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6WDWLF�&OXVWHULQJ�DQG�6FKHGXOLQJ

1RWLRQV�RI�&OXVWHULQJ��6FKHGXOLQJ��*UDQXODULW\
&OXVWHULQJ��6FKHGXOLQJ�IRU�'HOD\�0RGHO
&OXVWHULQJ��6FKHGXOLQJ�IRU�/RJ3 0RGHO�
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([DPSOH��
�� IRU��W ��W�7�W����^

�� IRUDOO �N ��L�'�N����LQ�SDUDOOHO�^

�� δt+1>N@ �I�δt>N ��@�δt>N@�δt>N ��@�

�� `
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�

0DSSLQJ�WR�GLVWULEXWHG�V\VWHPV
� 7ZR�SULQFLSOH�DSSURDFKHV�

�� 'LVWULEXWH�WKH�GDWD
� (DFK�DUUD\�HOHPHQW�δ>N@ LV�DVVLJQHG�WR�D�SURFHVVRU

� &RPSXWDWLRQ�IROORZV

�� &OXVWHU�6FKHGXOH�WKH�FRPSXWDWLRQV
� (DFK�FRPSXWDWLRQ�LV�VFKHGXOHG�LQGLYLGXDOO\

� &RQVXPHG�DUUD\�HOHPHQWV δt>N��@ δt>N@ δt>N��@�DQG�
SURGXFHG�DUUD\�HOHPHQWV δt+1>N@�EHFRPH�ORFDO�
YDULDEOHV�RI�WKH�WDVNV

� 0LQLPL]H�RYHUDOO�H[HFXWLRQ�WLPH�IRU�D�FRVW�PRGHO
� &OXVWHULQJ��IRU�DUELWUDU\�PDQ\�SURFHVVRUV

� 6FKHGXOLQJ��IRU�P SURFHVVRUV

�

3UREOHP
� *LYHQ�D�WDVN�*UDSK

� 'HULYHG�IURP�D�GDWD�SDUDOOHO�SURJUDP

� 'LUHFWO\�SURJUDPPHG�

� 'LIIHUHQW�FRQFUHWH�WDUJHW�PDFKLQHV�±
PRGHOHG�E\�FRVW�PRGHO�
� 1XPEHU�RI�SURFHVVRUV

� 3HUIRUPDQFH�RI�SURFHVVRUV

� 1HW�SHUIRUPDQFH��ODWHQF\��EDQGZLGWK�

� 0LQLPL]H�H[HFXWLRQ�WLPH�DXWRPDWLFDOO\ IRU�
GLIIHUHQW�LQVWDQFHV

�

'HILQLWLRQ�&OXVWHULQJ
� *LYHQ�D�WDVN�JUDSK�T=(N,E) DQG�FRVW�IXQFWLRQV�
UHSUHVHQWLQJ�PD[LPXP�FRVWV�IRU
� &RPSXWDWLRQ�c: N →
� &RPPXQLFDWLRQ�L: E →

� $�FOXVWHULQJ�C LV�D�UHODWLRQ�N → ( , ) ZKHUH
� C LV�FRPSOHWH�LQ�N �HDFK�QRGH�JHWV�D�VWDUWLQJ�WLPH�t(v) 
DQG�D�SURFHVVRU�QXPEHU�p(v)�

� (u,v) ∈ E ∧ (t, p) ∈ C(v) ⇒
∃ (t’, p’ ) ∈ C(u): t’ +c (u)+L(u,v) t  ∨
∃ (t’, p) ∈ C(u): t’ +c (u) t 
�VWDUWLQJ�WLPHV�REH\�SUHFHGHQFH�UHODWLRQ�DQG�
FRPPXQLFDWLRQ�GHOD\�

� &RPSOHWLRQ�WLPH�T(C)=max {t + c(v): (t, p) ∈ C(v)  for any v}

�

'HILQLWLRQ�6FKHGXOLQJ
� *LYHQ�D�WDVN�JUDSK�TG=(N,E) DQG�FRVW�IXQFWLRQV�
UHSUHVHQWLQJ�PD[LPXP�FRVWV�c DQG�L

� $�VFKHGXOH�S LV�D�UHODWLRQ�N → ( , P) ZKHUH
� S LV�FRPSOHWH�LQ�N �HDFK�QRGH�JHWV�D�VWDUWLQJ�WLPH�t(v)
DQG�D�SURFHVVRU�QXPEHU�p(v) ∈ [1…P]

