar case (m = d = 1) with additive noise

{ dX(t) = a(t, X(t))dt + ©(t) dW(t), t € [0, T],
X(0) = xo,

we consider the following Zvonkin-type for a: [0, T] x R - R and © : [0, T] — R:
(C0) xo € R,
(C1) ais Borel measurable,

(C2) there exists H € R such that for all t € [0, T], x,y € R it holds
(x = y)(a(t,x) = a(t,y)) < Hlx =y,
(C3) there exists D € [0, +00) such that for all t € [0, T],x € R it holds
la(t,x)| < D,

(D1) © is Borel measurable,
(D2) there exist do, di € (0, +00) such that for all t € [0, T]

(26)

(27)

(28)

DA
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IV. Application 2 - SDEs parameters estimation

Theorem 2 - discontinuous drift

Let us assume that ©; : [0, T] — R, i = 1,2, satisfy the assumptions (D1), (D2),
and a: [0, T] x R — R satisfies the assumptions (C1)-(C3). Then

1/2
sup_ (1% (1) = %(0)|?) " < (|01 — Oallizo (30)
0<t<T

where X; = X(xo, a,©9;), i = 1,2, is the unique strong solution of

{ dXi(t) = a(t, X;(t)) dt + ©;(t) dW(t), t € [0, T], (31)
X,(O) = X0

www.agh.edu.pl
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IV. Application 2 - SDEs parameters estimation

Example 1 - Ornstein-Uhlenbeck process
lllll]]l! dX(t) = k(p — X(t))dt + o(t)dW(t) (32)

k=2, 1u=0.5 0(t)=2t+ 0.4+ 1.5-sin(4t).
Modelled parameter: 6(t) = o(t).

Figure: Parameter o(t) for t € [0, T] estimated with neural network and trajectories of

the process with real and approximated values. Generated by the Euler-Maruyama
scheme with the step-size h = 0.0002.
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IV. Application 2 - SDEs parameters estimation
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Example 2 - discontinuous Ornstein-Uhlenbeck process
We consider the following SDE (also known as threshold diffusion)

dX(t)

(M k- sign(X(t))) dt + o(t)dW(t), (33)

k=2, p=0.5, o(t) =2t + 0.4 + 1.5 - sin(4t).
Modelled parameter: 6(t) = o(t).

SR N

Figure: Parameter o(t) for t € [0, T] estimated with neural network and trajectories of

the process with real and approximated values. Generated by the Euler-Maruyama
scheme with the step-size h = 0.0002.
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IV. Application 2 - SDEs parameters estimation

m Example 3 - SDE with nonlinear coefficients

dX (&) = 1 - cos(X(t))de + ((sin(X(£)) +1.5) - o(t) +2) dW(t), (34)

k= 0.4 and o(t) = 2 -sin(27t) + t.
Modelled parameter: 0(t) = o(t), k is known to the algorithm.

real siama

Figure: Parameter o(t) for t € [0, T| estimated with neural network and trajectories of

the process with real and approximated values. Generated by the Euler-Maruyama
scheme with the step-size h = 0.00038.
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IV. Application 2 - SDEs parameters estimation
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Evaluation of the results - histograms and qq-plots

To evaluate our methodology, we need to compare the trajectories generated with two
sets of coefficients - real and approximated by the neural network. Proposed approach is
to simulate multiple trajectories (N = 1000) for each option and compare both

distributions of value X(T). Our aim is to verify that the distributions are similar.

Figure: Histogram of values for real X(T) and its approximation with computed o (t).

o S

Figure: QQ plots - comparison of both distributions.
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IV. Application 2 - SDEs parameters estimation

Example 1 Example 2 Example 3
X real | X approx | X real | X approx | X real | X approx
empirical mean | 0.515 0.515 0.495 0.497 1.243 1.256
empirical std dev | 2.456 2.388 3.168 3.202 4.835 5.077

Table: Empirical distribution values for each example - mean and standard
deviation
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IV. Application 2 - SDEs parameters estimation

Kolmogorov-Smirnov test with the null hypothesis that both the
mm]JJ distributions P, @ are identical based on statistcs D, m
A

Dp.m = max|Fp(x) — Fo(x)| (35)
n= m = 1000

Fp is CDF of P and Fgo CDF of Q

Example 1 | Example 2 | Example 3
KS statistics 0.015 0.009 0.028
p-value of KS test | 0.99987

0.99999 0.82821

www.agh.edu.pl

Table: Comparison of distributions metrics for all the examples

Dp,.m = max|Fp(x) — Fo(x)|
No reason to reject null hypothesis for E1 and E2 (« = 0.05

«o» 4% > <
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Thank you for your attention!

More details on machine learning aspects tomorrow by
Pawel Morkisz — Machine Learning Seminar, 15:15
https://www.ida.liu.se/research /machinelearning /seminars/

martynawiacek@agh.edu.pl
morkiszp@agh.edu.pl
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