� (u,v) ∈ E ∧ (t, p) ∈ S(v) ⇒
∃ (t’, p’ ) ∈ S(u): t’ +c (u)+L(u,v) t ∨
∃ (t’, p) ∈ S(u): t’ +c (u) t 
�VWDUWLQJ�WLPHV�REH\�SUHFHGHQFH�UHODWLRQ�DQG�
FRPPXQLFDWLRQ�GHOD\�

� &RPSOHWLRQ�WLPH��
T(S)=max {t + c(v): (t, p) ∈ S(v) for any v}
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2SWLPL]DWLRQ
� $Q�RSWLPXP�FOXVWHULQJ COPT RI�D�WDVN�JUDSK�TG LV�D�

FOXVWHULQJ�ZLWK�
T(COPT) T(C) IRU�DOO�RWKHU�FOXVWHULQJV C RI�TG

� $Q�RSWLPXP�VFKHGXOH SOPT RI�D�WDVN�JUDSK�TG DQG�D�
QXPEHU�RI�SURFHVVRUV�P LV�D�VFKHGXOH�ZLWK�
T( SOPT) T(S) IRU�DOO�RWKHU�VFKHGXOHV�S RI�TG DQG�P

� ,W�LV�NP hard WR�ILQG�WKH�RSWLPXP�FOXVWHULQJ�DQG�

RSWLPXP�VFKHGXOH��UHVS���IRU�D�JHQHUDO�WDVN�JUDSK�
TG �HYHQ�IRU�WKH�VLPSOHVW�FRVW�PRGHOV��H�J��XQLIRUP�

FRPSXWDWLRQ�FRVWV��QR�FRPPXQLFDWLRQ�FRVWV��

�

2SWLPL]DWLRQ�NP hard
� ,Q�SUDFWLFH�RN"�

� 6RPHWLPHV�H[SRQHQWLDO�VROXWLRQV�DUH�H[DFWDEOH�LI�KDQG\�

IRU�SUDFWLFDO�UHOHYDQW�FDVHV��PLQLPXP�GLVWULEXWLRQ�
FRQILJXUDWLRQ�± ,/3�VROYHU�

� 8QIRUWXQDWHO\�QRW�IRU�FOXVWHULQJ�DQG�VFKHGXOLQJ

� )LQG�VSHFLDO�FDVHV�DOORZLQJ�RSWLPXP�VROXWLRQV

� )LQG�DSSUR[LPDWLRQ�VFKHPDWD

� )LQG�DSSUR[LPDWLRQV�ZLWK�FRQVWDQW�IDFWRU�
DSSUR[LPDWLRQV

� +HXULVWLFV�DUH�XOWLPD�UDWLR�

�

([DPSOH��:RUN�RSW��SUHIL[�VXPV
�� ULJKW>�«Q@ Q�
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 ���^

�� IRUDOO �S ��S�Q�S����LQ�SDUDOOHO^
�� LI���S����PRG�L� ���

�� ULJKW>S@ ULJKW>S�L��@�ULJKW>S@�

�� `

�� `�

�� IRU��L Q�L���L� ���^

�� IRUDOO �S ��S�Q�S����LQ�SDUDOOHO^
��� LI���S����PRG�L �L����	�S!L�

��� ULJKW>S@ ULJKW>S�L��@�ULJKW>S@�

��� `

��� `� ��

([DPSOH��7DVN�JUDSK�SUHIL[�VXPV

��

&OXVWHULQJ�GHSLFWHG�DV�*DQWW�&KDUW

��

6HQG�5HFHLYH�7DVN�*UDSKV

u2 u3 un

v

u1

u2 u3 un

v

u1

6HQG�*UDSK 5HFHLYH�*UDSK
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&OXVWHU�5HFHLYH�7DVN�*UDSKV
� 2UGHU�DOO�uiQRQ�LQFUHDVLQJO\�LQ

c(ui ) + L(ui ,v)
� /HW�p(u1)= p(v)
� 6WHSZLVH�DGG�WKH�
ILUVW�UHPDLQLQJ�WDVN�ui WR�p(v) 
XQWLO��

Σj ∈ [1…i] c(uj ) c(uj +1 ) + L(ui+1 ,v)

� 2SWLPXP�VROXWLRQ�

u2 u3 un

v

u1

u1

u2

v

ui+1 un

ui

��

2EVHUYDWLRQ
� ,I�min c(ui ) max L(ui ,v)
RQO\�p(u1)= p(v)

� $OO�RWKHU�WDVNV�
FRPSXWHG�LQ�SDUDOOHO

� ,Q�JHQHUDO�
SDUDOOHO�FRPSXWDWLRQ�DOZD\V�SD\V

� 3URSHUW\�RI�D�WDVN�JUDSK�DQG�FRVW�IXQFWLRQV�
XQGHU�D�FHUWDLQ�FRVW�PRGHO��JUDQXODULW\

u2 u3 un

v

u1

��

'HILQLWLRQ�*UDQXODULW\
� 5DWLR�FRPSXWDWLRQ���FRPPXQLFDWLRQ�FRVWV
� ,Q�RUGHU�WR�HQDEOH�TXDQWLWDWLYH�FRQFOXVLRQV��
ZH�GHILQH�
� *UDQXODULW\�G(v ) RI�D�WDVN�v��

G(v) = min(Gin (v),Gout (v)) 
Gin (v) = minui∈Pred(v): c(ui )/maxui∈Pred(v) L(ui ,v)
Gout (v) = minui∈Succ(v): c(ui )/maxui∈Succ(v) L(ui ,v)

� *UDQXODULW\�G(TG) RI�D�WDVN�JUDSK�TG= (N ,E) �
G(TG) = minv∈N : G(v) 

� 7DVN�JUDSK�TG LV�FRDUVH JUDLQHG LII G(TG) 1
� 7DVN�JUDSK�TG LV�ILQH JUDLQHG LII G(TG) < 1

��

&RDUVH�*UDQXODULW\�&OXVWHULQJ
� )RU�DQ\�FRDUVH�JUDLQHG�WDVN�JUDSK�TG D�FOXVWHULQJ�

C(TG) ZLWK�FRQVWDQW�SHUIRUPDQFH�
T(C) 2 T (COPT) 
FDQ�EH�IRXQG�LQ�SRO\QRPLDO�WLPH�

� &RQVWUXFWLYH��OD\HU�ZLVH

� HDFK�WDVN�v WR�D�VHSDUDWH�SURFHVVRU

� DW�VWDUWLQJ�WLPH�t(v) maxui∈Pred(v) t(ui )+c(ui )+L(ui ,v)

� 3URRI��VNHWFK��

� T (COPT) Σv ∈ Longest Path in TG c(v)

� $V�HDFK�c(v) maxui∈Pred(v) L(ui ,v) FRPPXQLFDWLRQV�DUH�

VPDOOHU�WKDQ�Σv ∈ Longest Path in TG c(v)

��

2SWLPXP�&OXVWHULQJ�&RDUVH�7UHHV
� /D\HU�ZLVH��DSSO\�DOJRULWKP�IRU�UHFHLYH�
JUDSKV�IURP�WKH�OHDYHV�WR�WKH�URRW

u2 u3 un

v

u1 u’2 u’3 u’n

v’

u’1

w

��

*HQHUDOL]H�RQ�DOO�WDVN�JUDSKV
� )RU�HDFK�RXWSXW�QRGH�RI�D�TG JHQHUDWH�WUHH�
RI�SUHGHFHVVRUV

� ,QWURGXFHV�D�ORW�RI�UHGXQGDQF\
� )LQG�RSWLPXP�FOXVWHULQJ�RI�HDFK�WUHH�
LQGLYLGXDOO\

� 8QIRUWXQDWHO\�H[SRQHQWLDO��
LI�TG FRQWDLQV�VXE�VWUXFWXUHV�OLNH

� 7UHHV�KDYH�H[SRQHQWLDO�
PDQ\�QRGHV

v

u
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/LQHDU�&OXVWHULQJ
� &RPSXWLQJ�WZR�WDVNV�LQ�GLUHFW�SUHFHGHQFH�
UHODWLRQ�RQ�WKH�VDPH�SURFHVVRU�FDQQRW�
LQFUHDVH�WKH�RYHUDOO�FRPSXWDWLRQ�WLPH

� $Q\�FOXVWHULQJ�FRQVWUXFWHG�E\�PHUJLQJ�WKH�
WDVNV�RI�WZR�SURFHVVRUV�RQO\�LI�DOO�WDVNV�DUH�
RQ�D�SDWK�LQ�TG LV�FDOOHG�OLQHDU

� $Q\�OLQHDU�FOXVWHULQJ�C RI�D�FRDUVH JUDLQHG�
TG JXDUDQWHHV�T(C) 2 T (COPT) 

� ,I�TG LV�FRDUVH JUDLQHG�WKH�RSWLPXP�
FOXVWHULQJ�LV�D�OLQHDU�RQH

��

2SWLPXP�LV�/LQHDU�&OXVWHULQJ
3URRI�E\�LWHUDWLRQ�RYHU�
VWHSZLVH�VHSDUDWLRQ�RI�LQGHSHQGHQW�WDVNV�RQ�D�SURFHVVRU

v

x

y

u
x
u

y
v

��OLQHDU

FOXVWHUV

x
u

y
v

1RQ�OLQHDU

FOXVWHU

��

/LQHDU�FOXVWHULQJ�,

��

/LQHDU�FOXVWHULQJ�,,

��

1RQ�/LQHDU�FOXVWHULQJ

��

+HXULVWLF��FOXVWHU�ORQJHVW�SDWK�
� &RPSXWDWLRQ�GRPLQDWHG�E\�ORQJHVW��PRVW�
H[SHQVLYH��SDWK�

� ,GHD��VDYH�FRPPXQLFDWLRQV�RQ�WKH�ORQJHVW�
�PRVW�H[SHQVLYH��SDWK�E\�FRPSXWLQJ�LWV�WDVN�
RQ�WKH�VDPH�SURFHVVRU

� ,WHUDWLYHO\�TG UHPRYH�WKH�ORQJHVW�SDWK�IURP�
WKH�XQWLO�LWV�HPSW\�

� 8VXDOO\�VDYHV�WLPH�DQG�SURFHVVRUV��ERWK�QRW�
JXDUDQWHHG�
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/RQJHVW�3DWK�/LQHDU�FOXVWHULQJ

��

0LQ��3URFHVVRU�/LQHDU�&OXVWHULQJ
� /LQHDU�FOXVWHULQJ�LV�D�QRGH�GLVMRLQHG�SDWK�
FRYHULQJ�Π

� 2EYLRXVO\�| Π | = P

� 0LQLPDO�SDWK�FRYHU�RI�TG=(N,E) LV�PD[LPXP�
PDWFKLQJ�LQ�ELSDUWLWH�JUDSK�
M=({xv |v ∈ N}∪{yv |v ∈ N}, {(xu ,yv) | (u,v) ∈ E)

� &RPSXWDEOH�LQ�SRO\QRPLDO�WLPH�O(|N|1/2 + |E|)

��
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��PD[LPXP�PDWFKLQJV LQ�
ELSDUWLWH�JUDSK

��

/LQHDU�FOXVWHULQJ�SHUIRUPDQFH
� $Q\�OLQHDU�FOXVWHULQJ�C RI�TG JXDUDQWHHV�

T(C) (1+1/G(TG)) T (COPT) 
� 3URRI��VNHWFK��

� T (COPT) Σv ∈ Longest Path in TG c(v)
� $V�HDFK�1/G c(v) maxui∈Pred(v) L(ui ,v) 
FRPPXQLFDWLRQV�DUH�VPDOOHU�WKDQ�

1/G(TG) Σv ∈ Longest Path in TG c(v)

� /LQHDU�FOXVWHULQJ�FDQQRW�LQFUHDVH�WKH�RYHUDOO�
FRPSXWDWLRQ�WLPH

� %DG LGHD�LI�FRPPXQLFDWLRQV�DUH�H[SHQVLYH

��

/RZHU�%RXQG�2SWLPXP�&OXVWHULQJ
� /RZHU�ERXQG�tmin(v) IRU�t(v) LQ�COPT�

� /D\HU�ZLVH�LQ�TG��EHJLQ�LQ�ILUVW�OD\HU�tmin (v)=0

� &RPSXWH�DOO�WUDQVLWLYH SUHGHFHVVRUV�Anc(v) RI�v

� $VVXPH�WKH\�ZKHUH�GLUHFW SUHGHFHVVRUV�

� 2UGHU�DOO�ui ∈ Anc(v) QRQ�LQFUHDVLQJO\�LQ�
tmin(ui ) + c(ui ) + L(ui ,v)

� &RPSXWH�tmin(v, x) IRU�WKH�x ILUVW�ui LQ�WKDW�RUGHU�

� 5HRUGHU�u1«ux E\�QRQ�GHFUHDVLQJ�PLQLPXP�VWDUWLQJ�WLPHV�tmin (ui )

� cmin(v,x) = maxi ∈ [1…x] tmin (ui )+Σk ∈ [i…x] c(uk )

� tmin(v,x) = max (cmin(v,x) , tmin(ux+1 ) + c(ux+1 ) + L(ux+1 ,v))

� &RPSXWH tmin(v) 
� tmin(v) = minx ∈ [1…|Anc(v)|] tmin(v,x) 
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)LQH�*UDQXODULW\�&OXVWHULQJ
� 8VH�ORZHU�ERXQG�tmin (v) IRU�t(v) LQ�COPT IRU�
ILQH�JUDLQHG�WDVN�JUDSKV�FOXVWHULQJ
� &RPSXWH�HDFK�v RQ�D�VHSDUDWH�SURFHVVRU�p(v) 
� /HW�X EH�WKH�VPDOOHVW�x PDNLQJ�tmin(v,x)=tmin(v)
� 6HW�p(ui) = p(v) WKH�ILUVW�X QRQ�LQFUHDVLQJO\�LQ

tmin(ui )+c(ui )+L(ui ,v) RUGHUHG�SUHGHFHVVRUV
� 5HFHLYH�UHVXOWV�IURP�RWKHU�SUHGHFHVVRUV

� &RPSXWH�DOO�WDVNV�HDUOLHVW

� )RU�DQ\�WDVN�JUDSK�TG D�WKLV�FOXVWHULQJ�C(TG) 
JXDUDQWHHV��T(C) 2 T (COPT)

��

([DPSOH��L=2, c=1

2 3 4
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7 8 96 tmin(1…4)=0
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([DPSOH��L=2, c=1

2 3 4

5

1

7 8 96 tmin (6)= tmin (7) = tmin (8) = tmin (9)

tmin(6,0)=6  tmin(6,1..4)=4  tmin(6,5)=5

1

5

2 43

6

1
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6
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([DPSOH�6FKHGXOH��L=2, c=1
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1
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4
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1
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1
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&RQWDLQV�D�ORW�RI�UHGXQGDQW�FRPSXWDWLRQV

��

2EYLRXV�VLPSOLILFDWLRQV

6

1
2
3

5

4

7

1
2
3

5
8

1
2
3

5
9

1
2
3

5

� 2QO\�VFKHGXOH�RXWSXW�
DQG�VHQGLQJ�WDVNV

� &RPSXWH�HDFK�WDVN�
VHQGLQJ�LWV�UHVXOWV�
RQO\�RQFH�

��

3URRI�REOLJDWLRQV
� tmin (v) LV�D�ORZHU�ERXQG�IRU�WKH�RSWLPXP�
6KRZ�WKDW�QR�WDVN FDQ�EH�VFKHGXOHG�EHIRUH�
tmin (v)

� T(C) 2 T (COPT) JXDUDQWHHG��
6KRZ�WKDW�HDFK�WDVN FDQ�EH�VFKHGXOHG�EHIRUH�
2 tmin (v)
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%UHQW�6FKHGXOH
� 5HGXFH�WKH�QXPEHU�RI�SURFHVVRUV�E\�JUHHG\�
SDFNLQJ

� /D\HU�ZLVH�VFKHGXOH�FRPSXWDWLRQV
� /HW�t(p) EH�WKH�FRPSOHWLRQ�WLPH�RI�FRPSXWDWLRQV�
RQ�SURFHVVRU�p �LQLWLDOO\�t(p)=0 IRU�DOO�SURFHVVRUV��

� 6FKHGXOH�WDVN�v RQ�D�SURFHVVRU�p XQWLO�t(p) YDOXH�
ODUJHU�(Σv ∈ Layer c(v)) / P

� /D\HU�ZLVH�VFKHGXOH�FRPPXQLFDWLRQV��LI�
QHFHVVDU\�

��

6FKHGXOH�D�OD\HU

(Σv ∈ Layer c(v)) / P

��

6FKHGXOH�D�OD\HU

(Σv ∈ Layer c(v)) / P

��

6FKHGXOH�D�OD\HU

(Σv ∈ Layer c(v)) / P

��

3HUIRUPDQFH�RI�%UHQW�6FKHGXOH
� 2EYLRXVO\�UHTXLUHV�P SURFHVVRUV�DV�HDFK�GRHV�ZRUN�

(Σv ∈ Layer c(v)) / P RU�PRUH

� (UURU� maxv ∈ Layer c(v)
� 6FKHGXOH�RI�HDFK�OD\HU�T (S) 2 T (SOPT) VLQFH�

� T (SOPT) Σv ∈ Longest Path in TG c(v)= maxv ∈ Layer c(v)
� T (SOPT) (Σv ∈ TG c(v)) / P = (Σv ∈ Layer c(v)) / P

� ,JQRULQJ�FRPPXQLFDWLRQ�FRVWV�DQG�DVVXPLQJ�
XQLIRUP�FRPSXWDWLRQ�FRVWV�LQ�WKH�OD\HUV�
T (S) 2 T (SOPT) 

� &RPPXQLFDWLRQ�FRVW�DGGLWLRQDOO\�1/G maxv ∈ Layer c(v)
� :LWK�XQLIRUP�FRPPXQLFDWLRQ�FRVW�

T (S) (2+1/G(TG)) T (SOPT) 
��

*HQHUDOL]DWLRQ�IRU�/RJ3
� 6RPHZKDW�KDUGHU�DV�FRPPXQLFDWLRQ�FRVWV�
SURFHVVRU�WLPH

� 0DNHV�LW�LPSRVVLEOH�WR�VLPSO\�JHQHUDOL]H�
UHVXOWV�RQ�GHOD\�PRGHO

� &RUUHFW��EXW�WRR�FRQVHUYDWLYH�WR�VHW�
� &RPSXWDWLRQ�cLogP= c+2o+(odg(v)+idg(v)-2)max(g,o)

� &RPPXQLFDWLRQ�LLogP(u,v) = L
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6HQG�5HFHLYH�JUDSKV��UHYLVLWHG�
� 2SWLPXP�SRO\QRPLDO�WLPH�VROXWLRQV�IRU�GHOD\�PRGHO

� NP hard WR�ILQG�WKH�RSWLPXP�LogP VFKHGXOH

� 7KHUH�LV�DQ�|N|2 DOJRULWKP�FRPSXWLQJ�D�UHFHLYH�

JUDSK�VFKHGXOH�ZLWK�SHUIRUPDQFH�JXDUDQWHH

T(SLogP) (10/3 – 1/3P)) T (SLogP-OPT)

� 7KHUH�LV�DQ�|N|2 max(log |N|,P2) DOJRULWKP�FRPSXWLQJ�

D�VHQG�JUDSK�VFKHGXOH�ZLWK�SHUIRUPDQFH�JXDUDQWHH

T(SLogP) (7/3 – 1/3P)) T (SLogP-OPT) 

��

5HFHLYH�JUDSK�VFKHGXOH��VNHWFK�
� &RPSXWH�D�VFKHGXOH�DOORZLQJ�H[DFWO\�k
UHFHLYH�RSHUDWLRQV�IRU�k = 1…n DQG�FKRRVH�
WKHQ�WKH�PLQLPXP�RQH�
� 2UGHU�DO�uiQRQ�LQFUHDVLQJO\�LQ�c(ui )

� 6FKHGXOH�ILUVW�k RQ�P SURFHVVRUV�E\�ORQJHVW�

SURFHVVLQJ�WLPH�PLQLPL]LQJ�KHXULVWLF��JUHHG\��

� 6FKHGXOH�UHPDLQLQJ��LI�DQ\��RQ�ODVW�SURFHVVRU

� 6FKHGXOH�v RQ�ODVW�SURFHVVRU

� 6FKHGXOH�FRPPXQLFDWLRQV�WR�ODVW�SURFHVVRU�IURP�
ILUVW�k WDVNV�VFKHGXOHG�RI�ILUVW�P-1 SURFHVVRUV

��

3HUIRUPDQFH��SURRI�VNHWFK�
� -RLQ�RI�k LWHPV��PXVW�EH�UHFHLYHG�VHTXHQWLDOO\

DQG�FRPSXWH�WKH�ILQDO�WDVN
2o+L+(k-1)max(g,o) + c(v) T (SOPT (k)) 

� 6FKHGXOH�WDVNV�RQ�P SURFHVVRUV��
T(k)=(4/3 –1/3P) T (SOPT (k)) 
T (S(k)) T(k) + T (SOPT (k)) 

� 6FKHGXOH�ODVW�n-k WDVNV�RQ�SURFHVVRU�P VHTXHQWLDO�
DQG�KHQFH�RSWLPDO
T(S(k)) = (4/3 –1/3P) T (SOPT (k)) + 2 T (SOPT (k)) 

� 2YHUDOO�VFKHGXOH�VHOHFWV�PLQLPXP�T(S(k))�
T(S) = (10/3 –1/3P) T (SOPT (k)) 

��

*HQHUDOL]DWLRQ�RI�*UDQXODULW\
� *HQHUDOL]H�IURP�GHOD\�PRGHO
� L(u ,v) = 2o+L+(odg(u)+idg(v)-2) max(g,o)
� *UDQXODULW\�G(v ) RI�D�WDVN�v��

G(v) = min(Gin (v),Gout (v)) 
Gin (v) = minui∈Pred(v): c(ui )/maxui∈Pred(v) L(ui ,v)
Gout (v) = minui∈Succ(v): c(ui )/maxui∈Succ(v) L(ui ,v)

� *UDQXODULW\�G(TG) RI�D�WDVN�JUDSK�TG= (N ,E)�
G(TG) = minv∈N : G(v) 

� 7DVN�JUDSK�TG LV�FRDUVH JUDLQHG LII G(TG) 1
� 7DVN�JUDSK�TG LV�ILQH JUDLQHG LII G(TG) < 1

��

&RDUVH�*UDQXODULW\
&RPSXWDWLRQV�GRPLQDWH�
z %UHQW�VFKHGXOH�FRPSXWDWLRQV
z $OO�WR�DOO�FRPPXQLFDWLRQ�EHWZHHQ�WZR�OD\HUV
z 6SDUVH�RXW�XQQHFHVVDU\�FRPPXQLFDWLRQ

3HUIRUPDQFH�
4 TOPT (G) ≥ TLogP

��

)LQH�*UDQXODULW\
&RPPXQLFDWLRQ�GRPLQDWHV

� 'HOD\�FRPPXQLFDWLRQ�XQWLO�FRPSXWDWLRQ�GRPLQDWHV

� $OORZ�LPEDODQFHG�FRPSXWDWLRQ

� $OORZ�UHGXQGDQW�FRPSXWDWLRQ

� %XQGOH�FRPPXQLFDWLRQ

� /RJ3 PRGHO�ZLWK�FRPPXQLFDWLRQ�IXQFWLRQV

� Lmax(n) <  n Lmax(1)

� :LWKLQ�WKH�UHPDLQLQJ�IUHHGRP

� %DODQFH�FRPSXWDWLRQV

� (OLPLQDWH�XQQHFHVVDU\�UHGXQGDQW�FRPSXWDWLRQ



�

��

5HVXOWV
� %DODQFHG�7UHHV�

(3+ ε) T (SOPT) ≥ T (S) 

� %DODQFHG�WDVN�JUDSKV�
(4+ ε) T(SOPT) ≥ T (S) 

� $IILQH�,QGH[�FRPSXWDWLRQV
(4+ ε) T(SOPT) ≥ T (S) 

��

&RQFOXVLRQ
� 2QO\�DSSUR[LPDWLRQV�RI�WKH�RSWLPXP

� &RPSLOHUV�FDQ�JLYH�JRRG�UHVXOWV

� 6RPHWLPHV�QRW�JRRG�HQRXJK

� 7KHUHIRUH�SURJUDPPHUV�PXVW�EH�DEOH�WR�ILQG�
EHWWHU�VROXWLRQV�IRU�VSHFLILF�SUREOHPV�³E\�KDQG´�

� *RRG�QHZV��³HDV\´�QHZ�UHVXOWV


